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Abstract of the Doctoral Thesis 

Diagnostics of hemolysis risk in atherosclerosis - numerical analysis and experimental 

studies  

Cardiovascular diseases are one of the leading causes of death in 21st-century society. One 

of the most common cardiovascular diseases is coronary artery atherosclerosis. Accumulating 

cholesterol causes significant narrowing of arterial vessels, which increases the risk of 

hemolysis due to high shear stresses acting on erythrocytes in the area of narrowed arteries. 

In the course of a doctoral dissertation, a new numerical model of blood rheology was 

developed based on the population balance of red blood cell aggregates, which takes into 

account the process of mechanical hemolysis. Furthermore, based on medical imaging data, a 

series of 3D models of stenosed arteries were developed. These models were later used to 

prepare numerical meshes for CFD simulations and to develop vascular system phantoms for 

both PIV studies and training materials for physicians. 

A series of CFD simulations have demonstrated the influence of the shape of the 

atherosclerotic stenosis on the maximum shear stresses, which are associated with the risk of 

hemolysis in the vessels. It was shown that the risk of hemolysis is highest in small vessels 

where sudden and significant narrowing of the artery lumen occurs. The impact of physical 

activity and coexisting hypertension on the increased risk of hemolysis was determined. The 

obtained results were validated using 3D-printed artery phantoms produced on a Form 3B+ 

printer, utilizing equipment for micro particle image velocimetry (µPIV). Additionally, 3D 

printing was used to develop a training station for angioplasty with stent implantation for 

training procedures for interventional radiologists and surgeons. 

In summary, through a series of articles, numerical and experimental modeling of the 

phenomenon of hemolysis in the arteries of patients with atherosclerosis was presented, which 

allowed for the development of guidelines for physicians and tools for effective treatment 

planning to reduce the risk of perioperative complications. 

Keywords: hemolysis, atherosclerosis, computational fluid dynamics, 3D printing, particle 

image velocimetry 
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Streszczenie rozprawy doktorskiej 

Diagnostyka ryzyka hemolizy w miażdżycy - analiza numeryczna i badania 

doświadczalne  

Choroby układu krwionośnego są jednym z najczęstszych powodów śmierci w 

społeczeństwie XXI wieku. Jedną z najczęstszych chorób układu krwionośnego jest miażdżyca 

tętnic wieńcowych. Gromadzący się cholesterol powoduje znaczące ograniczenie światła 

naczyń tętnic co powoduje wzrost ryzyka hemolizy spowodowanej wysokimi naprężeniami 

ścinającymi działającymi na erytrocyty w obszarze zwężonych tętnic.  

W ramach pracy doktorskiej opracowano nowy model numeryczny reologii krwi w oparciu 

o bilans populacji aglomeratów czerwonych krwinek, który uwzględnia proces mechanicznej 

hemolizy. Ponadto w oparciu o dane z obrazowania medycznego opracowane szereg modeli 

3D przewężonych tętnic. Uzyskane model posłużyły w dalszym etapie do przygotowania siatek 

numerycznym do obliczeń CFD oraz w celu opracowania modeli fantomów układu 

krwionośnego zarówno do badań PIV jak i jako materiały treningowe dla lekarzy. 

W wyniku szeregu symulacji CFD wykazano wpływ kształtu przewężenia miażdżycowego 

na maksymalne naprężenia ścinające, które wiążą się z ryzykiem hemolizy w naczyniach. 

Wykazano, iż ryzyko hemolizy jest największe w przypadku małych naczyń w których 

występują nagłe i znaczące przewężenia światła tętnicy. Określono wpływ aktywności 

fizycznej i współistniejącego nadciśnienia tętniczego na wzrost ryzyka hemolizy. Uzyskane 

wyniki zostały zweryfikowane z wykorzystaniem wydrukowanych na drukarce 3D Form 3B+ 

fantomów tętnic korzystając z aparatury do mikro anemometrii obrazowej (µPIV). Ponadto 

druk 3D posłużył do opracowania modelu stanowiska do treningu angioplastyki z implantacją 

stentu do treningu zabiegów dla radiologów interwencyjnych i chirurgów. 

Podsumowując, w ramach cyklu artykułów zaprezentowano numeryczne i 

eksperymentalne modelowanie zjawiska hemolizy w tętnicach u pacjentów z miażdżycą, które 

to pozwoliło na opracowanie wytycznych dla lekarzy oraz opracowania narzędzi do 

skutecznego planowania leczenia w celu ograniczenia ryzyka powikłań około operacyjnego. 

Słowa kluczowe: hemoliza, miażdżyca, obliczeniowa mechanika płynów, druk 3D, 

anemometria obrazowa  
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Introduction  

Due to the increasing mortality resulting from complications of circulatory system diseases 

[1–3], there is a growing need for efficient and modern diagnostics and treatment planning of 

circulatory system diseases (Fig.1). One of the most common diseases of the circulatory system 

is atherosclerosis, which is often accompanied by other comorbidities such as hypertension.  

 

Figure 1. Deaths due to coronary diseases in Europe. [4] 
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Diseases such as atherosclerosis are often a consequence of an inadequate diet, lack of 

physical activity, smoking, etc. [5, 6] In patients with atherosclerosis, the accumulated 

cholesterol causes a reduction in the lumen of the vessels, which causes both an increase in 

local pressure drops, often reducing blood flow, and consequently leading to hypoxia of organs 

or muscles, as well as an increase in shear stress in the area of stenosis, which may result in 

blood hemolysis. Hemolysis caused by high shear stress causes destruction of erythrocytes [7, 

8] and, consequently, release of Fe2+ ions [9], which may increase the risk of clotting clots, 

which may block the distal parts of the arteries, creating a risk of hypoxia in further parts of the 

circulatory system, or may lead to a heart attack or cerebral hypoxia if the flow is blocked at 

the level of the carotid or cerebral arteries. Currently, the standard in medical practice to assess 

the risk resulting from the presence of cholesterol constrictions is to measure FFR after prior 

administration of adenosine [10]. However, this test is an invasive test that requires the insertion 

of a device into the artery to be examined. Like any invasive test, it involves risks, such as 

damage to the cholesterol plaque, which, if released, may block further sections of the 

circulatory system. The current trend in diagnostics is to use non-invasive or least invasive 

techniques. The development of medical imaging techniques such as computed tomography or 

magnetic resonance imaging creates hopes for the development of non-invasive medical 

diagnostics. In parallel with the development of imaging methods, the computing power of 

computers and their use in medical practice, including in the area of artificial intelligence and 

CFD simulations, are increasing. Another dynamically developing branch is 3D printing, which 

is increasingly used in planning the treatment of diseases, especially before major surgical 

procedures. Printed elements can be used as preview elements for planning the procedure as 

well as training material to minimize the risk of postoperative complications.  
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Purpose  

The aim of the research conducted as doctoral dissertation was to develop guidelines for 

physicians to assess the risk of hemolysis in arteries affected by atherosclerosis and to develop 

a low-cost platform for training complex angioplasty procedures with stent insertion. 

Scientific dissertation theses 

T1 – Medical imaging such as computed tomography or magnetic resonance imaging allows 

you to obtain high-quality models of coronary, carotid, and cerebral arteries that can be used in 

advanced CFD simulations of blood hemolysis in patients with atherosclerosis. 

T2 – There is a relationship between the geometric shape of the cholesterol constriction and the 

maximum shear stress responsible for the risk of mechanical hemolysis that can be determined  

by CFD calculations and experiments. 

T3 – 3D printing allows for high-resolution printing of transparent models of blood vessels to 

observe the processes inside the phantoms. 

T4 – Experimental measurements of blood like flow in printed artery models are possible to 

verify CFD simulations. 

T5 – It is possible to develop a methodology for 3D printing transparent flexible arteries with 

mechanical properties similar to natural arteries. 
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Scope  

The scope of the research in this work included (I) developing a methodology for 

processing medical imaging data to create blood vessel models for both CFD simulation and 

3D printing; (II) development of preparation of models for 3D printing, 3D printing procedures 

and 3D printing post-processing; (III) rheological tests and measurements of the refractive 

index in order to develop blood rheology solutions with a refractive index identical to the 

refractive index of the 3D print; (IV) development of a new rheological model of blood and 

hemolysis based on the population balance of red blood cell agglomerates; (V) verification of 

the correctness of CFD simulations using PIV measurements; (VI) determining the relationship 

between the shape of the cholesterol constriction geometry and maximum shear stresses; and 

(VII) development of a system for practicing angioplasty with stent insertion. 

In this dissertation, six publications [P1-P6] were summarized and sorted out, presenting 

the results obtained as a part of doctoral activities. This dissertation has been divided into 

III parts: 

I part – Literature review (chapters 1– 4) 

The motivation for undertaking research on this topic is explained in this part of the dissertation. 

The current state of knowledge related to the diagnosis and treatment planning of 

atherosclerosis is described. The influence of atherosclerosis on the increased risk of blood 

hemolysis is presented. The advantages and disadvantages of various medical imaging methods 

in the context of the diagnosis of cardiovascular diseases are discussed. The current state of 

technology related to 3D printing in medical applications was shown. Finally, the application 

of experimental and numerical methods in biomedical applications is presented. 

II part – Results and discussion (chapter 5 – 8) 

Six publications created during the doctoral activities were summarized and reorganized to 

form a complete presentation.  

III part – Conclusions (chapter 9) 

In this part of the dissertation, all research results are summarized and the most important 

conclusions are drawn. Moreover, this part also contains the answer to the research problems 

formulated in the research theses. 
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1. Atherosclerosis 

Atherosclerosis is a chronic inflammatory disease of the arteries. It is characterized by the 

formation of characteristic changes within the vessel walls - atherosclerotic plaques. 

Atherosclerosis can be both an asymptomatic disease and cause, among other things, coronary 

pain. Atherosclerosis can develop for many years and is the cause of coexisting cardiovascular 

diseases, including heart attack. Maintaining an appropriate lifestyle is very important in the 

prevention of atherosclerosis. An appropriate diet and maintaining an appropriate body weight 

combined with physical activity significantly reduce the risk of atherosclerosis.  

1.1 Lesion classification  

Cholesterol deposits within atherosclerotic lesions have a complex structure and partial 

tissue calcification often occurs. According to the classification of the American Heart 

Association, there are 6 types of atherosclerotic lesions, as shown in the infographic in Fig. 2. 

 

Figure 2. Classification of coronary atherosclerosis. Integrated coronary plaque classification 

based on the American Heart Association [11] and Virmani schemes [12]. * Total occlusion as 

resulting from prior thrombi. Figure reproduced from [13] with permission from IMR Press. 
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In the type I lesion, the intima layer of the artery wall thickens. In the case of type II lesion, 

intimal xanthoma occurs. In the type III lesion, there is a pathological thickening of the intima 

layer. In case of type IV lesion thick cap fibroatheroma is visible. Moreover, In case of type V 

fibrocalcified plaque is formed. The last type VI is complicated lesion. It can be with healed 

erosion, healed rupture, or even total occlusion. 

 

Figure 3. Representative Histologic Images of Coronary Plaque in Bifurcation Lesion 

(A) Longitudinal section of trifurcation: left main (LM)/proximal left anterior descending 

coronary artery (PLAD)/ramus intermedicus (RI)/proximal left circumflex (PLCx). 

(B) Atherosclerotic plaques were observed in the lateral wall, whereas the flow divider regions 

were spared. (C) Longitudinal section obtained from the region of the LCx/left obtuse marginal 

bifurcation. Note the severe luminal narrowing proximal and distal to the bifurcation. (D, 

E) Low-shear regions show atherosclerotic plaque development, including necrotic core 

formation, whereas flow divider regions (the carina) have minimal intimal thickening. Figure 

reproduced from [14] with permission from Elsevier. 

Figure 3 shows histological images of atherosclerotic tissue, including areas where necrotic 

core has occurred. Based on the images, it can be seen that the outer vessel wall is preserved, 

while the inner one is deformed due to the presence of atherosclerotic plaque. This data is 
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particularly important in the case of FSI simulations or 3D printing realistic models of arteries 

with atherosclerotic changes, where the increase in the thickness of the vessel wall by the size 

of the cholesterol lesion must be taken into account.  

1.2 Hemolysis 

Hemolysis is the process of destroying red blood cells. It can occur naturally according to 

the erythrocyte life cycle, where they are broken down in the spleen and liver after about 120 

days after their formation [15]. However, there is also hemolysis, which is a pathological 

phenomenon, e.g. as a result of the impact of high shear stresses on the red blood cell membrane, 

which consequently leads to the rupture of the erythrocyte and the release of its contents. This 

phenomenon, as its intensity increases, can both lead to anemia and increase the risk of clot 

formation, which may lead to blockages in blood vessels. The phenomenon of mechanical 

hemolysis has been analyzed for many years, e.g. in the case of blood pumps, where the rotating 

elements of the pump can generate high shear stresses. In the case of mechanical hemolysis 

occurring in the circulatory system, we can mention hemolysis occurring in paravalvular 

leaks [16–18], which may occur as a pathological phenomenon after heart valve replacement 

or in the case of serious atherosclerotic stenosis, especially in the case of high physical activity, 

when the heart pumps blood at a faster rate, generating higher stresses in the stenosis area. 

Over the years, many mathematical models have been developed to describe the hemolysis 

process, such as Power-law equation model [7], Eulerian version of power-law equation model 

[8, 19], Empirical formulation for blood pumps [20], Lagrangian formulation of the power-law 

[21], Lagrangian power-law formulation for closed-loop circulations [22], Viscoelastic 

Lagrangian model [23], Strain-tensor-based Lagrangian models [24–26], Strain-scalar-based 

Lagrangian model [27], Eulerian strain-tensor-based model [28], Cell-resolved Lagrangian 

solver [29] and Population balance based rheology (PBBR) model [P1]. 

1.3 Hypertension 

Arterial hypertension is a disease that means long-term high blood pressure above 140/90 

mm Hg or more. Classic diagnostics involve several blood pressure measurements performed 

at intervals of several days or weeks. This disease often coexists with atherosclerosis, causing 

greater blood flow through the narrowed vessels due to the increased pressure, exposing the 

body to a greater risk of hemolysis, as high local pressure losses occur in the narrowed areas, 

which is observed, for example, during Fractional flow reserve (FFR) measurements [10, 30–

32].  
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Risk factors for hypertension include: obesity, high salt intake, aging process, mental stress 

or low physical activity [33]. Many of the increased risk factors are similar to the risk factors 

for atherosclerosis. Arterial hypertension is most often treated pharmacologically, and 

automatic 24-hour blood pressure monitoring, the so-called Holter, is often ordered [34]. 

Treatment of hypertension is often necessary until the end of life in order to reduce the risk of 

further complications such as heart attack, heart failure, stroke or vascular or kidney damage. 

In addition to pharmacological treatment, it is important to change the lifestyle, increase 

physical activity, change the diet to e.g. the Mediterranean diet, limit or give up alcohol 

consumption and reduce salt consumption.  

2. Medical imaging 

The beginnings of medical imaging are basically associated with two events: the discovery 

of X-ray radiation in 1895 by the German scientist Wilheml Röntgen and the first X-ray image 

of the entire human body taken in 1934 by Arthur Fuchs from the American company Kodak. 

The next imaging method that was developed was ultrasound examination (USG) in 1945. This 

was followed by the development of computed tomography in 1968 [35], and a nine years later 

in 1977 magnetic resonance imaging.  

Currently, many medical imaging techniques are used, in the case of the circulatory system, 

it is worth mentioning such techniques as optical coherence tomography [36–40], near-infrared 

spectroscopy [41], ultrasound imaging [42–45], computed tomography [46–52], and magnetic 

resonance imaging [52–58]. 

2.1 Computed tomography (CT) 

Computed tomography is a non-invasive procedure that involves a series of X-rays in a 

camera that takes pictures as it rotates around the patient's axis, resulting in a series of pictures. 

These tests should be used in moderation due to the patient's exposure to ionizing radiation, 

which in large doses increases the risk of cancer. These tests are characterized by high 

resolution and are widely used in diagnostics. Contrast is often administered to increase image 

contrast, because without it the difference in density between the blood and the vessel walls is 

sometimes insufficient. 

A related imaging technique is microCT, which is used on smaller samples, including those 

taken from humans or animals, often post-mortem. The microCT examination allows for much 

higher resolutions than classic CT at the expense of a smaller sample and greater exposure to 



31 

 

radiation. An even more advanced technique is nanoCT, where submicron resolutions can be 

obtained, but at the expense of an even smaller scan volume of the sample. 

2.2 Magnetic resonance imaging (MRI) 

Magnetic resonance imaging uses a magnetic field to produce images as the camera rotates, 

similar to a CT scan. MRI imaging is better at imaging soft tissue compared to CT. This test 

does not involve the risk of exposure to ionizing radiation, so it is safer. However, due to the 

presence of a strong electromagnetic field, patients with implanted metal prostheses or 

electronic devices cannot use this test. The classic MRI machine is a horizontal machine in 

which the patient enters the machine in a lying position. There are also vertical cameras that 

allow measurements in the NMR spectroscope mode. These devices are used for microimaging 

due to the greater spatial resolution but limited sample volume. 

A new emerging MRI technology is 4D flow MRI [57–63], which allows for the analysis 

of blood flow to determine the distribution of blood flow in the heart cells or arteries. This 

technology is extremely promising when planning procedures related to the treatment of cardiac 

morphology pathologies in young children, where, for example, a double-ventricular heart 

reconstruction procedure or the Fontan procedure [64] is necessary. 

3. Population balance 

Population balance is a convenient method to describe a set (population) of elements with 

high variability of parameters, such as drops in a gas or bubbles in a liquid. Objects are 

characterized by external parameters such as location or internal parameters - characteristic 

size, specific surface area or volume. Describing each individual would be difficult and 

numerically expensive. In such cases, a population balance that statistically captures all 

individuals by approximating their set through a finite representation of their statistical 

distribution is helpful. The population balance can be written in general form according to 

equation (1).  

𝜕𝑛(�⃗�, 𝑡)

𝜕𝑡
+ ∑

𝜕𝑢𝑝𝑖(�⃗�, 𝑡)𝑛(�⃗�, 𝑡)

𝜕𝑥𝑖
𝑖

+ ∑
𝜕𝑢𝑝𝑗(�⃗�, 𝑡)𝑛(�⃗�, 𝑡)

𝜕𝑥𝑗
𝑗

= 𝐵(�⃗�, 𝑡) − 𝐷(�⃗�, 𝑡) 

(1) 

3.1 Agglomeration 

Agglomeration is a mechanism in which particles combine to form larger structures - 

agregates, which can also create even larger branched structures - agglomerates. This causes a 

significant increase in the effective apparent volume fraction of particles, which translates into 
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a change in rheological parameters. According to the literature, agglomerations of particles with 

mass 𝑚 and 𝜇 can be described according to equations (2-3): 

𝐵𝑎 =
1

2
∫ 𝛽(𝑚 − 𝜇, 𝜇)𝑛(𝑚 − 𝜇)𝑛(𝜇)𝑑𝜇

𝑚

0

 

(2) 

𝐷𝑎 = 𝑛(𝑚) ∫ 𝛽(𝑚, 𝜇)𝑛(𝜇)𝑑𝜇
∞

0

 

(3) 

where 𝑛(𝑚) is particle density function and 𝛽(𝑚, 𝜇) is agglomeration kernel. 

Assuming that the particle mass 𝑚 is proportional to the characteristic size 𝐿 and 𝜆 in the 

3rd power,  the equations (2-3) can be rewritten to equations (4-5): 

𝐵𝑎(𝐿, �⃗�, 𝑡) =
𝐿2

2
∫

𝛽(𝐿3 − 𝜆3, 𝜆)

(𝐿3 − 𝜆3)2 3⁄  
𝑛[(𝐿3 − 𝜆3)1 3⁄ , 𝑡]𝑛(𝜆, 𝑡)𝑑𝜆

𝐿

0

 

(4) 

𝐷𝑎(𝐿, �⃗�, 𝑡) = 𝑛(𝐿, 𝑡) ∫ 𝛽(𝐿, 𝜆)𝑛(𝜆, 𝑡)𝑑𝜆
∞

0

 

(5) 

By introducing the auxiliary variable 𝑣3 according to equation (6) 

𝑣3 = 𝐿3 − 𝜆3 
(6) 

and substituting into equations (4) and (5), we can obtain the birth and death functions in 

distribution moment equation: 

𝐵𝑘
𝑎(𝐿, �⃗�, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =

1

2
∫ 𝑛(𝜆, 𝑡)

∞

0

∫ 𝛽(𝑣, 𝜆)𝑛(𝑢, 𝑡)(𝑣3 + 𝜆3)𝑘 3⁄ 𝑑𝑣𝑑𝜆
∞

0

 

(7) 

𝐷𝑘
𝑎(𝐿, �⃗�, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = ∫ 𝐿𝑘

∞

0

𝑛(𝐿, 𝑡) ∫ 𝛽(𝐿, 𝜆)𝑛(𝜆, 𝑡)𝑑𝜆
∞

0

𝑑𝐿 

(8) 

3.2 Deagglomeration 

Breakage is a mechanism in which agglomerates divide into smaller fragments under the 

influence of shear stress. This causes a decrease in the effective apparent volume fraction of 

particles, which translates into a change in rheological parameters. According to the literature, 

the decay of particles with mass 𝑚 and 𝜇 can be described according to equations (9) and (10): 

𝐵𝑏 = ∫ Γ(𝜇)𝑏(𝑚 𝜇⁄ )𝑛(𝜇, 𝑡)𝑑𝜇
∞

𝐿

 

(9) 

𝐷𝑏 = Γ(𝑚)𝑛(𝑚, 𝑡) 
(10) 

where Γ is breakage kernel and 𝑏(𝑚 𝜇⁄ ) is daughter distribution function. 
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 By transforming equations (9) and (10) from the dependence on their masses to the dependence 

on the characteristic sizes 𝐿 and 𝜆, one can obtain equations for birth and death functions in 

distribution moment equation: 

𝐵𝑘
𝑏(�⃗�, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = ∫ 𝐿𝑘

∞

0

∫ 𝛤(𝜆)𝑏(𝐿 𝜆⁄ )𝑛(𝜆, 𝑡)𝑑𝜆𝑑𝐿
∞

0

 

(11) 

𝐷𝑘
𝑏(�⃗�, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = ∫ 𝐿𝑘Γ(𝐿)𝑛(𝜆, 𝑡)𝑑𝐿

∞

0

 

(12) 

3.3 QMOM 

The Quadrature Method of Moments (QMOM) uses an approximation of the continuous 

distribution of population parameters by a discrete distribution in the form of Dirac deltas as in 

equation (13). Set 

𝑛(𝐿) ≅ ∑ 𝑤𝛼𝛿(𝐿 − 𝐿𝛼)

𝑁

𝛼=1

 

(13) 

The population distribution moment of order 𝑘 can be defined according to equation (14) 

𝑚𝑘 = ∫ 𝑛(𝐿)𝐿𝑘𝑑𝐿
∞

0

 

(14) 

Using the approximation from equation (13), equation (14) for a population moment of 

order 𝑘 can be written as equation (15). 

𝑚𝑘 = ∑ 𝑤𝛼𝐿𝛼
𝑘

𝛼

 
(15) 

The QMOM can be easily implemented in CFD codes using user defined functions (UDF) 

[65] and scalar balances, available, for example, in ANSYS Fluent software. Unfortunately, 

spatial discretization for orders above the first one is problematic because moment corruption 

may occur. There are various techniques that can partially circumvent this problem, but they 

are more complicated to implement and may not fully guarantee the stability of the calculations. 

3.4 DQMOM 

Another method developed by Marchisio and Fox [66] is the Direct Quadrature Methods of 

Moments (DQMOM). This method, instead of balancing moments, balances weights 𝑤𝛼 and 

the product of weights 𝑤𝑖 and abscissas 𝐿𝛼. Equation (1) can be written in the equivalent form 

according to equation (16): 
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𝜕𝑛(𝐿)

𝜕𝑡
+

𝜕

𝜕𝑥𝑖
(𝑢�̅�𝑛(𝐿)) −

𝜕

𝜕𝑥𝑖
(𝐷𝐸𝐹𝐹

𝜕𝑛(𝐿)

𝜕𝑥𝑖
) = 𝑆𝐿(𝐿) 

(16) 

Substituting the moment definition according to equation (15) into 𝑛(𝐿) from equation (16) 

allows us to obtain equation (17) for the balance of population moments. 

𝜕 ∑ 𝑤𝛼𝐿𝛼
𝑘

 𝛼

𝜕𝑡
+

𝜕

𝜕𝑥𝑖
(𝑢�̅� ∑ 𝑤𝛼𝐿𝛼

𝑘

𝛼

) −
𝜕

𝜕𝑥𝑖
(𝐷𝐸𝐹𝐹

𝜕 ∑ 𝑤𝛼𝐿𝛼
𝑘

𝛼

𝜕𝑥𝑖
) = 𝑆𝐿(𝐿) 

(17) 

By transforming equation (17) and using the definition of the derivative of the Dirac delta 

function and (13), equation (18) can be obtain 

 ∑ 𝛿(𝐿 − 𝐿𝛼) [
𝜕𝑤𝛼

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(�̅�𝑖𝑤𝛼) −
𝜕𝐷𝐸𝐹𝐹

𝜕𝑥𝑖

𝜕𝑤𝛼

𝜕𝑥𝑖
− 𝐷𝐸𝐹𝐹

𝜕2𝑤𝛼

𝜕𝑥𝑖
2 ]

𝛼

− ∑ 𝛿′(𝐿 − 𝐿𝛼) [𝑤𝛼

𝜕𝐿𝛼

𝜕𝑡
+ 𝑤 𝛼

𝜕

𝜕𝑥𝑖

(�̅�𝑖𝐿𝛼) − 𝑤𝛼

𝜕𝐿𝛼

𝜕𝑥𝑖

𝜕𝐷𝐸𝐹𝐹

𝜕𝑥𝑖
𝛼

− 𝐷𝐸𝐹𝐹

𝜕𝑤𝛼

𝜕𝑥𝑖

𝜕𝐿𝛼

𝜕𝑥𝑖
− 𝐷𝐸𝐹𝐹

𝜕2𝐿𝛼

𝜕𝑥𝑖
2 − 𝐷𝐸𝐹𝐹

𝜕𝑤𝛼

𝜕𝑥𝑖

𝜕𝐿𝛼

𝜕𝑥𝑖
]

− ∑ 𝛿′′(𝐿 − 𝐿𝛼) [𝐷𝐸𝐹𝐹𝑤𝛼

𝜕𝐿𝛼

𝜕𝑥𝑖

𝜕𝐿𝛼

𝜕𝑥𝑖
] = 𝑆𝐿(𝐿)

𝛼

 

(18) 

By introducing an auxiliary variable 𝜍𝛼 in equation (19): 

𝜍𝛼 = 𝑤𝛼𝐿𝛼 
(19) 

equation (20) can be get 

 ∑ 𝛿(𝐿 − 𝐿𝛼) [
𝜕𝑤𝛼

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(�̅�𝑖𝑤𝛼) −
𝜕

𝜕𝑥𝑖
(𝐷𝐸𝐹𝐹

𝜕𝑤𝛼

𝜕𝑥𝑖
)]

𝛼

− ∑ 𝛿′(𝐿 − 𝐿𝛼) {
𝜕𝜍𝛼

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(�̅�𝑖𝜍𝛼) −
𝜕

𝜕𝑥𝑖
(𝐷𝐸𝐹𝐹

𝜕𝜍𝛼

𝜕𝑥𝑖
)

𝛼

− 𝐿𝛼 [
𝜕𝑤𝛼

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(�̅�𝑖𝑤𝛼) −
𝜕

𝜕𝑥𝑖
(𝐷𝐸𝐹𝐹

𝜕𝑤𝛼

𝜕𝑥𝑖
)]}

− ∑ 𝛿′′(𝐿 − 𝐿𝛼) [𝐷𝐸𝐹𝐹𝑤𝛼

𝜕𝐿𝛼

𝜕𝑥𝑖

𝜕𝐿𝛼

𝜕𝑥𝑖
] = 𝑆𝐿(𝐿)

𝛼

 

(20) 

Lets introduce auxiliary variables 𝑎𝛼 and 𝑏𝛼 in equations (21) and (22) 

𝜕𝑤𝛼

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(�̅�𝑖𝑤𝛼) −
𝜕

𝜕𝑥𝑖
(𝐷𝐸𝐹𝐹

𝜕𝑤𝛼

𝜕𝑥𝑖
) = 𝑎𝛼 

(21) 
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𝜕𝜍𝛼

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(�̅�𝑖𝜍𝛼) −
𝜕

𝜕𝑥𝑖
(𝐷𝐸𝐹𝐹

𝜕𝜍𝛼

𝜕𝑥𝑖
) = 𝑏𝛼 

(22) 

and also auxiliary variables 𝐶𝛼 in equation (23) 

𝐶𝛼 = 𝐷𝐸𝐹𝐹𝑤𝛼

𝜕𝐿𝛼

𝜕𝑥𝑖

𝜕𝐿𝛼

𝜕𝑥𝑖
 

(23) 

then equation (20) can be rewritten into equation (24) 

∑[𝛿(𝐿 − 𝐿𝛼) − 𝛿′(𝐿 − 𝐿𝛼)]𝑎𝛼

𝛼

− ∑ 𝛿′(𝐿 − 𝐿𝛼)𝑏𝛼 = ∑ 𝛿′′(𝐿 − 𝐿𝛼)𝐶𝛼 + 𝑆𝐿(𝐿)

𝛼𝛼

 

(24) 

Using equations (25-27), 

∫ 𝐿𝑘
∞

−∞

𝛿(𝐿 − 𝐿𝛼)𝑑𝐿 = 𝐿𝛼
𝑘  

(25) 

∫ 𝐿𝑘
∞

−∞

𝛿′(𝐿 − 𝐿𝛼)𝑑𝐿 = −𝑘𝐿𝛼
𝑘−1 

(26) 

∫ 𝐿𝑘
∞

−∞

𝛿′′(𝐿 − 𝐿𝛼)𝑑𝐿 = 𝑘(𝑘 − 1)𝐿𝛼
𝑘−2 

(27) 

equation (24) can be written in a new form, equation (28) 

(1 − 𝑘) ∑ 𝐿𝛼
𝑘 𝑎𝛼

𝛼

+ 𝑘 ∑ 𝐿𝛼
𝑘−1𝑏𝛼

𝛼

= 𝑆�̅�
(𝑁)

+ 𝐶�̅�
(𝑁)

 
(28) 

where 

𝑆�̅�
(𝑁)

= ∫ 𝐿𝑘𝑆𝐿(𝐿)𝑑𝐿
∞

0

 

(29) 

and 

𝐶̅
𝑘
(𝑁)

= 𝑘(𝑘 − 1) ∑ 𝐿𝑘−2𝐶𝛼

𝛼

 
(30) 

4. Fluid mechanics in cardiovascular medicine 

Fluid mechanics is a branch of continuous media mechanics dealing with the analysis of the 

movement of fluids, i.e. liquids and gases. Mathematical tools provided by fluid mechanics 

allow for the mathematical description of the movement of fluids both in pipelines used in 
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industry and the description of flow in, for example, oceanography, weather forecasting or 

medicine. Fluid mechanics can be divided into two branches, experimental fluid mechanics 

based on experiments and computational fluid mechanics, where the analysis is performed in 

silico. 

4.1 Application of CFD simulations in cardiovascular medicine 

Computational fluid dynamics (CFD), together with the development of computer 

computing power and the increase in the resolution of medical imaging techniques, is becoming 

an increasingly used tool in analyzing the functioning of the circulatory system. In CFD, it is 

crucial to have accurate boundary conditions for the simulation in order to perform the 

numerical analysis correctly. In this case, information about pressure or flow with the highest 

possible time resolution is useful. In the case of flow, information from Doppler Ultrasound 

measurements or information from 4D flow MRI is useful [59]. The information obtained from 

experimental measurements should then be implemented either by directly implementing a flow 

or pressure profile or by using 0-dimensional models reflecting the work of the circulatory 

system system [67] or, for example, the Windkessel model [68] often used as a boundary 

condition for the arterial system. 

Currently, CFD is used, among others, in modeling blood flow in the heart chambers, aorta, 

coronary, carotid, cerebral and other arteries, in the analysis of procedures such as ECMO [69], 

in the design of new blood pumps, the impact of stents [70] in the human body on the flow in 

arteries, and many others. 

4.2 Application of experimental fluid mechanics in cardiovascular medicine 

Experimental fluid mechanics in cardiovascular medicine is used to study the functioning 

of the circulatory system or to verify numerical simulations. A useful measurement technique 

for analyzing flow in phantoms of circulatory system elements is particle image velocimetry 

(PIV). In the literature can be found many applications of various variants of PIV 

measurements, such as 2D PIV [71, 72], Stereoscopic (2D3C) PIV [73], Tomographic PIV 

(3D3CPIV) [74], Echo PIV (EPIV) [75, 76], Smartphone-based PIV [77] or X-ray PIV [78]. 

The mentioned techniques often require the development of appropriate phantom models of the 

circulatory system components; 3D printing technique is often used in this case [79]. In the 

preparation of phantoms of circulatory system elements, 3D printing methods such as Material 

Jetting (PolyJet) [80], stereolithography (SLA) [72, 81], Fused Deposition Modeling (FDM) 

[81], Powder Bed Fusion (PBF) [82] or Binder Jetting [83, 84] are useful. 3D printing 
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techniques may allow for direct printing of a model or printing of a mold that can be filled with 

e.g. silicone or epoxy resin to ensure an appropriate level of transparency. 

5. Population balance based rheology 

The population balance rheology model is based on the assumption that the main blood 

component suspended in the plasma are erythrocytes, which can agglomerate depending on 

local shear stresses. The model assumes that the dominant mechanism of agglomerate breakage 

is erosion. In addition to accounting for agglomeration and deagglomeration of red blood cells, 

the model takes into account hemolysis of fully deagglomerated red blood cells if shear stresses 

exceed 150 Pa [P1]. The model was developed based on previous rheological models of silica 

suspensions based on population balance [85–87], taking into account differences in the 

specificity of blood rheology and the behavior of red blood cells. The developed model allows 

for the mapping of the effect of blood shear thinning and its thixotropic effects related to the 

finite rate of agglomeration and deagglomeration of red blood cells. 

5.1 Derivation of the population balance model 

The general form of the population balance according to QMOM containing all birth and death 

functions for the deagglomeration and agglomeration processes in all possible combinations in 

the case of the balance of red blood cell agglomerates can be written according to equation (31).  

𝜕𝑚𝑘

𝜕𝑡
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𝜕
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(31) 

and equation (32) [P1] 

𝜕𝑚𝑠

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(𝑢�̅�𝑚𝑠) −
𝜕

𝜕𝑥𝑖
(𝐷𝐸𝐹𝐹

𝜕𝑚𝑠

𝜕𝑥𝑖
) = ∑ Γ𝑖𝑤𝑖

𝑖

− 𝑚𝑠 ∑ 𝑤𝑖𝛽𝑠𝑖

𝑖

− 2𝑚𝑠
2𝛽𝑠𝑠 

(32) 

In order to improve the stability of calculations, it is worth considering the normalization 

of moments to improve the stability of calculations in accordance with equation (33) 
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𝜁𝑖 =
𝐿𝑖

𝐿0
 

(33) 

then the population balance moment can be written as in equation (34) 

𝑚𝑘 = ∑ 𝑤𝑖(𝜁𝑖𝐿0)𝑘

𝑖

= 𝐿0
𝑘 ∑ 𝑤𝑖𝜁𝑖

𝑘

𝑖

= 𝐿0
𝑘�̂�𝑘 

(34) 

which finally gives the formula for the normalized moment of population balance according 

to equation (35) 

�̂�𝑘 = 𝐿0
−𝑘𝑚𝑘 

(35) 

Using the normalization procedure and transformations from the QMOM to DQMOM 

equations as presented earlier, it is possible to obtain the equations presented in [P1]. 

5.2 Viscosity model 

The viscosity model is based on the fact that with the process of agglomeration and 

deagglomeration of red blood cells, the apparent volume fraction of RBCs 𝜙 changes. This is 

due to the change in shape and complexity of the agglomerates, which are larger and more 

complex in low shear rate regions. The model was first presented in [P1] for a hematocrit of 

45%, and in [P2] a modification generalizing the model to the full range of physiological 

hematocrits was presented: 

𝜇 = 𝑀(𝜙)𝜇0 (36) 

where 𝜇0  =  6.99 ·  10−4 Pa s is the viscosity obtained by fitting viscosity experimental 

data [P1]. 

𝑀(𝜙), the relative blood viscosity, is defined as follows [P1] 

𝑀(𝜙) =
𝑀0 (𝜙) + 𝑃𝑒𝑀∞ (𝜙)

1 + 𝑃𝑒
 

(37) 

and the Peclet number, 𝑃𝑒, is defined as follows [P1]. 

𝑃𝑒 =
�̇�𝑎2

𝐷𝑀(𝜙)
 

(38) 

𝑀∞ (𝜙), the relative blood viscosity for high shear rates, is determined using (39) [P1]. 

𝑀∞(𝜙) = (1 − 𝜙)−5 2⁄ − 𝐶 {ln [1 − (
𝜙

𝜙∗
)

1 3⁄

] + ∑
1

𝑗
(

𝜙

𝜙∗
)

𝑗 3⁄6

𝑗=1
} 

(39) 

𝑀0 (𝜙), the relative blood viscosity for low shear rates, is determined using (40): [P1]. 
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𝑀0(𝜙) = (1 − 𝜙)−5 2⁄ + 1.3 [(1 −
𝜙

𝜙∗
)

−2

− ∑(1 + 𝑗) (
𝜙

𝜙∗
)

𝑗2

𝑗=0

] 
(40) 

where �̇� is the shear rate, 𝑎 is the characteristic particle size for the entire population and is 

equal to the volume-weighted mean particle size, 𝜙 is the effective apparent volume fraction of 

RBCs, 𝐷𝑀(𝜑) is the effective diffusion coefficient [88] for molecular diffusion, C ≅ 2 and is 

equation constant, and 𝜙∗ is the maximum apparent volume fraction equal to 0.695 [85, 87, 

88]. 

The PBBR model predicts the viscosity increase well at low shear rates, as shown in [P1] 

by comparing it with other models such as Carreau [89], Carreau Yasuda [90], Power-law [91] 

or Cross [92], as well as experimental data [93–95]. Publication [P1] also shows the thixotropic 

effects of blood that the PBBR model can predict and comments on it in relation to thixotropic 

blood models [96–101] known in the literature. Publication [P1] also presents a comparison of 

the results for the flow through a model arterial narrowing for the PBBR model and the Careau 

Yasuda model. Moreover, in [P2] the application of the model is discussed in more detail for, 

among others, lower hematocrits, where the influence of other blood components is more 

important. 

5.3 Hemolysis model 

The model of mechanical hemolysis of red blood cells is based on the assumption that only 

single red blood cells can hemolyze. However, hemolysis of single blood cells can be described 

by a power law relationship similar to the one proposed by Giersiepen et al. [7]: 

𝐻 = 3.62 ⋅ 10−7𝜏2.416𝑡0.785 (41) 

where 𝐻 is the hemolysis index, 𝜏 is the shear stress, and 𝑡 is time. 

Unfortunately, Giersiepen's formula cannot be implemented in CFD code in its classical form 

due to its non-linear term; however, this can be bypassed [8] and rewritten as: 

𝐻𝐿 = 𝐴𝜏𝜃𝑡, (42) 

with 

𝐻𝐿 = 𝐻
1
𝛽 , 𝐴 = (3.62 ⋅ 10−7)

1
𝛽 

𝜃 =
𝛼

𝛽
, 𝛼 = 2.416, 𝛽 = 0.785 

(43) 
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where 𝐻𝐿 is the modified hemolysis index and 𝛼, 𝛽, 𝜃, 𝐴 are the model constants. 

The PBBR model considers the convection and diffusion of hemolyzed cells [P1]. Further, an 

additional term (1 −  𝐻𝐿) was added to take into account only nonhemolyzed cells [19].  

𝜕𝐻𝐿

𝜕𝑡
+

𝜕

𝜕𝑥𝑖

(�̅�𝑖𝐻𝐿) −
𝜕

𝜕𝑥𝑖
(𝐷𝐸𝐹𝐹

𝜕𝐻𝐿

𝜕𝑥𝑖
) = 𝛿𝐴𝜏𝜃(1 − 𝐻𝐿) 

(44) 

where 𝐷𝐸𝐹𝐹 is the effective diffusion coefficient for molecular and turbulent and 

𝛿 = {
0, 𝑖𝑓 𝜏 < 𝜏𝑠

1, 𝑖𝑓 𝜏 ≥ 𝜏𝑠
 

(45) 

The value of shear threshold 𝜏𝑠 was set to 150 Pa in accordance with recommendations from 

the literature [102–105]. 

Additionally, Δ𝐻𝑏/𝐻𝑏 was defined as the ratio of hemolyzed single RBCs to total RBCs, 

including single RBCs and agglomerates, as presented in Eq. (46). 

Δ𝐻𝑏/𝐻𝑏 =
𝐻 ⋅ 𝑚𝑠𝐿0

3  

𝑚𝑠𝐿0
3 + ∑ 𝑤𝛼𝐿𝛼

33
𝛼=1

 
(46) 

where 𝑚𝑠 is the number concentration of single red blood cells in Direct Quadrature Method of 

Moments (DQMOM), 𝐿𝛼  are the sizes of agglomerates used in DQMOM, and 𝑤𝛼 are the 

weights used in DQMOM. 

5.4 Model programming 

The PBBR model was implemented into the ANSYS Fluent computing package using user-

defined functions (UDF) written using C++ language. Macros such as define_adjust, 

define_source, define_property and define_diffusivity were used, among others, in accordance 

with the guidelines from ANSYS UDF Manual [65]. Details can be found in [P1].  

6. Numerical analysis of blood flow 

Numerical analysis of blood flow using computational packages in the ANSYS Fluent 

environment requires the preparation of computational meshes with appropriate parameters of 

skewness, orthogonal quality and aspect ratio to ensure the correctness of the calculations. In 

addition, it is very important to determine the flow regime, which is determined by the Reynolds 

number 𝑅𝑒, according to equation (47) 

Re =
𝑢𝑑ℎ𝜌 

𝜇
 

(47) 
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where 𝑢 is the mean velocity of the fluid, 𝑑ℎ is the hydraulic diameter of the vessel, 𝜌 is 

the density of the blood and 𝜇 is the dynamic viscosity of the blood. 

Blood flow is a pulsatile flow due to the work of the heart, which consists in rhythmic 

contraction and relaxation of the heart, and the significance of pulsations can be determined 

based on the Womersley number, 𝑊𝑜 according to equation (48) 

Wo = 𝑑ℎ√
𝜋𝑓𝜌 

2𝜇
 

(48) 

where 𝑓 is the frequency of the blood flow pulsation. 

The article [P2] examined the importance of taking into account pulsations in modeling 

the flow through arteries with atherosclerotic narrowings and compared the results of the Time-

Averaged Wall Shear Stress (TAWSS) defined in accordance with equation (49) and the shear 

stress for the average flow over time for steady conditions. 

TAWSS =
∫ |𝜏|𝑑𝑡

𝑇

0

∫ 𝑑𝑡
𝑇

0

 
(49) 

Additionally, the values of parameter such as Oscillatory Shear Index (OSI) defined in 

accordance with equation (50) was analyzed 

OSI = 0.5 (1 −
|∫ 𝜏𝑑𝑡

𝑇

0
|

∫ |𝜏|𝑑𝑡
𝑇

0

) 

(50) 

and Relative Residence Time (RRT) defined in accordance with equation (51) was also 

analyzed 

RRT =
1

(1 − 2 ⋅ 𝑂𝑆𝐼) ⋅ 𝑇𝐴𝑊𝑆𝑆
 

(51) 

Figures 4 and 5 show the comparison of TAWSS and shear stress for mean blood flow 

[P2]. The article [P2] was created in cooperation with the Medical University of Silesia in 

Katowice, which provided support from a medical perspective. 
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Figure 4. Comparison of the shear stresses (Pa) on the wall for the transient simulation (top) 

with the case for the mean velocity (bottom)—CT-1 (blood flows from left to right). [P2] 

 

Figure 5. Comparison of the shear stresses (Pa) on the wall for the transient simulation (top) 

with the case for the mean velocity (bottom)—CT-2 (blood flows from left to right). [P2] 

Comparing the results for both geometries in Figures 4 and 5, almost identical results 

can be seen, although the upper figure from both pairs shows average values for the entire 

pulsation cycle, and the lower figure corresponds to the flow determined in time for the 

averaged blood flow. The obtained convergence of results proves that in order to quickly 

analyze the shear stresses acting on the vessel wall, which are associated with the risk of 

mechanical hemolysis, it is possible to limit the analysis of the flow steady in time to the average 

value of blood flow, which significantly reduces the simulation time, allowing for a quick 

analysis of the patient’s condition.  

 

Figure 6. Comparison of the hemolysis ΔHb/Hb (fraction of hemolyzed blood cells). (A) First 

artery—systolic inlet velocity. (B) Second artery—systolic inlet velocity. (C) Second artery—
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mean inlet velocity. (D) Second artery—time-averaged ΔHb/Hb for systole and diastole phase 

(blood flows from left to right). [P2] 

Figure 6 shows a comparison of hemolysis values for steady-state and unsteady-state 

flows. It can be seen that an increase in flow speed significantly increases the risk of hemolysis 

because the maximum shear stresses and the area in which they are above 150 Pa increase. It is 

worth noting that while there is no significant difference between TAWSS and stresses for 

averaged steady-state flow, in the case of hemolysis itself, it can be seen that in the case of 

pulsatile flow the risk of hemolysis is greater than in the case of time-averaged flow for average 

blood flow. This is related to the non-linear relationship between the risk of hemolysis and shear 

stress and the fact that there is a shear stress threshold that must be exceeded for hemolysis of 

red blood cells to occur.  

 

Figure 7. 3D velocity magnitude [m/s] profile results for rest and exercise [P4]. 
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Paper [P4] was created in cooperation with the Military Institute of Medicine—National 

Research Institute in Warsaw and the Medical University of Silesia in Katowice who were 

responsible for the medical part of the article. Figure 7 shows the influence of changes in blood 

flow values on the change in the nature of the flow towards turbulent/transient flow. As the 

flow increases, the velocity profile in the carotid artery narrowing flattens and the recirculation 

zone in the space behind the narrowing increases. The increase in shear stress in the cholesterol 

constriction area combined with the enlargement of the recirculation zone behind the 

constriction correlates with an increase in the risk of clot formation, which can block blood 

vessels in the distal part of the circulatory system. 

6.1 Preparations of 3D models from medical imaging data 

3D artery models used in CFD analysis most often come from data obtained from computed 

tomography or magnetic resonance imaging. Raw data is most often saved to the DICOM 

format, commonly used by doctors and specialists in related fields. There are many programs 

that are used to analyze DICOM files, there are both paid programs such as Materialise Mimics, 

RadiAnt and open source programs such as InVesalius or 3D Slicer. In order to perform CFD 

simulation, three-dimensional models of arteries should be created based on medical imaging 

and exported in e.g. STL format to CAD software. The 3D model must then be carefully 

inspected to remove any errors, often in the form of needle-like structures or holes resulting 

from either insufficient resolution or 3D reconstruction errors. At the stage of cleaning the 

geometry from surface errors, programs such as MeshMixer or ANSYS SpaceClaim are useful. 

After appropriate preparation of the 3D model, you can focus on isolating interesting parts of 

the circulatory system in order to create clearly defined inlet and outlet surfaces, where 

appropriate boundary conditions will be set. 

6.2 Hemolysis risk map based on CFD simulations 

The article [P3] was prepared in cooperation with the Medical University of Silesia in 

Katowice, who advised on medical matters. As part of a series of articles, especially articles 

[P3] and [P4], a hemolysis risk map was developed allowing for the estimation of the risk of 

hemolysis. The article [P3] focused on the impact of the degree of cholesterol constriction on 

the risk of hemolysis and examined whether the eccentricity of the constriction also has a 

significant impact. Moreover, in the article [P4] the analysis was extended to include various 

narrowing proportions in order to generalize the relationship and it was compared with the 

simulation results for the patient's carotid artery. The visible results indicate that below 70% 
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vessel occlusion [106] there is no significant increase in the risk of hemolysis, which is in line 

with the recommendations of the American Heart Association not to perform angioplasty for 

arteries with smaller narrowings due to the increasing risk of restenosis [107] with each 

subsequent stent. However, when occlusion increases to 85%, from that moment on, a rapid 

increase in shear stress and the risk of hemolysis and other complications is observed. 

 

Figure 8. a) Maximum shear stress correlation vs. degree of stenosis and stenosis velocity for 

the Carreau–Yasuda (left) and population balance blood rheology (PBBR) (right) models. b) 

Maximum shear stress correlation error vs. degree of stenosis and stenosis velocity for the 

Carreau–Yasuda (L) and population balance blood rheology (PBBR) (R) models. [P3] 

Figure 8 shows that as the flow velocity increases and the vessel lumen decreases, the maximum 

shear stress increases, which is associated with an increasing risk of hemolysis. The results 

obtained for the PBBR and Careau Yasuda viscosity models are consistent, and the obtained 

correlation has very similar parameters. The general correlation form is given by Eq. (52) [P3] 

𝜏𝑚𝑎𝑥 = 𝛼 ⋅ 𝑢𝛽 ⋅ [(
𝐴𝑐

𝐴0
)

0.5

]

𝛾

 
(52) 

and Table 1 presents the correlation coefficients. 
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Table 1. The correlation (54) coefficients [P3]. 

Carreau–Yasuda blood model  PBBR model  

𝛼 = 24.34 

𝛽 = 1.398 

𝛾 = −3.39 

with 

𝑅2 = 0.9999 

𝑅𝑀𝑆𝐸 = 1.4243 

𝛼 = 24.21 

𝛽 = 1.346 

𝛾 = −3.385 

with 

𝑅2 = 0.9998 

𝑅𝑀𝑆𝐸 = 1.6042 

 

 

Figure 9. Correlation between maximum shear stress and the eccentricity of stenosis, as well 

as stenosis velocity, for the Carreau-Yasuda (L) and population balance blood rheology 

(PBBR) (R) models. [P3] 

In the case of asymmetry of atherosclerotic narrowings, as seen in Figure 9, this effect 

is negligible. 

In the next step, the influence of parameters such as the hydraulic diameter of the artery, 

the length and shape of the artery cross-section in the narrowing, which is associated with a 

change in its hydraulic diameter, was considered. 
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Figure 10. Correlation between inlet hydraulic diameter [mm] and mean velocity [m/s] for 

maximum shear stress. [P4] 

In the case of the hydraulic diameter of the artery, it was observed that the smaller the 

diameter of the artery, the lower the flow speed at which hemolysis occurs, as can be seen in 

Figure 10. 

 

Figure 11. Correlation between stenosis length [mm] and mean velocity [m/s] for maximum 

shear stress. [P4] 

Apparently, the relationship can be observed in Figure 11, the shorter the narrowing, 

the greater the increase in stress at the same light cross-sectional area at the narrowest point. 
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Figure 12. Correlation between stenosis hydraulic diameter [mm] and mean velocity [m/s] for 

maximum shear stress. [P4] 

However, in the case of the shape of the necking itself, the relationship is still observable, 

but its significance is small, as can be seen in Figure 12. 

6.3 Hypertension in atherosclerosis 

The paper [P6] was prepared in collaboration with the Military Institute of Medicine—

National Research Institute in Warsaw, the Medical University of Silesia in Katowice, and the 

University of Leeds (UK). Part of the work was prepared during a 3-month internship at the 

University of Leeds (UK), which began in September 2024, concluding the work for the 

doctoral thesis. In addition to mechanical hemolysis occurring in the case of severe 

atherosclerosis, the impact of atherosclerosis on the decrease in blood flow in vessels was 

analyzed, both without and with coexisting arterial hypertension. In order to properly model the 

phenomenon of blood flow reduction through the vessels of the left coronary artery, it was 

assumed that the static pressure at the inlet does not depend on the degree of narrowing but on 

whether the patient has hypertension or not. However, the resistance of distal fragments of 

arterial vessels depends only on the conditions of physical activity. A preview model of the 

boundary conditions is shown in Figure 13. 
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Figure 13. Boundary conditions schematic. [P6] 

A series of simulations were performed for 4 variants of the boundary conditions of 

activity and arterial hypertension, and there were 7 models of constriction on vessel bifurcations 

plus a healthy artery as a reference. 

 

Figure 14. Contour plots of shear stress [Pa] for exercise without hypertension. [P6] 
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Figure 14 shows the results of wall shear stresses for physical activity conditions 

without excess pressure. As can be seen, in the case of severely narrowed vessels, the 

phenomenon of hemolysis is significant, while in the case of a healthy artery there is no such 

risk. 

 

 

Figure 15. Normalized pressure [-] bar charts for (top left) rest without hypertension, (top right) 

rest with hypertension, (bottom left) exercise without hypertension, and (bottom right) exercise 

with hypertension. [P6] 
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Figure 15 shows the normalized pressure drop for all variants. As you can see, the effect 

of hypertension on the percentage pressure drop is almost imperceptible, but it can be seen that 

with a sudden increase in physical activity it increases rapidly. This relationship correlates with 

doctors' observations that many complications in people with atherosclerosis occur as a 

consequence of sudden physical exertion or physical trauma.  

 

 

Figure 16. Hemolysis [%] bar charts for (left) exercise without hypertension and (right) 

exercise with hypertension. [P6] 

However, Figure 16 shows that despite the lack of a significant impact on the level of blood 

flow in the arteries, coexisting arterial hypertension significantly increases the risk of hemolysis 

compared to atherosclerosis without coexisting hypertension. 

7. Experimental analysis of blood flow 

The experimental analysis of blood flow to verify the CFD simulations focused on 2D PIV 

experimental studies on models printed using Clear V4 resin from Formlabs on a Form 3B+ 

printer. In addition to preparing prints for measurements, the research included rheological 

measurements of solutions with a rheology similar to blood and analysis of their refractive 

index. 

7.1 3D printing 

3D models for 3D printing were divided into 2 categories: rigid prints for PIV tests made 

of Clear V4 resin and flexible prints for angioplasty tests made of Biomed Elastic 50A V1 resin. 
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3D models were prepared using CAD programs such as MeshMixer, ANSYS DesignModeler 

and ANSYS SpaceClaim. In the case of flexible models, the physiological thickness of the 

artery wall was taken into account. The prepared models were then exported in STL format to 

the PreForm program from Formlabs shown in Figure 17. 

 

Figure 17. PreForm program window. 

Printing parameters such as layer height and the number and type of supports were set 

in the PreForm program. With the update of the PreForm application, the ability to set your 

own print profiles related to accurate print calibration was also unlocked, which allowed for 

even greater print accuracy than reported in [P3], where accurate calibration functions were not 

yet available. 
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Figure 18. Biomed Elastic 50A V1 resin prints immersed in a beaker filled with water in Form 

Cure L. 

After printing, it was necessary to wash the prints in isopropanol in the FormWash 

device in accordance with the manufacturer's recommendations. Then, the print had to be dried 

from the remains of isopropanol and subjected to a UV curing process in FormCure. In the case 

of the Clear V4 resin, the curing process takes place dry, while the Biomed Elastic 50A V1 

resins should be performed wet in a beaker filled with distilled water as shown in Figure 18. 

Using Clear V4 resin on the Form 3B+ printer, you can print very narrow channels of 

up to 0.5 mm in diameter, as can be seen in Figure 19, where you can see a test print of a 

cerebral artery with narrow branches. 
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Figure 19. Preview print made of Clear V4 resin. 

Models for PIV measurements were either very carefully polished on the laser and 

camera sides, or it is possible to use troughs to fill with a thin layer of solution to eliminate 

unevenness as shown in Figure 20. 
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Figure 20. Clear V4 resin print for PIV measurements. 

In the case of flexible models, a very important step was to skillfully remove the flexible 

supports so as not to damage the print, as can be seen in Figure 21. 

 

Figure 21. Biomed Elastic 50A V1 resin prints without supports removed. 

Ready-made 3D models made of flexible resin are shown in Figure 22. 
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Figure 22. Prints made of Biomed Elastic 50A V1 resin after post-processing. 

7.2 Rheology and refractive index matching experiments 

The next stage of preparation for PIV measurements was to develop a liquid with a 

kinematic viscosity similar to blood and a refractive index the same as the Clear V4 resin print. 

In order to develop the solution, a series of measurements were made for various solutions, 

which were mixtures of water, glycerin, sodium iodide and sodium thiosulfate. Viscosity 

measurements were performed on an MCR 302 rheometer from Anton Parr. The density of the 

solutions was measured with a pycnometer. The refractive index measurements were made 

using a refractometer. The refractive index measurements were verified based on a system 

consisting of a calibration plate and a model with semicircular channels. In order to confirm the 

good fit of the refractive index, it was observed whether there was any refraction of light at the 

phase edge, as shown in Figure 23. 
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Figure 23. Calibration tools for refractive index matching; (left) µPIV fluid, (right) water. [P3] 

7.3 Particle Image Velocimetry (PIV) as reference for CFD simulations 

The system for PIV measurements is shown in Figure 24. It consisted of a laser light source, 

a syringe pump and a microscope with a connected camera, which allowed for the observation 

and recording of images from the sample. 

 

Figure 24. Measurement setup for micro-particle image velocimetry (µPIV). [P3] 
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A preview image of the tested geometry from seamlessly assembled photos is shown in 

Figure 25. 

 

Figure 25. 3D artery phantom (the picture was acquired of the phantom filled with water to 

capture the walls). [P3] 

Figure 26 shows the comparison of CFD and PIV results for two flow rates. As you can 

see, the simulation and experiment results are similar. CFD simulation is able to predict 

stagnation and recirculation zones and the shape of the jet behind the choke, which proves the 

correctness of the numerical analysis. 

 

Figure 26. a) 3D model with cross-sections for velocity profile comparison. The green cross-

section is used for µPIV measurements and computational fluid dynamics comparison. 
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b) Contours of a velocity magnitude obtained from µPIV measurements for a flow rate of 

0.625 mL/s. c) Contours of a velocity magnitude obtained from computational fluid dynamics 

simulation for a flow rate of 0.625 mL/s. d) Contours illustrating velocity magnitude obtained 

from µPIV measurements at a flow rate of 5 mL/s. e) Contours illustrating velocity magnitude 

obtained from computational fluid dynamics simulation at a flow rate of 5 mL/s. [P3] 

 

 

Figure 27. Comparison of µPIV measurements and CFD simulation at two different flow rates: 

a) 0.625 mL/s b) 5 mL/s. [P4] 

In order to more precisely analyze the correctness of the CFD simulation, velocity 

profiles for the cross-sections from Figure 26a are presented in Figure 27. As can be seen, there 

is a very high consistency between the results, which proves the high accuracy of the print and 

the correctness of the CFD simulation. Moreover, it is worth mentioning that the high agreement 

of experimental results obtained would not have been possible without the appropriate liquid 

simulating blood rheology, which, apart from the appropriate kinematic viscosity parameters, 

had a refractive index identical to the refractive index of the material from which the arterial 

model was made. The paper [71] presents the influence of the change in the refractive index on 

the correctness of the measurement, where the fact of adding glycerin to water, reducing the 

differences between the refractive indices of light, has a positive effect on the correctness of 

the obtained data. As part of the presented paper [P4], the addition of sodium iodide allowed 

for the complete elimination of the difference in the refractive index, which was verified 

experimentally based on the measurement of light refraction using a refractometer, and based 
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on the system with a calibration plate, which was filled with the working fluid, where the fact 

of light refraction on the inner wall of the model was observed as presented in paper [P4].  

8. Methods of treating atherosclerosis 

Treatment of atherosclerosis is divided into pharmacological and surgical interventions. 

Pharmacological treatment most often involves inhibiting or reducing the production of 

cholesterol, especially LDL [108–111]. However, in the case of surgical interventions, 

treatments such as: Angioplasty and stent placement [112, 113], Endarterectomy [114], 

Fibrinolytic therapy [115] or Coronary artery bypass graft (CABG) surgery [116]. 

8.1 Angioplasty with stent placement  

Angioplasty is a medical procedure used to open narrowed or blocked blood vessels, often 

performed alongside stent placement [112, 113]. Before the procedure begins, patients may be 

given pain relievers, sedatives, and blood-thinning medications to prevent clot formation. 

During the procedure, the patient lies down, remaining conscious, while the doctor inserts a 

flexible tube called a catheter into an artery. The entry point is usually in the groin area, though 

it may vary depending on the location of the blockage. Using live X-ray imaging, the doctor 

carefully guides the catheter through the arteries toward the heart. A liquid contrast agent, 

sometimes referred to as "dye," is injected to highlight blood flow through the arteries, allowing 

the doctor to identify the areas of narrowing. Once the blockage is located, a guide wire is 

threaded through the narrowed segment of the artery, and a balloon catheter is advanced over 

the wire to the site of the blockage. The balloon is then inflated, which expands the artery and 

restores normal blood flow. In many cases, a stent is then placed at the site of the blockage to 

help keep the artery open. The stent is delivered along with the balloon catheter and expands as 

the balloon inflates. After the stent is in place, the balloon is deflated and removed, while the 

stent remains in the artery to ensure it stays open. 

8.2 Low-cost angioplasty practice station 

The article [P5] was prepared in cooperation with the Military Institute of Medicine—

National Research Institute in Warsaw, who was responsible for the substantive support from 

the medical side and performed simulated angioplasty procedures on 3D printed phantoms, 

ensuring the correctness of the simulated medical procedure. Due to the possibility of 

complications after angioplasty, especially in the case of complex procedures where there is a 

high risk of damage to the atherosclerotic plaque, which may block distal parts of the circulatory 

system, blocking oxygenation of the heart muscle or brain, there is a need for appropriate 
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planning of the procedure and training of interventional radiologists and cardiac surgeons. This 

is where 3D printing comes in handy. Combined with non-invasive imaging methods, it allows 

you to print flexible models of arteries, which are ideal training material for doctors to minimize 

the risk of post-operative complications.  

 

Figure 28. Experimental setup for percutaneous carotid artery stenting procedure. [P5] 

Figure 28 shows the proposed system for angioplasty training, which consists of a 3D 

printed model made of Biomed Elastic 50A V1 resin and a glycerin container printed on an FFF 

printer, because the refractive index of the print is very close to the refractive index of pure 

glycerin, which allows obtaining very good image quality using cheap and non-toxic liquid. 

The system can be extended with an image acquisition camera, allowing for convenient training 

with the ability to record images for later analysis. Samples of prints made of Biomed Elastic 

50A V1 resin were tested on an Instron testing machine, the measured Young's modulus was 

2.2 MPa, which is a value similar to the strength parameters of natural arteries. The developed 

system not only allows for training doctors and planning procedures, but is also a good tool for 

comparing different types of stents in the same case, as shown in Figure 29 and 31. 
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Figure 29. Comparison of stents for two exposures, A and C - dense mesh (Roadsaver™ - 

Carotid Artery Stent), B and D - sparse mesh (Protégé™ RX - Carotid Artery Stent). [P6] 

In Figure 29, we can see a different way of adjusting the stent to the model wall 

depending on the mesh density. 
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Figure 30. Comparison of artery model before (A) and after (B) inflating the balloon. 

Moreover, it is also possible to observe the expansion of the vessel lumen under the 

influence of the balloon, as shown in Figure 30. 

 

Figure 31. Comparison of artery with Carotid WALLSTENT™ after angioplasty with stent 

placement (A) and carotid artery model (B) with carotid artery stent before (C) and after (D) 

inflating the balloon. 
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The obtained results are consistent with the results of the treatments, which can be seen 

in the comparison with the patient in Figure 31. 

 

Figure 32. Comparison of CT images: (A) geometry without stent, (B) with Roadsaver™ - 

Carotid Artery Stent, (C) with Protégé™ RX - Carotid Artery Stent. 

Figures 32 and 33 show a comparison of different stents and base models using cone 

beam computed tomography. As can be seen by comparing Figures 33 and 34 with Figures 30 

and 32, the optical resolution of the camera is higher than in the case of classic medical imaging 

methods. To improve the resolution of the analysis, the use of a microCT device is required. 

 

Figure 33. Comparison of CT images: (A) geometry without stent, (B) with Carotid 

WALLSTENT™. 
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9. Conclusions 

The doctoral thesis aims to develop a correlation between the risk of hemolysis associated 

with the maximum shear stress and the hydrodynamic and geometric parameters of the artery, 

verified using experimental fluid mechanics with 3D printed phantoms. An additional goal is 

to create a universal and economical workshop for training in angioplasty using 3D printing 

devices and experimental fluid mechanics, which can be easily adapted to the training of 

medical students and to prepare for procedures with a potentially high risk of postoperative 

complications. In order to achieve the intended objectives of the dissertation, advanced 

computational and experimental techniques such as computational fluid dynamics (CFD), 3D 

printing, and experimental fluid mechanics were explored, which can be applied to improve the 

diagnosis and treatment planning of atherosclerosis and related conditions such as hypertension. 

These diseases are significant health concerns, and their treatment often involves complex 

decision-making processes, particularly when it comes to evaluating blood flow dynamics in 

stenotic arteries caused by plaque buildup. The work leverages modern technological 

advancements, especially in medical imaging and 3D modeling, to improve the accuracy and 

predictive capabilities in medical scenarios. A key focus of the thesis is the growing use of 

computational fluid dynamics (CFD) and 3D printing in medical applications. These 

technologies are increasingly adopted due to the rapid development of computer processing 

power and 3D printing technologies. As CFD becomes more advanced, it can model complex 

biological flows, while 3D printing allows for the physical creation of anatomically accurate 

models based on high-resolution medical imaging. This makes the approach especially valuable 

for analyzing diseases like atherosclerosis, where blood flow characteristics are central to 

diagnosis and treatment. Moreover, the thesis highlights how the improvement of medical 

imaging technologies; including computed tomography (CT) and magnetic resonance imaging 

(MRI), specifically 4D flow MRI; provides detailed insights into the blood flow fields within 

vessels [T1]. These advancements enable the creation of highly accurate 3D models of arteries 

and surrounding tissues, which can be used both for simulation and 3D printing. The integration 

of these technologies offers a non-invasive means of predicting patient-specific risk factors and 

guiding surgical interventions. 

An essential part of the thesis involves studying the influence of geometric parameters 

on hemolysis, a condition where red blood cells (RBCs) are destroyed, leading to complications. 

Hemolysis is one of the common risks associated with advanced atherosclerosis. To understand 

this risk, a novel blood rheology model based on population balance was developed, accounting 
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for the hemolysis of individual RBCs [P1]. This model goes beyond traditional representations 

of blood flow, simulating the agglomeration and deaglomeration of RBCs, capturing the 

thixotropic behavior of blood; a non-Newtonian property that explains how blood viscosity 

changes under stress. The simulations conducted using the ANSYS Fluent environment 

revealed key insights. The maximum shear stress during steady-state flow emerged as a critical 

risk factor for hemolysis. This was further verified in time-averaged wall shear stress (TAWSS) 

studies, which showed a near-identical correlation between TAWSS over a cardiac cycle and 

shear stress during the average steady-state flow. These findings were detailed in Article [P2]. 

In paper [P3], it was shown how increasing the degree of arterial stenosis raises the risk of 

hemolysis, using both the PBBR and Carreau-Yasuda models, yielding consistent results. 

Additionally, it was shown that the degree of eccentricity of coronary stenosis does not 

significantly impact the increased risk of hemolysis. Meanwhile, in article [P4], the analysis 

was extended to generalize the relationships to variable stenosis lengths, the hydraulic diameter 

of the coronary vessel, and the stenosis. The obtained relationships confirm the hypothesis 

presented in [T2]. 

The obtained relationships required appropriate experimental verification. For this purpose, 

suitable coronary artery phantoms were necessary, related to hypothesis [T3]. In works [P3, 

P5], the 3D printing technology of transparent artery models, both rigid [P3] and flexible [P5], 

was presented. The SLA-LFS technology used allowed for a high level of transparency in the 

models and high print resolution. Based on the obtained 3D artery models, μPIV measurements 

were possible to verify the accuracy of computer simulations in ANSYS Fluent software. In 

paper [P3], a comprehensive comparison of CFD simulation results and experimental flow 

measurements was presented, using the μPIV technique, where blood was replaced with a liquid 

that had the same kinematic viscosity and refractive index as the 3D-printed model to eliminate 

image distortion due to light refraction at the phase boundary. The agreement of the results 

confirmed hypothesis [T4]. 

In the next phase, the focus shifted to the mechanical and optical properties of the 

flexible resin Biomed Elastic 50A V1, which was found to closely resemble the mechanical 

properties of arterial walls. This similarity confirmed hypothesis [T5] and was presented in 

Article [P5]. This material’s combination of strength and flexibility, along with its low 

refractive index compared to other resins like Clear V4, made it ideal for developing a cost-

effective and easy-to-use training setup for angioplasty with stent placement procedures. The 

training setup was tested in collaboration with the Military Institute of Medicine, and the results 
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were published in Article [P5]. The setup offered a practical tool for interventional radiologists 

and surgeons, providing a realistic model for preoperative training, particularly valuable for 

procedures involving stent implantation, where precise handling is critical. 

The final phase of the thesis extended the analysis of atherosclerotic complications by 

incorporating the influence of hypertension, particularly in the bifurcation of the left coronary 

artery. This extension was closely related to hypothesis [T2] and examined how hypertension 

interacts with atherosclerotic stenosis beyond its geometric shape. The study, presented in 

Article [P6], demonstrated that hypertension significantly increases the risk of hemolysis 

compared to patients without hypertension. This finding is especially relevant in clinical 

settings where both conditions frequently coexist. 

In conclusion, this thesis provides a thorough investigation into the factors influencing 

hemolysis in atherosclerosis patients, offering valuable insights for clinicians to improve the 

diagnosis and management of atherosclerosis-related complications. The research combined 

CFD simulations, experimental validations, and 3D printing technologies to establish a robust 

framework for understanding blood flow dynamics in diseased arteries. Additionally, the 

development of a low-cost preoperative training system for angioplasty with stent placement is 

a notable contribution, offering a practical tool for improving surgical outcomes. Overall, this 

work demonstrates the potential of integrating advanced computational models with 

experimental techniques to enhance patient care in cardiovascular medicine. 
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