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Abstract

This work contributes to the general research on Decision Support Systems (DSSs) for the dis-

patchers of the Services of General Interest (SGIs). The SGIs are an important pillar of the social

model and of the social market economy of the European Union, centred on guaranteeing the

minimum well-being standards for the Europeans. This work focueses on dispatching the SGIs,

whose units may be differentiated based on the quality (or speciality) of the service offered. We

argue that dispatching the SGIs considering not only the cost of the dispatch but also the SGI

quality received by the customers (in a multi-criteria manner), yields more tailored results to

the the customers’ needs, as opposed to the standard single-criterion dispatch cost minimisation

approaches. For this, the generic SGI dispatch optimisation problem with quality-based cri-

teria (SDOQ), aimed to facilitate the dispatcher’s decisions, is developed and analysed. Firstly,

a theoretical review of the characteristics of the problem is performed and the best suited ag-

gregation method is identified. Secondly, we study statistically the results obtained by solving

the SDOQ problem on 6,000 artificial instances with randomly generated parameters — both

with and without considering the fairness/equity of the solution. Then, to make the investiga-

tions even more realistic, the problem SDOQ is applied to two Case Studies from highly distinct

fields, which are based on the previously published papers. The first one is related to the dispatch

of electrical energy generating units and the second one to the dispatch of Emergency Medical

Services with Emergency Departments. In all of the numerical analyses the performance and

dispatch results obtained by solving the proposed approach is compared with the ones obtained

by solving the standard single-criterion cost minimisation problems. The comparison is done

over six specifically crafted performance measures. The tests have shown that the dispatch res-

ults obtained by solving the SDOQ problem have always been more tailored to customers’ needs

than the ones obtained by solving the standard problems. This however, has been linked to sig-

nificantly increasing the optimiser’s solution time, especially when the fairness of the solution

was considered. Nevertheless, despite the increase, the SDOQ has still been solved in acceptable

time. To sum up, the proposed SDOQ problem can significantly improve the dispatch results of

various SGIs by making the dispatch more tailored to customers’ needs.

Keywords: Services of General Interest, multi-criteria optimisation, dispatch, Decision

Support Systems
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Streszczenie

Praca ta mieści się w nurcie badań nad Systemami Wspomagania Decyzji dla dyspozytorów

Usług Świadczonych w Interesie Ogólnym (USIO). USIO stanowią ważny filar modelu spo-

łecznego i społecznej gospodarki rynkowej Unii Europejskiej, zapewniając Europejczykom mi-

nimalne standardy bytowe. W tej pracy badano dyspozycję USIO, których jednostki można

rozróżniać między sobą ze względu na oferowaną przez nie jakość (lub specjalistykę) klien-

tom. Przyjęto tezę, że dyspozycja USIO, uwzględniająca nie tylko koszty dyspozycji, lecz także

jakość USIO otrzymywaną przez klientów (w sposób wielokryterialny), daje wyniki lepiej do-

pasowane do ich potrzeb niż w przypadku klasycznej jednokryterialnej minimalizacji kosztów

dyspozycji. W tym celu zaproponowano i przeanalizowano generyczny problem optymalizacji

dyspozycji USIO z uwzględnieniem kryteriów jakościowych (SDOQ). W pierwszej kolejno-

ści dokonano teoretycznej analizy problemu i zidentyfikowano najlepiej dopasowaną metodę

agregacji. Następnie przeanalizowano statystycznie wyniki uzyskane przez rozwiązanie pro-

blemu SDOQ na 6 000 instancjach z losowo dobranymi parametrami optymalizacji — także

uwzględniając sprawiedliwość (ang. fairness) rozwiązania. W kolejnym kroku zaaplikowano

problem SDOQ do dwóch Studiów Przypadku opartych na wcześniej opublikowanych arty-

kułach. Pierwsze Studium dotyczyło dyspozycji jednostek wytwórczych energii elektrycznej,

drugie natomiast dyspozycji Zespołów Ratownictwa Medycznego oraz Szpitalnych Oddziałów

Ratunkowych. We wszystkich analizach porównywano wyniki dyspozycji uzyskiwane przez

proponowane podejście oparte na SDOQ z wynikami otrzymywanymi przez klasyczny jed-

nokryterialny problem minimalizacji kosztów dyspozycji. Porównania dokonano w oparciu o

sześć specjalnie opracowanych miar wydajności. Testy wykazały, że wyniki dyspozycji uzyski-

wane w wyniku rozwiązania problemu SDOQ były lepiej dopasowane do potrzeb klientów, niż

te uzyskiwane w wyniku rozwiązania problemu klasycznego. Wiązało się to jednak z istotnym

statystycznie wydłużeniem czasu obliczeń, zwłaszcza w przypadku sformułowania uwzględnia-

jącego sprawiedliwość rozwiązania. Jednakże, mimo że zwiększony, czas ten nadal pozostawał

akceptowalny. Podsumowując, zaproponowany problem SDOQ może znacząco poprawić wy-

niki dyspozycji różnych USIO, czyniąc je lepiej dostosowanymi do potrzeb klientów.

Słowa kluczowe: Usługi Świadczonych w Interesie Ogólnym, optymalizacja wielokryte-

rialna, dyspozycja, Systemy Wspomagania Decyzji
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Chapter 1

Introduction

1.1 Background

1.1.1 Services of General Interest (SGIs)

Services of General Interest (SGI) are identified by the institutions of the European Union (EU)

as a supporting pillar of the European social model and of the European social market economy.

This term includes services such as: electricity or water supply, healthcare, social services, tele-

communications and broadcasting, sewage disposal, public transport, postal services, housing

or others [1]. Simply put, any service that is essential for the lives of the majority of EU citizens

will fall into this category [2].

The European Union legislation sets grounds for the term SGIs and for the concepts, which

describe it further. 1 These concepts are presented by the European Commission in the Quality

Framework for Services of General Interest in Europe [6]. The Framework [6] defines SGIs as

services that public authorities of the Member States classify as being of general interest and,

therefore, subject to specific public service obligations (PSO). The term covers both economic

activities and non-economic services. The same document then defines a sub-class of the same

as Services of General Economic Interest (SGEI). This term is defined as economic activities

which deliver outcomes in the overall public good that would not be supplied (or would be

supplied under different conditions in terms of quality, safety, affordability, equal treatment or

universal access) by the market without public intervention. The PSO is imposed on the provider

by way of an entrustment and on the basis of a general interest criterion which ensures that the

service is provided under conditions allowing it to fulfil its mission. Then, the Framework also

defines another sub-class of SGIs, being the Social Services of General Interest (SSGIs). Their

definition is as follows: services including social security schemes covering the main risks of

1Legislative grounds are given in protocol number 26 to the Treaty on the Functioning of the European Union

(TFEU). This protocol concerns SGIs but does not define the concepts [3]. The grounds of the SGIs are also

described in Articles 14 and 106 of the TFEU and in Art. 36 of the Charter of Fundamental Human Rights [4, 5].
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life and a range of other essential services provided directly to the person that play a preventive

and socially cohesive/inclusive role. The term SSGI covers both economic and non-economic

activities. The relations given in the definitions above are depicted in the Venn diagram in

Fig. 1.1.

EconomicSocial

SSGIs SGEIs

General Interest

SGIs

Figure 1.1: Relations between SGIs, SGEIs ans SSGIs (own elaboration basing on [3])

One may notice that the definitions of SGIs is close to the one of public services. This is true

and already recognised by the European Commission in the same Framework. The Commission

states that in the EU legislation the term public services is used in a rather ambiguous way, and

mostly in applications related to the transportation services. The ambiguity arises as this term

is used for services designed for the public interest, as well as to the activity of public entities.

Therefore, the Commission proposes to use the term SGIs, and so it is followed in this work.

According to the SGI Europe organisation, SGIs guarantee minimum well-being standards

for everyone, making lives better and less dependent on external factors and circumstances.

The organisation outlines that they played a vital role in the COVID-19 pandemic times, when

the SGIs remained operational, whereas all non-essential economic activities were halted due

to lockdowns. The importance of the SGIs is especially visible as it is estimated that around

60 million workers are employed in the European Union in this sector, and they contribute to

around 26% of the total EU’s Gross Domestic Product (GDP) [7].

Having said the above, one can conclude that the SGIs are an important pillar of the lives

of the EU citizens and the EU’s economy. In this work we focus solely on services with units

dispatched or allocated as a result of specific (physical or virtual) dispatchers’ decisions. There-

fore, we would normally exclude SSGIs as they mostly concern services such as: social security

schemes in various risks in life, e.g., retirement, ageing, occupational accidents, unemployment
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or disability [6]. Therefore, in the remainder of this work whenever we refer to SGIs we mean

the dispatchable services, excluding the SSGIs.

In this place, we harmonise the term dispatch or dispatching as the action of the same. The

Cambridge Dictionary of English defines the verb to dispatch as to send something, especially

goods or a message, somewhere for a particular purpose, and the noun dispatch as the action

of doing the same [8]. In the operational research literature this term is used for problems of

either allocating of a given pool of resources to some tasks, jobs or services or for problems of

calculating the setpoints the same, such that the system meets its functional requirements, e.g.,

covers the demand for the required resources. These problems may be solved for a single time

period, as in the vehicle dispatch problems presented in [9, 10], or for a time horizon constituted

of multiple periods, as in the dispatch of electrical energy generation plants given in [11, 12]. In

the light of the above, in this work we refer to dispatch, whenever a given SGI is allocated by

the dispatcher to meet system’s requirements, regardless of the time horizon of such an action.

1.1.2 Operating the SGIs

Operating the SGIs is a nontrivial and complex job. They are essential for smooth functioning

of the society and should be accessible to all citizens in a fair manner. A given EU Member

State should accomplish multiple tasks in defining the operations of such services. Firstly, the

state should define what constitutes the general interest and what exact services fall under this

category. Some of the services have been harmonised at the European level (e.g., telecommu-

nications, postal and energy sectors) and some are left to the discretion of the states, with some

bounds imposed by the European legislation [3]. Once done, the State should then architect the

operations of the same and construct the public service obligations bounding their providers.

After completing the architectural and legal steps, the State should identify the optimal location,

types and the pool of units of the service considered. In case some of them are delivered via

dispatchable units, dispatch policies with further key performance indicators of the same should

be established.

In the majority of tasks mentioned above, decisions must be made by the respective De-

cision Makers (DMs). Those decision processes are often complex and can be facilitated by

using various computer-based Decision Support Systems (DSSs) with appropriate mathemat-

ical modelling implemented. We give more information on those in the next Section of this

work.

Dispatching of the units itself is also a multi-stage task. Firstly, special legal bounds for it

should be created. Once done, dispatch policies should be established. They can only work,

when appropriate ways and tools of continuous monitoring of the system are defined, with the

assessment of dispatch decisions. Only then, the dispatcher may take its role and allocate the

required units to meet the functional requirements. Thus, although this action founds the core
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of dispatch actions, it is only a step in the whole dispatch organisation. Despite the fact that

the scope of SGI operations is broad, this work treats only the tasks of decisions on dispatching

units of SGIs. Deliberately only those are discussed further in this Section.

To dispatch the units in the most appropriate and efficient way, the dispatcher must have

some deep domain knowledge and expertise on the SGI application, together with as precise

visibility of the current operational state of the system as possible. One must remember that

those services should always work reflecting citizens’ preferences, assuring that the entire sys-

tem operates correctly and that the service itself is available to all citizens. What is more, while

identifying the operations, general interest must also be practically considered by the correct

entity. Therefore, Decision Support Systems (DSSs), problems and models that could possibly

ease this activity have been of research interest for some long time already. In particular, DSS

systems have been widely used for calculating allocation and dispatch of services such as men-

tioned in the points below:

• electrical energy supply systems [13];

• emergency crews — e.g., Emergency Medical Service, Police, Fire Brigade [14];

• gas supply systems [15];

• waste treatment systems [16];

• telecommunication networks [17];

• public transportation systems [18];

• water supply systems [19].

The act of dispatching in the cited examples of DSSs are based onmathematical optimisation

models. This method is particularly interesting to facilitate the dispatch of SGIs, as it allows to

find an optimal setting of feasible controls by considering the physical characteristics of the com-

plete SGI system in the form of constraints. Taking the example of an electrical energy supply

system, selected constraints may include the operational limits of generating units, capacities of

transmission lines or voltage levels in nodes, as approached in our paper [20]. Similarly, those

can also be identified in other applications. For example, in the emergency crew dispatching

problem the dispatcher may consider the availability of crews, equipment carried on board of

ambulances, availability of hospital beds or levels of competence towards treating a particular

medical emergency.

Apart from the possibility of modelling the various sets of physically feasible controls, math-

ematical optimisation gives the ability to dispatch SGI units in a way that enhances the operating

point of the system under consideration through appropriate manipulations in the objective func-

tion. This approach was applied by us for instance in [21], where we proposed to re-dispatch
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the electric SGI basing on reactive power generation to enhance the level of the steady-state

voltage stability of the power system considered. Technical issues of power transmission were

also addressed through adjustments of the objective function in our paper [22].

1.1.3 Decision Support Systems (DSSs)

We have already stated that the operation of SGIs is nontrivial and is constituted of multiple

decision stages. We eluded that these actions can be facilitated by the use of appropriate DSS.

In this Section we give some background to the DSS theory.

Decision Support Systems is a research area that falls within the discipline of information

systems that focuses on supporting and improving the managerial decision making. It mainly

looks at developing and implementing IT-based systems to support the (managerial) decision

process [23]. The research history related to it dates back to the mid-1960s and the term was

firstly used in 1971 by Scott Morton and Gorry [24, 25]. Depending on how they operate, the

DSSs can be either active, passive or cooperative. The active ones support the decision process

and generate suggestions of decisions to a problem, whereas the passive ones do not produce any

suggestions. The cooperative DSSs work in interaction with the user. They present the decision

suggestions to the user for review and refinement, then the systems further improve them prior

to the final validation by the user [26].

According to Power [25], DSSs can also be categorised based on how they are built into five

groups. The first kind are the model-driven DSSs. They emphasise the access to and manipu-

lation of financial, optimisation and/or simulation models. Digital Twins used for the what-if

situation can be named examples of those [27]. The second category is data-driven DSSs. Such

systems emphasise access to and manipulation of the time series of the internal and sometimes

external and real-time data. Currently, the trend in those systems is put on the Business Intel-

ligence dashboards [28]. Power also defines communication-driven DSSs, which use network

and communication technologies to facilitate decision-relevant communication and communic-

ation (e.g., groupware or tele conferencing systems). The fourth category is document-driven

DSSs, which use computer storage and processing technologies to provide document retrieval

and analysis. The primary example of it is the search engine of documents. To make such a

document-driven DSS work effectively, Kacprzyk and Zadrożny propose a method to categor-

ise the available documents using fuzzy linguistic summaries [29]. Finally, the last category

of DSSs identified by Power is knowledge-driven DSSs. These are systems with a particu-

lar problem-solving engine, that consists of domain-specific expertise and knowledge, together

with having problem-solving skills appropriate to this domain. They integrate Artificial Intel-

ligence (AI)-based systems, expert systems, data mining and communication systems for the

decision support task [26]. An example of an AI-based DSS can be found in [30], where it was

applied to the trading of the stocks.
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Even though the five categories have been given by Power, some hybrid DSSs may also

exist. An example of such hybrids is developed in [31], where the Authors combined data-driven

and knowledge-driven DSSs into one tool or in [32], where model-diven and knowledge-driven

DSSs were combined.

As per the architecture of those systems, Smutnicki [33] states that DSSs should be equipped

at least with a human-machine interface, database management tools, model checker, multipur-

pose solving engine with logic that focuses on the given application, manager of the solving

process and a module evaluating the obtained results. Such definition falls perfectly within the

basic architectural components of DSSs, identified by Holsapple [34]. The Author defines that

the DSS are built of four main blocks, namely: language system — consists of all messages a

DSS can accept; presentation system — consists of all messages a DSS can emit; knowledge

systems— consists of all knowledge a DSS has stored and retained; problem-processing system

— engine that processes and solves the decision problems.

A good example of a DSS is given by Michałowski et al. [35], where the Authors developed

a system that helped in categorising the paediatric patients, who presented to an Emergency

Department with abdominal pain. System was built in the client-server architecture with hand-

held Palm devices serving as clients. Detailed description of the architecture and the decision

algorithms may be found in the reference.

1.1.4 Notion of quality

According to the definitions of SGIs given in Sec. 1.1.1, the public interventions should ensure

the best quality of the SGIs received. The document [6] precises that the European Commission

encourages the provisioning of SGIs to the European in a high-quality manner and the docu-

ment [3] states, that democratic choices of SGI quality by the Europeans should be guaranteed.

Having this said, let us now dive a little deeper into the notion quality in this Section. In the

following Sections we elaborate also how quality can be integrated in the DSSs for the SGI

dispatch optimisation problem.

According to the Cambridge Dictionary of English available online, quality (noun) is defined

as: a characteristic or feature of something that makes it different from other things; how good

or bad something is; a high standard; a good feature of a person’s character [36]. In other

words, the term describes a differentiator or high standard of something — in the case of this

work of an SGI service more precisely.

Generally, the notion of quality is found in many fields of engineering. In power systems

engineering, this term is widely used when referring to current, voltage, power quality, as well

as Quality of Supply and Quality of Consumption. Some of these are linked to not deviating

the actual current/power/voltage values from their ideal operational point. Some of the others,

namely for Supply and Consumption, also include the non-technical aspects of the interaction
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between supply and demand sides [37]. Examples of adding a quality component into power

system dispatch and planning optimisation are given in [21, 38].

Similarly, quality is considered in telecommunications under the term Quality of Service

(QoS). Denda et al. [39] define this term in a general form as some abstract user requirements

on the data delivery. This definition is in line with the definition proposed by the International

Telecommunication Union (ITU), which says that the QoS is: The collective effect of service

performances which determine the degree of satisfaction of a user of the service [40]. Wide

adoption of the QoS notion led to building its support mechanism into some network protocols.

Some examples of those applicable to the Internet of Things (IoT) may be found in [41]. The

introduction of generally understood QoS into telecommunication optimisation problems was

also a subject of broad research, specifically including the notion of fairness. This was shown

in the survey conducted by Ogryczak et al. [17]. What is more, from another survey which was

conducted by Józefowska et al. [42] it becomes apparent that QoS is of importance while op-

timising for energy consumption of the various Information and Communication Technologies

(ICT) systems. Apart from these notable reviews, interesting pieces of research in this field may

be found in [43, 44], where Authors optimised for the QoS indicators in a multi-criteria manner.

Apart from the specific quality applications above, we can also find research related to qual-

ity engineering. This is a scientific discipline which studies aspects related to obtaining and

keeping an economically reasonable quality of products and processes [45]. Yet, due to the fact

that it is a separate discipline itself, rather loosely linked to the subject of this work, we do not

cite any specific references. An interested reader is invited to consult the work by Sałaciński for

more information [45].

1.1.5 Multi-criteria dispatch of SGIs

As shown in Sec. 1.1.2 dispatching of SGIs is a difficult and complex job, that can be eased by

using model-driven decision support tools basing on mathematical optimisation techniques. In

this Section we aim to showcase that considering quality-based criteria in addition to the regular

cost-based ones (or time-based) can be integrated well into the dispatch of multiple various

SGI classes. What is more, we aim to outline that in each of those classes such consideration

may add value to the dispatch customers or more generally participants. Firstly, we elaborate

further how quality-based criteria integrate in the dispatch of electrical energy generating units

and of Emergency Medical Services/Departments. Secondly, we present a non-extensive list of

possible further applications.

With respect to the electrical energy markets, the classic approach is to find a dispatch that

minimises the total cost of generation or to maximise the social welfare over the system’s tech-

nical constraints [46, 47]. However, this approach treats all market participants alike, treating as

if all of them wanted to pay as little as possible for the energy delivered. This neglects the fact
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that there might exist conscious participants willing to receive energy that is of better quality,

under a possibly higher cost. Some conscious participants may want to receive energy from

more ecological sources or from more socially-responsible generating companies. By dispatch-

ing of units considering this phenomenon, one may better reflect participants’ preferences on

the service received and better integrate their choices. In that sense, dispatching of generating

units taking into consideration the quality of energy, together with its cost as criteria could add

some significant value for the market participants, instead of treating all of them alike [13].

Similarly, in EmergencyMedical Services there is a trend to dispatch the unit located closest

to the call, and then to take the patient to the nearest hospital. Yet, some other strategies

might also exist such as maximising the total ambulance coverage or preparedness of the system

[48, 14, 10]. Nevertheless, these strategies tend to treat all patients the same, regardless of the

emergency they are having. Not considering patient’s clinical condition in the dispatching pro-

cess may result in sending a wrong unit to the scene and in transporting the patient to a wrongly

assigned hospital. This might further result in the need of re-transferring the patient to a differ-

ent hospital, considerably prolonging the time-to-treatment. There exist some acute conditions

which need to be treated in a specific hospital, within a clearly specified time window from

symptom onset for the treatment to be effective. Some examples of those conditions are — aor-

tic dissection, ST-elevation myocardial infarction (STEMI) or massive pulmonary embolism.

Prolonging the time-to-treatment may cause the treatment to be not effective [49, 50, 51]. Dis-

patching of hospital units considering both time-to-arrival and their speciality towards treating

a given emergency, which can be otherwise called quality, as criteria could possibly reduce the

risk described. Similarly, dispatching of ambulance crews considering both time-to-arrival and

speciality (quality) of the team (e.g., by having a doctor in) and the equipment onboard (e.g.,

with electrocardiogram with teletransmission capabilities) can potentially help patients in the

acute state.

So far, we have drawn a picture of possible utility of quality-based criteria in the dispatch-

ing of Emergency Medical Services and of electrical energy generating units, to produce more

results which are more tailored to customers’ needs. These applications are studied in detail in

Chapters 5 and 6.

However, the field of possible applications of the quality-based multi-criteria problems in

the dispatching of SGIs does not stop there. One can also envisage using them in the dispatching

of other areas, such as:

• Heat generating units in multi-unit and multi-technology district heating networks. In

this case, units can be differentiated basing on the level of ecology of the technology

applied. There might exist conscious heat consumers who will to pay more just to receive

some more ecological heat. Similarly to dispatching of electrical energy generation units,

one would consider the ecology of technology as a quality criterion together with the cost
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of sale. An example of a possible candidate heating network is described in [52].

• Telecommunication networks. In those applications it is required to allocate available

network resources to a data transfer, such as available bandwidth, to provide them to all

communication services and to all pairs of senders-receivers in an optimal way [17]. The

notion of the Quality of Service as described in Sec. 1.1.4, and its quantification, could be

integrated as a quality-based criterion in the resource allocation optimisation to improve

user’s sentiment of the communication resource that was allocated (or dispatched) to them.

Such a measure focusing on user experience (in a global formulation) for the LTE systems

was proposed by Yaacoub and Dawy [53]. Also, the notion of QoS in resource allocation

optimisation for the beyond 5G networks was studied by Cao et al. [54].

• Police, Fire Brigade and other emergency services. Normally, emergency services such

as the Police or Fire Brigade can be distinguished basing on the speciality of units. Some

examples of Police units could be: neighbourhood patrol units, traffic patrol, criminal

Police, canine, or SWAT (Special Weapons and Tactics) [55, 56, 57]. Similarly, one can

think of Fire Brigade units, where different types of fire trucks and different specialised

teams (e.g., Hazardous Materials Units or Height Rescue Teams) [58]. As in the EMS

dispatching problem, one would consider the time to respond to the call of a given unit as

one criterion, and its speciality towards handling a given type of emergency as the quality

criterion.

• Postal Courier services. Currently, post office couriers operate on various types of

vehicles — conventional or electric lorries, city scooters or bicycles. One may envis-

age the existence of conscious customers, for whom it makes a difference whether their

delivery is transported in an eco-friendly vehicle. In that sense, couriers can be dispatched

basing on a given quality criterion of eco-friendliness (quality) of their vehicle, as well as

on closeness/logistical criterion to the package delivery source or destination (depending

on contractual agreements). The use of different types of vehicles in postal services was

studied in [59].

• Taxi services. Taxi services are part of the city’s public transportation system [60]. As

such, they enhance the lives of Europeans and can be considered as an SGI. Taxis can be

dispatched in a way that the waiting time or the ride cost is minimised and that a given

type of taxi vehicle is dispatched (quality criterion). Such a strategy is already in use in

applications like Uber [61] or Free Now [62], where the customer can choose whether to

order a more or less luxurious car or if to order an eco-friendly vehicle. Depending on

the type of vehicle chosen, both the ride costs (which are known upfront) and the waiting

times differ.
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The list above of possible applications is given for reference only and is non-exhaustive.

One can think of other possible applications, provided that they are constituted of dispatchable

SGI units, which can be differentiated basing on the quality of the service offered.

1.2 Organisation of the thesis

In this Section, we give some guidance into how this thesis is organised. In Chapter 1 we

introduce the research topic, discuss the importance of SGIs, formulate the main research ques-

tion and formulate the intermediate research objectives. In the same Chapter, we introduce the

generic SGI dispatch optimisation problem with quality-based criteria from a theoretical per-

spective.

After this, in Chapter 2 we review and discuss some helpful literature related to the prob-

lem statement and discuss the main concepts related to the multi-criteria optimisation. Those

concepts are deemed important for further understanding of the work.

Once the literature is reviewed, with some inspirations gathered, in Chapter 3 we formulate

the generic SGI dispatch optimisation problem with the quality-based criteria. In the same

Chapter multi-criteria solution strategies are discussed with respect to the problem formulated.

The conclusions are drawn on the most suitable solution strategy in our opinion.

In Chapter 4, we present numerical experiments designed to verify the main research thesis

statistically. For this, a variation of the generic problem is crafted and solved over three Cases,

each consisting of 2,000 instances. In total, 6,000 experiments are performed. In each of them,

the results obtained by solving the proposed problem are compared with the single-criterion

minimal cost approach statistically by looking at five performance indices.

The proposed problem is then put into action to dispatch the electrical energy generating

units in a market environment in Case Study I presented in Chapter 5. This is considering the

conclusions drawn in previous chapters. Then, Case Study II is presented in Chapter 6, where

we investigate the use of the same to dispatch Emergency Medical Services and Emergency

Departments.

The study is summarised by conclusions and a discussion of the results presented in Chapter. 7.

In this Chapter we show the primary research outcomes, verify the research thesis and object-

ives and discuss the limitations of the study. The Chapter is finished by presenting the possible

directions for further research in the field.

1.3 Research objectives

Having shown the possible applications of multi-criteria approaches to operating the dispatch-

able SGIs with quality-based criteria, one would aim to study them in greater detail.
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Therefore, in this thesis, we formulate the following research thesis:

Adding quality-based criteria to the generic SGI dispatch optimisation problem

adds value to the dispatching, allowing to yield more tailored results to the cus-

tomers’ needs.

To verify the above statement, in this work, we formulate the below intermediate research ob-

jectives:

Objective 1: Formulation of the generic multi-criteria SGI dispatch optimisation problem with

quality-based criteria.

Objective 2: Applicability analysis of selected aggregation methods to solve the proposed

generic multi-criteria SGI dispatch optimisation problem with quality-based criteria.

Objective 3: Comparison of the dispatch results obtained by solving the proposedmulti-criteria

optimisation problem with quality-based criteria in acceptable time with the standard

single-criterion cost minimisation approaches.

Objective 4: Case Study I: Applicability analysis of the proposed multi-criteria problem (with

quality-based criteria) to the dispatch optimisation of the electric energy generating units,

which participate in the energy market.

Objective 5: Case study II: Applicability analysis of the proposed multi-criteria problem with

quality-based criteria to the dispatch optimisation of the EmergencyMedical Services and

Emergency Departments.

The formulated generic multi-criteria SGI dispatch optimisation problem with quality-based

criteria is put into applications in the two Case Studies. The first application studied is the dis-

patching of electrical energy generating units at the day-ahead energymarket, where dispatching

happens considering both cost and energy quality criteria. This part is mostly inspired by our

paper [13]. This is given in Chapter 5.

The second application presented in this work is the dispatching of Emergency Medical Ser-

vice crews to acute-state patients and the patients (onboard the ambulances) to applicable hos-

pitals. Dispatching happens both considering the time-to-arrival and speciality towards treating

a given acute medical condition — both of the ambulance crews and the destination hospitals.

This part is mainly inspired by our paper [63]. This is given in Chapter 6.
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1.4 Introducing the generic SGI dispatch optimisation prob-

lem with quality-based criteria

In this Section we briefly introduce the generic SGI dispatch optimisation problem with quality-

based criteria, which forms the Research Objective I of this thesis and is shown in Chapter 3. Its

goal is to provide the SGI dispatcher with a tool to support a step of their decisionmaking process

— the dispatch of available SGI resources to the customers, reflecting participants’ preferences.

The generic form, however, is not sufficient to solve all dispatch-related issues in many of the

realistic applications. In this Section, the generic problem is described in natural language, from

functional and design requirements perspective. Its detailed mathematical formulation however,

is given further in Chapter 3, after taking inspirations from the literature.

We have already shown that there exist numerous various dispatchable SGIs, which can

be differentiated by the quality of service they offer to the dispatch participants. Basing on

this differentiation, we may consider the quality as criteria additional to the cost/time ones in

the dispatch process. We have also shown, that the SGIs should be accessible to all European

citizens and should operate guaranteeing democratic choices of dispatch participants [3] (or

in other words, considering their personal preferences). At the same time, the dispatch must

consider the current operational state of the considered SGI system — allowing to only make

technically feasible decisions.

Having recapitulated the operational principles, we may design the generic SGI dispatch

optimisation problem. Its aim is to assign resources of |Ps| service suppliers to |Pk| customers,
where Ps and Pk are the sets of suppliers and customers accordingly. Firstly, to democratic-

ally consider all participants in the dispatch process, with respect to their preferences, we sug-

gest to allocate criteria on a per dispatch participant basis rather than considering a few global

ones. The participants’ preferences and requirements should be either directly provided by them

or derived automatically from renowned application-specific guidelines or expert knowledge.

We advise that each participant has a set of cost and quality criteria associated with them for-

mulated according to physical aspects of the considered SGI system. By cost we understand

any criteria undergoing minimisation, not necessarily monetary ones. This may also include

time-specific criteria. Secondly, to assure that the dispatch is performed, we include variables

associated with each dispatchable resource. Those may either be discrete or continuous — de-

pending on specific SGI applications. To ensure that the dispatch decisions allow for covering

the participants’ demands for the service, specific balancing constraints must be added. Finally,

to make technically-feasible decisions the dispatch optimisation must happen on the feasible

region, defined through specific constraints. Those should model as precisely as possible the

current operational state of the system as known to the dispatcher at the decision making stage.

The designed problem falls into the category of multi-criteria optimisation. To ensure ap-
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propriate treatment of all dispatch participants it must be solved so that the Pareto-optimality or

in some cases even equity of the solution is guaranteed. The results to the problem under these

two assumptions are further investigated in this work in Chapter 4. It is then up to the Decision

Maker or the Legislator to decide if they want to assure the equity of the solution or not.

1.5 Conclusions

In this Chapter we introduced the importance of SGIs to the well-being of the Europeans. We

have outlined that the operation of SGIs is a complex, multi-stage task, parts of which can be

facilitated by computer-based DSSs, and more precisely with mathematical optimisation, which

were described in more details. We also described the notion of quality and how it fits in the

dispatching of the SGIs. We enlisted a few possible SGIs, where integration of the quality-based

criteria in the dispatching process may bring benefits to the dispatching results. Having said the

above, we identified the research thesis with the supporting research objectives and concluded

the Chapter by the high-level design of the generic SGI dispatch optimisation problem with

quality-based criteria.

From the information analysed within this Chapter, we may conclude that this work falls

within the research trends on hybrid Decision Support Systems as applied to the multi-criteria

dispatch of the SGIs. We formulate and study mathematical optimisation models, which take

preferences/requirements either from the participants’ directly or from renowned application-

specific guidelines/expert knowledge. Hence, we combinemodel-drivenwith knowledge-driven

DSSs, creating a hybrid of those. We aim to provide outcomes, which in future could possible

be incorporated into such hybrid DSSs. The graphical representation of the relation on the area

where this work lands with respect to the research on DSSs is given in the Venn diagram in

Fig. 1.2. The research area of this work is shown as the red dot.
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Figure 1.2: Relation between DSSs and the research area of this work
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Chapter 2

Review of the concepts

In this Chapter we investigate the concepts related to the statement of the generic SGI dispatch

optimisation problem — both from the general operational research and specific application

problems perspective. Then, as the problem proposed is a multi-criteria one, we then describe

different notions related to such optimisation.

2.1 Work related to the problem statement

This Section provides an overview of the related work found in the literature from a general

operational research perspective. Pieces of the research related to more specific applications

presented in the Case Studies are discussed in the respective Literature review Sections directly

in the Case Study Chapters.

From the SGI problem statement perspective, this work is related to the Generalised As-

signment Optimisation problem [64], and more specifically, to its multi-criteria formulation

[65, 66, 67]. These problems aim to answer the question of how to best assign n tasks to n

available machines or, in other words — n suppliers to n customers. Its multi-criteria formula-

tion presented in [67] is shown in (2.1):

max [
n∑

i=1

n∑
j=1

pri,jti,j, −
n∑

i=1

n∑
j=1

cmi,jti,j] ∀r = 1, . . . , s, ∀m = 1, . . . , k

s.t.

n∑
j=1

ti,j = 1 ∀i = 1, . . . , n,

n∑
i=1

ti,j = 1 ∀j = 1, . . . , n,

ti,j ∈ {0; 1} ∀i, j = 1, . . . , n

(2.1)

where:

• ti,j — variable representing the assignment of task/customer i to machine/supplier j;
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• cmi,j — cost parameter formth minimised criterion;

• pri,j — profit parameter for rth maximised criterion;

• k — number of minimised criteria;

• s— number of maximised criteria.

There have been some significant research developments in the field of multi-criteria general

assignment problems. Apart from applying standard general-purpose scalarisation techniques

as discussed in [68, 69] and in further chapters, some researchers propose to solve it by using the

Data Envelopment Analysis (DEA) [67, 70]. In addition to the above, other dedicated interesting

solution developments have been proposed. Belhoul et al. [71] propose a method making use

of the k-best algorithm for finding the best compromise solutions. Another dedicated algorithm

was proposed by Przybylski et al. [72], who tackled the problem by a two-stage method —

first by looking at supported efficient solutions, and then at the search area inside of which non-

supported efficient points may exist. What is more, this problem was also successfully tackled

by means of some metaheuristics [73, 74].

The problem (2.1) has also been put into multiple various applications, sometimes extending

or amending the basic formulation to fit the desired purpose. One of the interesting applications

of the extension of (2.1) is the Gate Assignment Problem, which aims to assign aeroplanes to

gates at a given airport. According to the review study performed by Daş et al. [75], in recent

years, more focus has been put into considering multiple criteria, with criteria usually oriented

towards passengers. Yet, there exist formulations that look into the criteria of the airport and

the airline (e.g., as in the work by Kaliszewski et al. [76]).

Apart from the above, an extension of (2.1) can be found in the Task Assignment problems,

where a group of agents shall be assigned to a group of tasks. Those are used to assign work-

ers with differing skills to tasks [77, 78]. Its specific version is assigning military personnel to

missions taking into consideration the cost of assignment and the suitability of personnel to the

mission [79]. A similar topic was also studied by Ferguson et al. [80], whose study considered

four different objectives — type of assignment, officers’ preferences, the overall assignment

preference satisfaction and the solution stability (which is not used in their mixed-integer linear

programming formulation). Such multi-criteria assignment problems were also studied in ap-

plications to healthcare by B. Sawik in his multiple works [81, 82, 83]. Author developed and

solved using multiple methods a model to assign employees to different jobs or services of a

real hospital (namely the Rydygier Specialist Hospital in Kraków, Poland), taking into account

the available budget and requirements of each job. According to Sawik, such models can well

be solved by the reference point, lexicographic and weighted-sum aggregation methods. More

information on those methods is given in Sec. 3.4 of this work.
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The multi-criteria formulations of this problem are often used in the assignment of tasks

for unmanned aerial vehicles (UAVs). Song et al. [84] proposed a model for joint UAV station

location and UAV task optimisation problem that optimised three criteria—minimisation of the

total travelling time of UAVs, minimisation of the total station placement cost and maximisation

of the total number of tasks assigned. Another paper that tackled a similar application is [85],

where the authors looked at assigning tasks to military UAVs in battlefield combat considering

two criteria. Some other interesting works in this field include [86, 87].

We can also find some notable pieces of research using themulti-criteria assignment problem

for transportation in applications like ride matching [88] or city bikes dispatch to stations [89].

Similar problem in its nature has also been developed by T. Sawik [90], where cyber security

controls were selected to protect the supply chains in Industry 4.0. The selection was computed

in order to minimise both the security investment capital cost and possible financial losses in

case of a cyber incident.

One should notice that one set of criteria in (2.1) is maximised and the other is minimised.

We apply a similar approach in our proposed problem (3.1). Yet, in the proposed problem,

we give specific meaning to the maximised criteria — namely, we link them to the quality of

service received by the customer. What is more, we assign criteria for each and every dispatch

participant to specifically consider the individual service they receive rather than treating the

criteria in a global way. This is discussed in greater detail in the next Chapters.

Although in the problem (2.1), as cited directly from [67], it is considered that the number

of available machines is equal to the number of tasks — n. However, this could be lifted in a

more general formulation, and a different number of those can be considered.

What is more, in a more general formulation, one may allow ti,j to take real values and allow

suppliers to serve multiple customers (or machines to serve multiple tasks) such that the demand

is covered. In that way, one will face the balancing problem, sometimes known as Economic

Dispatch. Its simple formulation is given in Toczyłowski [47], however, in a single-criterion

form. Thus, in this Section, we show the problem with constraints as given in [47], but with

similar criteria as in (2.1) and we consider variables to be two-dimensional. This represents the

amount of resource supplied by machine/supplier j to customer/task i and is done to give more

flexibility to the formulation. Similarly, the demand is considered on a per-customer basis. The

modified formulation is given in (2.2):

max [
n∑

i=1

n∑
j=1

pri,jti,j, −
n∑

i=1

n∑
j=1

cmi,jti,j] ∀r = 1, . . . , s, ∀m = 1, . . . , k

s.t.

n∑
j=1

ti,j = ∆i ∀i = 1, . . . , n,

ti,j ≤ ti,j ≤ ti,j ∀i, j = 1, . . . , n

(2.2)
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where:

• ∆i — demand for service raised by customer/task i (parameter);

• ti,j / ti,j —minimum/maximum supply capabilities from j to i (parameters).

It is worth noting that depending on the situation, the second constraint could possibly be sub-

stituted by the sum constraint: ti ≤
∑n

i=1 ti,j ≤ ti ∀j = 1, . . . , n to represent the fact that

suppliers’ capabilities are specified for all customers jointly and not for each and every precise

one. However, we decided to show a more general formulation in (2.2) with the possibility to

restrict those on a per-customer basis.

Problem (2.2) is widely studied in the dispatch of units generating electrical energy so that

the electrical demand of customers is met. One should note that some criteria considered in the

study of electrical energy are sometimes non-linear [47, 91]. However, it is not relevant to the

further Sections of our study, and thus (2.2) is presented in the linear form.

Multi-criteria economic dispatch is of vast research interest. This can be seen in the notable

review papers [92, 93]. Jubril et al. [94] proposed to solve the problem with two criteria —

minimisation of the total generation cost and minimisation of the distribution losses. They also

made a proposition to solve the problem using Semidefinite Programming (SDP). The topic was

also taken by Hou et al. [95], who considered in their model the existence of transferable load

and electric vehicles (EVs). They considered three optimisation criteria— economic efficiency,

power system security and efficiency of operations. EVs and vehicle-to-grid technology were

also considered in [96], where Authors considered the minimisation of generation cost, minim-

isation of carbon dioxide emissions and minimisation of pollutant treatment cost. The addition

of environmental criteria into the dispatch is also a topic of high research interest, which is re-

flected in the following papers [97, 98, 99]. It is worth noting that in many of the references cited

in this Section, various, often non-linear criteria are used. This is because the researchers aim to

model the complex cost associated with energy generation. However, this does not compromise

the formulation (2.2) but simply extends it.

Multi-criteria assignment and dispatch is a topic of extensive research in recent years. We

have shown in this Section that not only have these models been successfully applied to some

instances of the Services of General Interest (airport gate assignment, ride matching, electrical

energy generation), but also to the assignment of military personnel to missions and to dispatch

of UAVs.

However, to the best of our knowledge, we were not able to identify research works, which

are devoted to more general multi-criteria optimisation models for dispatch of SGIs, or of public

services. Those identified were always problem-specific. The only papers, we were able to

identify that apply operational research methods to general public services are [100, 101, 102].

Yet, Ansari et al. [100] developed a hypercube spatial queuing model for multiple servers to be
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located in the same station and then dispatched to the same call, which is more of a simulation

model. They do not embed it in any dispatch optimisation problem, although it might be a

good idea. Da Silva et al. [101], however, propose to use linear programming in defining

optimal tariffs for public services. Marianov et al. [102] studied the problems of location and

not dispatch. Therefore, the above-mentioned papers are not directly linked to the problem of

SGI dispatch considered in this work. However, an interesting paper in that field was published

by Swersey [103], who reviewed the literature related to deployment optimisation problems for

emergency services (EMS, Fire Brigade and Police) jointly. Yet, he did not analyse in his work

other classes of SGIs, such as, for instance, electrical energy supply.

None of the papers related to the assignment/dispatch problems identified in the course of this

survey consider quality as one of the criteria, in a way that its value is requested directly by the

participants. What is more, usually multiple criteria in the dispatch are considered globally and

not on a per-participant basis. This means that we have a couple of aggregate criteria established

for the whole system and not a couple of individual criteria linked to each and every participant.

Therefore, in this work, we intend to fill the gaps identified. We propose a generic multi-

criteria SGI dispatch optimisation problem with quality-based criteria, which can be applied to

many different services, provided that they are dispatchable and differentiable on the type of

service offered. What is more, we consider criteria on a per-participant basis, where one set

of them is specifically related to the quality of service received by the customer. As shown in

the next chapters, by considering each participant’s criteria separately, we aim to consider their

specific needs towards the service received.

As already mentioned, this review is focused only on the general concepts applicable to this

work. Thus, we focused on the general problem statements. Specific literature related to Case

Studies is reviewed in the respective Chapters. There, we also discuss the classical approaches to

dispatching of those services used today and compare them with the proposed approach. Those

are not given in this Section, as we were unable to identify such general papers applicable to

multiple different SGIs.

2.2 Multi-criteria optimisation

This Section presents the theoretical concepts behind this class of the optimisation problems.

Apart from setting theoretical grounds for the multi-criteria optimisation, we discuss the implic-

ations of different concepts and methods to the generic SGI dispatch optimisation problem with

quality-based criteria. Some basic definitions related to the binary relations referred to in this

Section are given in Appendix A.
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2.2.1 Preferences and efficiency

This Section gives a notion of the preference model and the efficiency of the solution. These

concepts formulate the core of any multi-criteria optimisation solution strategies. For the sake of

conceptual simplification, without loss of generality, let us denote a multi-criteria optimisation

problem in a compact way (2.3), where Q is the feasible region and x the vector of decision

variables.

max f(x) = [f1(x), f2(x), . . . , fp(x)]

s.t. x ∈ Q
(2.3)

The fundamental constitution of any multi-criteria analysis, namely Pareto-optimality, also

known as efficiency or non-dominance of the solution. Note, that we describe those concepts

for the maximisation problem.

Definition 2.2.1 (Pareto-optimality / efficiency / non-dominance). A feasible decision vari-

able vector x∗ is a Pareto-optimal or efficient, or non-dominated solution of the problem (2.3),

iff @ x0 ∈ Q,x0 6= x∗, such that f(x∗) ≤ f(x0), where at least one strict inequality holds

[104, 105]. In case this is not true (no strict inequality holds), such a solution is called weakly

efficient [106].

As can be concluded from the definition and from the nature of the problem, usually there

are multiple Pareto-optimal solutions of the multi-criteria optimisation problems. The multiple

efficient solutions form the so-called Pareto front or Pareto set. These solutions are referred

to as trade-off solutions, as in a general situation of contradicting criteria, improving one cri-

terion will result in the worsening of another. Therefore, the standard goal of multi-criteria

optimisation is to generate a number of Pareto-optimal solutions, which are to be presented to

the Decision Maker (DM). Ultimately, the DM will make up their mind and choose a solution

which suits their needs best.

Now, let us look at some examples of the solutions of (2.3) with p = 6, i.e., f(x) =

[f1(x), f2(x), f3(x), f4(x), f5(x), f6(x)]. Exemplary solutions under consideration are shown

in Tab. 2.1.
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Table 2.1: Exemplary solutions of a multi-criteria problem

Exemplary solutions of (2.3)

Values of criteria

Solution f1 f2 f3 f4 f5 f6

S1 0 −2 0 −2 0 −2
S2 1 −5 1 0 1 −2
S3 1 −2 0 −2 0 −2
S4 3 −1 3 −1 3 −2

One can identify that solutions S4 and S2 are the only Pareto-optimal ones. Solution S1 is

dominated by S3 and S4, and S3 is dominated by S4.

It is however questionable whether both S2 and S4 are good enough to be directly used for

the dispatch in the problem considered. One should remember that SGIs should be accessible to

all EU citizens and that their main foundation principle is the enhancement of the well-being of

the Europeans. Having said the above, we introduce the concept of equitable efficiency of the

solutions [105, 107].

2.2.2 Equitable efficiency

When comparable criteria are considered, it is possible to generate solutions which are equitably

efficient or, in other words, fair. In this Section, we discuss this concept and provide some

insights into the SGI dispatch optimisation problem. Note, that we describe those concepts for

the maximisation problem.

First, let us clarify some notation used in this Section. Let “�” be a preference relation in
Rp.

Definition 2.2.2 (Impartial relation [107, 108]). Relation � is impartial, if

[fπ(1)(x), ..., fπ(p)(x)] ∼= [f1(x), ..., fp(x)],

where π ∈ Π and Π = {π|π is any permutation of the set of indices I = {1, 2, . . . , p}}
and “∼=” expresses the relation of indifference.

Definition 2.2.3 (Indifference [108]). Relation of indifference can be related to � as

[fπ(1)(x), ..., fπ(p)(x)] ∼= [f1(x), ..., fp(x)] iff

[fπ(1)(x), ..., fπ(p)(x)] � [f1(x), ..., fp(x)] and [f1(x), ..., fp(x)] � [fπ(1)(x), ..., fπ(p)(x)]

for any permutation π ∈ Π of indices.
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Definition 2.2.4 (Pigou — Dalton principle of transfers [105, 108, 109]). Relation “�” sat-
isfies the principle of transfers if it fulfils the below axiom:

fi(x) > fj(x) =⇒ f(x)− εei + εej ≺ f(x) for 0 < ε < fi(x)− fj(x)

where ei ∈ Rp is a unit vector, whose ith component equals 1.

In other words, the principle of transfers states that: A transfer of any small amount from

an outcome vector to any subjectively worse outcome vector will result in a more preferred

outcome vector.

Having defined the basic notation and principles behind equitable preference and efficiency,

we can now proceed to define the equitable or fair efficiency.

Definition 2.2.5 (Equitable/fair preference [107, 108]). A relation “�e” defined on Rp is an

equitable/fair preference relation if it is reflexive, transitive, strictly monotonic, impartial and

satisfies the principle of transfers.

Definition 2.2.6 (Equitable or fair efficiency / non-dominance). Any feasible decision vari-

able vector x∗
e is an equitably/fair efficient/non-dominated solution of the problem (2.3) ), iff

@ x0 ∈ Q,x0 6= x∗
e, such that f(x

∗
e) �e f(x

0).

To effectively use the concept of equitable efficiency in multi-criteria optimisation let us

introduce theΘ andΘ mapping operators [105].

Definition 2.2.7 (MappingΘ). LetΘ : Rp 7→ Rp be a mapping such that

Θ(f(x)) = [θ1(f(x)), ..., θp(f(x))], where θ1(f(x)) ≤ θ2(f(x)) ≤ ... ≤ θp(f(x)) and there

exist a permutation π of the set of indices I = {1, 2, ..., p} such that θk(f(x)) = fπ(k)(x). In

other words,Θ is an operator that orders elements of f(x) in a non-decreasing order.

Definition 2.2.8 (MappingΘ). LetΘ : Rp 7→ Rp be a mapping defined such thatΘ(f(x)) =

[θ1(f(x)), ..., θp(f(x))], where θk(f(x)) =
∑k

j=1 θj(f(x)). In other words, θk(f(x)) ex-

presses the sum of k smallest outcomes.

Once introduced, we can now leverage the Θ operator to identify the equitable dominance

of solutions.

Theorem 2.2.1. Solution x1 equitably/fairly dominates solution x0, iff

θk(f(x
1)) ≥ θk(f(x

0)) ∀k = 1, 2, ..., p where at least one strict inequality holds [110, 105].

The proof of Theorem 2.2.1 can be found in [105] and will be omitted here. It is worth

noting, however, that by definition, this Theorem together with Definition 2.2.8 allow us to

conclude that any Pareto-optimal solution of the multi-criteria problem (2.4) is an equitably

efficient solution of problem (2.3).
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max z = [z1, z2, . . . , zp]

s.t. zk = θk(f(x)) ∀k = 1, . . . , p,

x ∈ Q

(2.4)

One should also note that any efficient solution of (2.4) is a Pareto-optimal solution of (2.3).

However, not all Pareto-optimal solutions of (2.3) are equitably efficient— i.e., are not efficient

solutions of (2.4). Proof of this statement may be found in [110].

Unfortunately the problem (2.4) may be difficult in direct implementation due to the θk(x)

component. However, Ogryczak et al. [110] propose to deal with this problem by leveraging

the dual Linear Programme (LP) to (2.4). Once done, the problem is equivalent to (2.5), which

is a standard LP programme. Reader interested in the reformulation is advised to consult the

source paper directly.

max z = [z1, z2, . . . , zp]

s.t. zk = ktk −
p∑

i=1

di,k ∀k = 1, . . . , p,

tk − di,k ≤ fi(x) ∀k, i = 1, . . . , p,

x ∈ Q

(2.5)

In a general case of multi-criteria optimisation or analysis, the criteria are deemed incom-

parable [108]. This, however, is only partially true for the case of SGI dispatch optimisation

problem. In this problem criteria are associated with the dispatching process participants, whose

criteria are pair-wise similar (cost/quality). In that sense, they are pair-wise comparable. For in-

stance, if the example given in Tab. 2.1 represented the solution of SGI dispatch, one could com-

pare f1 with f3 and f5, as they would represent the quality criteria associated with three dispatch

participants. Similarly, f2 could be compared with f4 and f6 as they would represent the asso-

ciated cost criteria. This is a general property of the generic SGI dispatch optimisation problem

with quality-based criteria. Although not all criteria are comparable in the problem considered,

it is still possible to make them comparable by applying some properly crafted achievement

functions [111]. Therefore, it is valid to assume that techniques generating equitably efficient

solutions can be used in the SGI dispatching procedure.

In our example presented in Tab. 2.1, the only equitably efficient solution is S4. This is

clearly visible when Θ and Θ operators are applied. As already stated, only Pareto-optimal

solutions of the original problem (2.3) are candidates to be the equitably efficient solutions of

the same. Therefore, we will only show the results of Θ and Θ for solutions S2 and S4. For

solution S2 the ΘS2 = [−5,−2, 0, 1, 1, 1] and respectively ΘS2 = [−5,−7,−7,−6,−5,−4].
For S4, however they equalΘS4 = [−2,−1,−1, 3, 3, 3] andΘS4 = [−2,−3,−4,−1, 2, 5]. As
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can be seen,ΘS4 > ΘS2 for all elements of the vectors. Hence, according to the Theorem 2.2.1,

S4 equitably dominates S2 and we can conclude that S4 is the only equitably efficient solution

in the example presented.

2.3 Summary

In this Chapter we reviewed the concepts applicable to the generic SGI dispatch optimisation

problem with quality-based criteria. First, we reviewed the literature related to the possible

problem statement. In the literature reviewedwe have not found any researchwork that proposed

any specific generic SGI dispatch optimisation problem. What is more, none of the papers have

considered inclusion of quality-based criteria to the dispatch on a per-participant basis.

After this, we reviewed the general concepts related to the multi-criteria optimisation, as

the problem considered is of this type. In the review of general concepts of the multi-criteria

optimisation we focused on reminding the reader of definitions of Pareto-optimality and equity

(or fairness) of the solution. These concepts are crucial for the dispatch of SGIs.

SGIs are meant to improve the life of all European Union citizens. Therefore, in the dis-

patch of SGIs, one should never consider dominated solutions, as some of their criteria can be

improved without worsening any of the others. Hence, dispatch support procedures should only

generate Pareto-optimal solutions. In a normal multi-criteria analysis situation, they would be

presented to the Decision Maker to make the final choice between them. Yet, in the case of SGI

dispatch, where the decision by the dispatcher must be made as soon as possible to allow for

the timely provision of the services, one should not spend too much time to generate multiple

Pareto-optimal solutions for comparison. Thus the first solution produced by the optimiser may

be considered valid and implemented straight away, provided that it responds to the needs of

the participants.
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Chapter 3

Generic SGI dispatch optimisation

problem with quality-based criteria

In this Chapter we formulate the generic multi-criteria Services of General Interest dispatching

optimisation problem with quality-based criteria. Firstly, we state the problem mathematically

and describe the assumptions made. Secondly, we analyse the problem proposed functionally

as opposed to the already presented requirements. After setting this ground, we describe the

different solution strategies, all with respect to the proposed SGI dispatch optimisation problem.

3.1 Mathematical formulation

This Section gives themathematical formulation of the genericmulti-criteria Services of General

Interest dispatching optimisation problem with quality-based criteria in (3.1). In the remainder

of this work we do refer to it using also the acronym: SDOQ (SGI Dispatch Optimisation

problem with Quality-based criteria). The formulation is derived from observations and design

requirements given in Chapter 1. The aim is to dispatch the resources in possession of service

suppliers from the set Ps to the customers from the set Pk over a given time horizon T . The

dispatch is organised in a way that the demand of each customer i in time instance t, denoted as

∆t
i, is covered. The members of the subset of the union of the suppliers’ and customers’ sets,

whose preferences are taken into consideration in the optimisation process are called dispatch

participants. For each participant, we define a set of quality and cost criteria, formulation of

which should be made by a subject matter expert in the domain, to which the SDOQ problem

(3.1) is to be applied. In this formulation they are presented as a certain functions of the decision

variables. We do not specify their exact formulation as it is specific to a given application. Qual-

ity criteria are maximised, whereas cost ones are minimised. It should be noted, that the name

cost is only a certain convention we apply and is not linked to any monetary aspects. The cost

criterion can very well represent for example time. We simply call it this way, as it undergoes
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minimisation. As in the problem (2.2), the constraints given assure covering of demand for the

service dispatched on a per-customer basis. The dispatch of resource from supplier j to cus-

tomer i in time instance t is modelled with the help of the P t
i,j variables. Depending on the

exact dispatch situation those can be either continuous or integer. This variable is bounded by

each supplier’s maximum supply capability to customer i defined by the parameter P t
i,j . In this

formulation we differentiate capabilities on a per-customer basis, yet those can also be bounded

by the overall maximum (if differentiation is not needed). In this situation a constraint in the

form of
∑

i∈Pk
P t
i,j ≤ P t

j ∀j, t should substitute the fourth constraint in the formulation. The
dispatch decisions must belong to the feasible setQ, which is to be defined on a per-application
basis by a subject matter expert and expressed in the form of specific constraints, possibly with

auxiliary variables.

SDOQ:

max [q1,1,−c1,1, q1,2,−c1,2, . . . , qm,n,−cm,k] m = |P|, n = |I|, k = |K|

s.t. qm,n = f 1
m,n(x) ∀m = 1, . . . ,m ∀n = 1, . . . , n,

cm,k = f 2
m,k(x) ∀m = 1, . . . ,m ∀k = 1, . . . , k,

|Ps|∑
j=1

P t
i,j = ∆t

i ∀i = 1, . . . , |Pk| ∀t = 1, . . . , T,

0 ≤ P t
i,j ≤ P t

i,j ∀i = 1, . . . , |Pk| ∀t = 1, . . . , T ∀j = 1, . . . , |Ps|,

x ∈ Q

(3.1)

where:

• qm,n — nthquality criterion of participant m, being function f 1 of x, criteria maximised

(variable);

• cm,k — kth cost criteria of participantm, being function f 2 of x, criteria minimised (vari-

able);

• x— vector of decision variables, composed of P t
i,j as its elements;

• P t
i,j —amount of service delivered by supplier j to customer i in time instance t (variable);

• ∆t
i — demand for the service issued by customer i in time instance t, for assignment

problem should be equal 1 (parameter);

• P t
i,j —maximum supply capabilities of supplier j to customer i in time instance t (para-

meter);
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• Q—feasible set ofx describing the bounds on decision variables imposed by the physical

limits. 1

• Ps — set of suppliers;

• Pk — set of customers;

• P ⊆ Ps∪Pk —set of participants whose criteria are considered in the dispatching process;

• I — set of considered quality criteria indices;

• K— set of considered cost criteria indices;

• T — number of time instances considered.

The presented formulation is general enough to represent many possible dispatching jobs.

There might be various contexts of what the P t
i,j variables represent and whether any additional

constraints are imposed on them. Depending on the above, the proposed formulation can be

applied to both balancing and assignment problems. For balancing problems, the discussed

variables should be continuous, and for the assignment, they should be binary, i.e., P t
i,j ∈ {0, 1}.

There also might exist applications where they should be generally integer — not necessarily

binary.

3.2 Assumptions

The proposed model may be applicable only to selected SGIs. The generic model is intended to

facilitate dispatchers’ decisions by providing specific dispatch recommendations. In that sense,

any policy-making, location or other optimisation problems are deemed out of the scope of this

work, even though they all contribute to the overall dispatching problems.

The proposed model is also applicable only to the classes of SGIs, which offer services that

can be differentiated based on quality (and/or speciality) they offer. Some examples of those

were already presented in the Introduction Chapter.

Another important assumption that we make is that at all times, the number of suppliers is at

least as large as the number of customers. 2 This implies that queuingmodels are not necessary to

be considered in this work. They could possibly be incorporated into more complicated models,

yet such complication will not bring benefit in responding to the research question posed. Thus,

1The set Q is to be defined on a per-application basis by means of specific constraints, possibly together with

auxiliary variables.
2Mathematically it means that |Ps| ≥ |Pk|.
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it is considered out of scope of this work. An interested reader is advised to consult queuing the-

ory references (e.g., [112], where authors apply queuing theory to scheduling of Police patrols,

or [113] where it is applied to EMS dispatching). 3

In this work, we consider only linear programming (LP) and mixed-integer linear program-

ming (MIP) models. Thus we require that f 1
m,n(x) and f

2
m,k(x) are modelled as (mixed-integer)

linear. However, for other classes of optimisation problems considered or studied, this constraint

may be lifted.

3.3 Functional analysis

In this Section we analyse the proposed optimisation model SDOQ (3.1) theoretically from the

perspective of satisfying the functional requirements presented in Sec. 1.4. Firstly, in the generic

problem each participant is assigned its set of quality and a set of cost criteria for the optimisa-

tion of dispatch decisions. Since they are associated with each and every participant, their pref-

erences on the dispatch can be taken into consideration by the optimiser and eventually by the

dispatcher of the service. Specifically, the problem does not rely entirely on overall system-wide

criteria, which can sometimes disfavour some participants. However, if some general measures

are deemed required by the subject matter expert, they can be integrated well.

It is also foreseen that the exact formulation of the cost and quality may differ between SGI

applications. This is why we deliberately do not specify their formulation in the generic SDOQ

problem (3.1) but leave it to the subject matter experts. Such an approach permits to allocate

SGI resources considering the fact that they often differ in the quality of service they offer. In

this way, we argue they can be assigned to respond better to participants’ exact functional needs.

The formulation allows for considering multiple criteria of each kind to allow for adaptation

to various SGI applications. Depending on the solution strategy applied to it, Pareto-optimality

or equity of the result may be obtained, regardless of the generic formulation given. This is then

in line with the principle of guaranteeing the democratic choices of the dispatch participants.

Equity of the result can be achieved if formulation (2.5) is used for this purpose.

Moreover, the generic formulation can be applied to both assignment and balancing prob-

lems, depending on whether integrity constraints are imposed on the decision variables or not.

It is also foreseen in the formulation to put additional problem-specific constraints. In that way,

3This assumption does reflect the reality of at least some SGI systems, such as the Emergency Medical Services

or the electrical energy generation and supply. According to the Warsaw Office of Statistics (Urząd Statystyczny

w Warszawie), in 2021 on average, only around 24% of available EMS units were busy per hour in the whole of

Mazowieckie voivodeship, Poland [114]. Also, the electrical energy generation systems are usually designed in

a way that they have sufficient capabilities to cover the peak demand. Thus, one may conclude that it is a matter

appropriate design.
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specific decision situations can be modelled to ensure that the decision made are always tech-

nically feasible in the current operational state of the system, as given in Chapters 5 and 6.

3.4 Analysis of multi-criteria problem solution techniques

The problem SDOQ (3.1) is a multi-criteria one. Therefore, to solve it, some specific techniques

should be applied. In this Section, we give and compare some of the known solution strategies

with respect to the problem under consideration. Unless clearly specified in the respective Sec-

tion — e.g., maxi-min aggregation, all of the methods discussed are proven to produce Pareto-

optimal solutions. For simplicity, and without loss of generality, we can assume that the generic

multi-criteria problem (2.3) with its equitable version (2.5) are a more compact and generalised

notations of the generic SGI dispatching optimisation problemwith quality-based criteria SDOQ

(3.1).

In the remainder of this Section, we show aggregations applied to the problem (2.3). Yet,

some of them can be directly applied to the (2.5) as well. This Section gives a non-extensive list

of possible scalarising techniques, as a detailed investigation of different techniques does not

constitute the main research objective of this work. An interested reader is advised to consult

[115, 116], where they can find more insights on solution techniques, together with theory on

interconnections between them.

3.4.1 General-purpose multi-criteria solvers

For single-criterion optimisation problems a variety of general-purpose, commercial solvers

have been developed. Some examples of those are: Gurobi [117], CPLEX [118], MOSEK

[119] or Xpress [120]. Commercial solvers like CPLEX, Gurobi or Xpress support directly the

specification of multi-criteria problems. However, to the best of our knowledge this is accom-

plished by implicitly implemented weighted sum scalarisation (see Sec. 3.4.2) or lexicographic

optimisation (see Sec. 3.4.4) [121, 122, 123].

Apart from the above, there exist however some academic solvers which allow for enumer-

ation of multiple non-dominated solutions. According to [124] some examples of those are:

• PolySCIP [125] — solver for Multi-Criteria Integer/Linear Programmes;

• Bensolve [126, 127]— solver for Vector Linear Programmes (VLP), in particular, for the

subclass of Multi-Criteria Linear Programmes;

• inner [128] — solver for Multi-Criteria Linear Programmes;

• Symphony [129] — solver for Multi-Criteria Bi-objective Integer problems, based on the

weighted Chebyshev scalarisation [115].
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Apart from already mentioned techniques there exist also some solvers, based on solve heur-

istics — e.g., [130]. They are however discussed separately in Sec. 3.4.8.

Discussion: The above-listed solvers all have a specific algorithm implemented that either

allows for the enumeration of Pareto-optimal solutions or for producing a single one, using one

of the scalarisation techniques discussed further in this Section.

Some of the commercial solvers allow for specification of multi-criteria problems. Yet,

this is usually implemented by the means of weighted sum scalarisations and of lexicographic

maximisation. Weighted sum scalarisation may not be fully suitable for the SGI dispatch op-

timisation problem (see Discussion in Sec. 3.4.2). Lexicographic optimisation seems to be a

better candidate but only to selected problems, namely the equitable ones. However, the exact

implementation might be computationally costly. This drawback can be overcome by means of

lexicographic approximation (see Sec. 3.4.4). Unfortunately, the implementation of the same

may differ on a per-solver basis.

Academic solvers are a powerful tool, yet only for very specific classes of problems. It will

not be possible to apply them to any Multi-Criteria Mixed Integer Linear Programme. What is

more, usually their main focus is to generate multiple non-dominated solutions to be then eval-

uated by the Decision Maker. This is not the main goal of solving the SGI dispatch optimisation

problem, where we care for generating a single good solution, which could be quickly applied

by the dispatcher. It must be noted that the dispatchers would likely operate in a stressful envir-

onment, where timely decision counts, and will not be able to evaluate multiple non-dominated

solutions calmly (see Discussion in Sec. 3.4.2). Moreover, those solvers usually also make use

of either some specific algorithm or of an extended version of a scalarisation technique described

further.

All things considered, the solvers are a fairly specific class of solution strategies. As some of

themmake use of techniques described further, they are not comparable directly with those tech-

niques. Hence, we do not investigate them further and neither do we put them in the comparison

table presented at the end of this Chapter.

3.4.2 Weighted sum of criteria

In this Section we cite the mathematical formulation after Ehrgott [131]. This well-known tech-

nique groups the criteria considered into a single scalar function by means of assigning positive

weights to individual criteria. These weights are assigned basing on expert knowledge such

that the higher the weight, the more importance is put to optimising the associated criterion.

Aggregation of (2.3) by means of the weighted sum is shown in (3.2).
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max f(x) =

p∑
k=1

wk fk(x)

s.t. x ∈ Q

(3.2)

where wk > 0,∀k = 1, . . . , p—weight associated to the kth criterion

Discussion: The weighted sum aggregation is easy to be implemented and should not in-

troduce any additional important computational burden, as the scalarising function is linear.

However, the proper choice of weights is not a trivial task. In the case of SGI dispatch optim-

isation problem it is rather difficult to justify prioritisation of one participant over another by

the means of so-chosen weights. Imagine a situation, where an ambulance has a time-to-arrival

priority to patient A over to patient B because the cost criterion of patient A was assigned a

higher weight than B. This aggregation can however serve well to solve (2.5) as the components

of the goal function are themselves aggregations of the master’s problem (2.3) criteria. Thus,

the weights would only prioritise the optimisation of the aggregations and not the optimisation

of the criteria directly. In such a way, the explanation of the weights and consequently dispatch

results to the participants could be easier.

It is proven that for any positive weights chosen, the optimal solution of the problem (3.2)

is a Pareto-optimal solution of (2.3). However, only in the case when (2.3) is an LP, it is pos-

sible to choose weights in a way to generate any possible Pareto-optimal solution. This is not

generally true for other classes of multi-criteria problems [68]. However, this is not critical in

our application, as in the SGI dispatch problem we want to generate just one efficient solution

fast. It is not required to generate the complete Pareto front, since it would be of little help in

the stressful dispatcher’s decision process, where decisions are made under high pressure.

3.4.3 Maxi-min aggregation

In this Section we cite the mathematical formulation after Ogryczak [68]. The set of solutions

of the maxi-min aggregation, formulated in (3.3) contains an effective solution of (2.3) and the

unambiguous solution of (3.3) is an efficient solution of (2.3). In the case that there exist multiple

optimal solutions to (3.3), only one will be an efficient solution of (2.3).

max z

s.t. z ≤ fk(x) ∀k = 1, . . . , p,

x ∈ Q

(3.3)

The drawback of possibly not generating an efficient solution may be corrected by adding a

small regularising component making (3.3) equivalent to two-stage lexicographic maximisation.

Such a reformulation is shown in (3.4).
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max z + ρ

p∑
i=k

fk(x)

s.t. z ≤ fk(x) ∀k = 1, . . . , p,

x ∈ Q

(3.4)

where: 0 < ρ� 1— small positive regularising parameter.

Discussion: This aggregation represents the strategy, where we want to maximise the lowest

outcome. When referring to the SGI dispatching, it would represent maximising the smallest

outcome of the least favoured participant. The results of this strategy can be easily explained to

the participants involved. However, it only looks at the worst outcome and the averaged value

of all outcomes (in case of formulation (3.4)) not distinguishing between quality and cost-based

ones. The aggregation does not introduce any means to represent participants’ preferences for

the optimisation. The aggregation is introduced by means of p additional linear constraints.

Although they increase the computational complexity, the increase should not significant due to

their linearity.

3.4.4 Lexicographic maximisation

In this Section we cite the mathematical formulation after Ogryczak [68]. This technique is for-

mulated in (3.5). Lexicographic maximisation optimises the criteria in the dictionary order. If

the lexicographic scalarisation defines a preference relation, that is strictly monotonic, then the

optimal solution to the lexicographic maximisation problem is an efficient solution of (2.3). Al-

though not directly visible from the formulation, the technique is still considered an aggregation

[68].

lex max [f1(x), f2(x), . . . , fp(x)]

s.t. x ∈ Q
(3.5)

The lexicographic maximisation can be exactly implemented by sequentially optimising p

times each of the criteria. In each problem, an additional equality constraint on already optimised

criteria is added. This is shown in Algorithm 1, where variable Optsol stores the trade-off

solution of the final problem andOptval stores the criteria value of this solution and x∗ is the

currently obtained optimal solution.
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Algorithm 1 Exact lexicographic maximisation

d← ∅
Solve {max f1(x) : x ∈ Q}
d1 ← f1(x

∗)

k ← 2

while k ≤ p do

Solve {max fk(x) : fi(x) = di ∀i = 1, . . . , k − 1; x ∈ Q}
dk ← fk(x

∗)

k = k + 1

end while

Optsol← x∗

Optval← f(x∗)

The algorithm allows for the computation of exact lexicographic solutions. However, it

significantly increases the computational burden, as the problem considered must be solved p

times.

This drawback can be overcome if a lexicographic approximation is used instead of the

exact approach. For this, one may leverage the weighted sum aggregation (3.2) with positive

and strictly decreasing weights. Such an approach is then calledOrdered Weighted Aggregation

(OWA) [132]. Theweighted sum approach approximates the lexicographic approximationwhen

the differences between weights tend to infinity. This is shown in (3.6).

max f(x) =

p∑
k=1

wk fk(x)

s.t. x ∈ Q

(3.6)

where w1 � w2 � w3 � . . .� wp > 0.

Discussion: The lexicographic maximisation gives some extensive flexibility in crafting the

optimisation problems. However, it will not be tangible when directly applied to (2.3), as the

question will arise on how to define the dictionary order. When defined by the dispatcher, it

may not be easily understandable by the SGI participants.

Although not directly applicable to (2.3), OWAmay be a powerful tool to solve (2.5) to find

an equitably efficient solution of the general SGI dispatch optimisation problem. Lexicographic

maximisation will then aim at improving outcomes for all participants, starting from the least

favoured one. However, the approach does not stop there but continues to improve all outcomes.

Such behaviour will be easier to be explained.
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3.4.5 Reference Point Method

In this Section we describe the method developed by Wierzbicki [133, 134, 111]. Reference

Point Method (RPM) is an interesting technique, which leverages specially crafted scalarising

functions, called achievement functions. Values of these functions can be simply understood as

the numerical representation of the Decision Maker’s satisfaction on achieving a given value

of the precise criterion. They intend to make the criteria comparable between each other by

leveraging the vectors of so-called aspirations a and reservations r. Aspirations give the de-

sired/best values of the criteria to take, and reservations give the still acceptable values of the

criteria (yet not best), rk < ak ∀k = 1, 2, . . . , p. There exists a version of RPM which considers

only the aspiration vector a (without r) to calculate the trade-off solution, however, since it is

less flexible than the one considering also reservations, we do not cite it in this Section. What is

more, Kruś et al. have proven the formulation with reservations valuable to help in the market

decision problems with multiple players [135, 136].

RPM technique builds on the claim that a solution with all criteria that meet the aspirations is

preferred to the one giving at least one criterion not meeting the associated aspiration. Similarly,

a solution giving all criteria that meet the reservations associated with them is preferred to the

one in which at least one criterion does not reach its reservation.

The achievement function for a given criterion k is given in (3.7). We cite here the formu-

lation proposed in [137]

sk(fk(x), ak, rk) =


γ fk(x)−rk

ak−rk
for fk ≤ rk,

fk(x)−rk
ak−rk

for rk < fk ≤ ak,

β fk(x)−ak
ak−rk

+ 1 for ak < fk,

(3.7)

where β, γ are arbitrarily chosen parameters, such that 0 < β < 1 < γ.

Under the above assumption, achievement functions sk are strictly increasing. Function sk

increases sharply until the point where fk(x) reaches rk. In the point where fk(x) = rk, sk = 0.

After passing rk, the slope of increase is less steep, up to the point where fk(x) = ak. In this

point sk = 1. When fk(x) > 1, an increase of sk is still possible, yet the slope is very gentle.

This behaviour in the problem of maximisation is shown in Fig. 3.1.
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Figure 3.1: Achievement function of fk (own elaboration basing on [137]).

In its original formulation, RPM leverages the maxi-min aggregation of achievement func-

tions, with a small regularising component to ensure the Pareto-optimality of the solution as in

(3.4). In other words, it aims to maximise the smallest value of the achievement functions and

as such, to maximise DM’s satisfaction with the worst outcome. Having said the above, one

may formulate the RPM aggregation problem as (3.8).

max v + ρ

p∑
k=1

zk

s.t. v ≤ zk ∀k = 1, . . . , p,

zk ≤ γ
fk(x)− rk
ak − rk

∀k = 1, 2, . . . , p,

zk ≤
fk(x)− rk
ak − rk

∀k = 1, 2, . . . , p,

zk ≤ β
fk(x)− ak
ak − rk

+ 1 ∀k = 1, 2, . . . , p,

x ∈ Q

(3.8)

Discussion: The concept of the achievement functions, which take into consideration aspir-

ations and reservations as participants’ preferences for oprimisation, is appealing. In real-life

SGI dispatch optimisation problem, those values would be provided by dispatching participants

(as proposed in [13]) or would be based on expert guidelines. An example of the latter is the

estimation of aspirations/reservations for the assignment of patients to the Emergency Depart-

ments using guidelines like [138]. In that sense, these values would be easily explainable to the

dispatch participants and would allow for direct reflection of their needs towards the criteria.

The above-mentioned RPM aggregation method, when applied to the original problem (2.3),

does not guarantee the equitable efficiency of the solutions obtained. However, there is noth-

ing holding us back from applying any one of them to the re-formulated problem (2.5), which
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would guarantee the equitable efficiency of the solution. The only change one should make is

to understand f(x) shown in (3.2) - (3.8) as z in (2.5). One can also solve (2.5) in combination

with achievement functions as in (3.8), together with a different goal function than the clas-

sic maxi-min one (as in RPM). An example of such a re-formulation using OWA and RPM’s

achievement functions is given in (3.9). It is called Nucleolar RPM [139]. Nucleolar RPM

gives advantages of both ease of understanding and explaining parameterisation of the Pareto-

front, which is provided by the achievement functions, and the proven generation of efficient

solutions. What is more, thanks to the use of OWA, we are sure that the criteria are improved

through optimisation, in the order from the least favoured criterion, to the most favoured one.

max o(x) =

p∑
k=1

wkgk(x)

s.t. gk = ktk −
p∑

i=1

di,k k = 1, 2, . . . , p,

tk − di,k ≤ zi(x) ∀k, ∀i = 1, ..., p,

zk ≤ γ
fk(x)− rk
ak − rk

∀k = 1, 2, . . . , p,

zk ≤
fk(x)− rk
ak − rk

∀k = 1, 2, . . . , p,

zk ≤ β
fk(x)− ak
ak − rk

+ 1 ∀k = 1, 2, . . . , p,

x ∈ Q

(3.9)

where w1 � w2 � w3 � . . .� wp > 0.

3.4.6 Goal Programming

Goal Programming (GP) is a scalarisation technique which also leverages the concept of aspir-

ations — like RPM. The approach aims to minimise the deviations (both positive and negative)

between the criterion value and the aspiration associated with it. A number of traditional GP

formulations have been developed, namely: weighted sum, mini-max, and lexicographic GP

approach [140]. A simple version of the weighted sum GP is presented in (3.10).

min e(x) =

p∑
k=1

(w+
k e

+
k + w−

k e
−
k )

s.t. fk(x) + e+k − e−k = ak ∀k = 1, 2, . . . , p,

e+k , e
−
k ≥ 0 ∀k = 1, 2, . . . , p,

x ∈ Q

(3.10)
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where e+k , e
−
k represent the negative and positive deviation of fk(x) from ak respectively. Ad-

ditionally, condition e+k e
−
k = 0 must also hold, yet this is implicitly satisfied through the nature

of GP minimisation [141].

Unfortunately, the original formulation of GP does not guarantee the Pareto-optimality of

the solution. It only suggests decisions which result in outcomes being closest to pre-defined

aspirations [142]. However, there exist some algorithmswhich can detect the Pareto inefficiency

of solutions and some formulations which allow for Pareto-optimality restoration [141, 142].

Due to the argumentation given in the Discussion part of this Section, they are not cited here.

Discussion: Goal Programming might be a tempting technique to be applied in the SGI

dispatch optimisation problem. This is mainly because it is possible to directly express parti-

cipants’ needs towards criteria by means of aspirations. This would be easily explainable to the

participants. What is more, despite the fact that GP in its original formulation does not guarantee

the Pareto-optimality of the solution, some techniques exist which can allow for the restoration

of Pareto - optimality.

However, one can easily remark that the standard GP formulation as given in (3.10) may

not be directly and easily implementable to the equitable problem (2.5). This is because, in the

straightforward implementation, one should identify aspirations for Θk ∀k = 1, 2, . . . , p. Obvi-

ously, this is of little practicality when applied to the SGI dispatch optimisation problem since

these values will most likely be impossible to be accurately estimated. As argued by Ogryczak

[142], the Reference Point Method is an enhancement of the GP. Therefore, we propose to use

RPM instead of GP, as it may be more easily applicable/implementable with respect to (2.5),

and it follows similar principles as GP.

3.4.7 ε-constraint method

Here we cite the mathematical formulation after Haimes [143]. This method transforms (2.3)

in a way that a single criterion fh(x), h ∈ {1, 2, . . . , p} is optimised when constraints on other
criteria are imposed. It can be proven that this method always yields weakly efficient solutions.

This technique is formulated in (3.11).

max fh(x)

s.t. εk ≤ fk(x) ∀k ∈ {1, . . . , p}\{h},

x ∈ Q

(3.11)

where εk is an arbitrarily chosen constraint imposed on fk(x).

Discussion: The ε-constraint method gives an easy possibility to generate the complete

Pareto front. This can be accomplished by changing the elements of ε with a small step. This

property is, however, not of utmost importance in the SGI dispatch optimisation problem— see
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Discussion in Sec. 3.4.2.

This method may be of little applicability to the SGI dispatching since one should identify

the lower bound on all criteria but the one being optimised. Unfortunately, this would likely not

be possible since theminimum values of criteria will not be known at the moment of dispatching.

What is more, even if they were known to the dispatcher, it would mean that only one criterion

associated with one participant would be maximised and the others would simply be fixed under

the not worse than principle. This would likely not be easily explainable to the participants con-

cerned. It would be difficult to say why a particular participant was chosen to have its service

maximised. Yet, the method could potentially allow for consideration of participants’ require-

ments on criteria if they are transformed into the form of lower bound constraints. However,

allowing the participants to assign their lower bounds themselves could lead to infeasibility of

the problem.

3.4.8 Metaheuristics

There exists a research trend which investigates the use of different metaheuristics to solve

multi-criteria optimisation problems. Some of them are: evolutionary algorithms, simulated an-

nealing, tabu search or others [144]. They can quickly yield valuable solutions to both linear and

nonlinear problems, yet some of them might not guarantee the Pareto-optimality of the results.

In this work, we focus purely on mathematical programming methods and, as such, consider

the metaheuristics as out of scope. What is more, due to the fact that they form a completely

different class of problems than the aggregation methods described, we do not compare them in

the table at the end of this Section.

3.4.9 Theoretical comparison between solution strategies

In this Section, we provide a summary of the Discussion points provided in previous Sections,

which is based on a theoretical overview of the methods presented in Sec. 3.4.2 - 3.4.7. We

take the following characteristics for comparison.

1. Guarantee of Pareto-optimality of the solution;

2. Understandability/ease of assignment of parameters/results, when applied to (2.3);

3. Understandability/ease of assignment of parameters/results, when applied to (2.5);

4. One-step implementation (meaning that there is no need to write a dedicated algorithm

for the problem);

5. Possibility of directly considering the participants’ requirements for the values of criteria.
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The summary is given in Tab. 3.1, where “+” means “true”, “–” means “false”, “+/–” represents

“partially true”, “+d” — “generally true but depends on formulation”, “–d” — “generally false

but exist formulations which can mitigate the problem”. Techniques compared are shown in

columns and are labelled with the number of Sections in which they were discussed.

Table 3.1: Theoretical comparison of different multi-criteria solution techniques

Properties of multi-criteria solution techniques

Characteristic no. 3.4.2 3.4.3 3.4.4 3.4.5 3.4.6 3.4.7

1 + +d + + –d +

2 – + – + + –

3 + + + + – –

4 + + +d + + +

5 – – – + + +/–

From the Tab. 3.1, one can conclude that, theoretically, the most suitable solving technique

for themulti-criteria generic SGI dispatch optimisation problemwith quality-based criteria is the

Reference Point Method (presented in Sec. 3.4.5) as it scored highest in the comparison table

presented. Thus, in the next Chapters, we select the RPM technique as the solution strategy

applied.

3.5 Summary

In this Chapter the generic SGI dispatch optimisation problem with quality-based criteria was

formulated and discussed from the functional perspective. The proposed problem allows for its

more specific formulations to be used to help with dispatching in multiple various classes of

SGIs. In the course of the functional theoretical analysis it has been shown that the proposed

problem formulation may respond well to the design requirements given in Sec. 1.4.

The proposed optimisation problem is a multi-criteria one. Thus, to solve it to Pareto-

optimality using the mathematical optimisation methods, it is needed to use one of the scal-

arisation techniques. We have theoretically reviewed, compared and discussed some of the

well-known techniques with respect to the problem presented. In the comparison looked at five

characteristics — guarantee of Pareto-optimality of the result and four other characteristics re-

lated to the appropriateness to the SGI dispatch. From our investigations it stands out that the

Reference Point Method scalarisation appears to be best suited for the multi-criteria dispatch

optimisation of the SGIs as it scored highest in the comparison. Therefore, in the remainder of

this work it is the technique used for all numerical tests and comparisons.
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Chapter 4

Considering multiple criteria in the

generic SGI dispatch optimisation problem

— experiments

This Chapter gives the results of numerical experiments of applying the generic SGI dispatch

optimisation problem with quality-based criteria to synthetic test Cases. We investigate three

Cases — A, B and C, each one with a differing number of customers. Each Case consists of

2,000 test instances, giving in total 6,000 experiments. Each one of them is solved using three

different formulations and compared statistically over some defined indices.

This Chapter is structured as follows: first, we formulate the specific problem which is used

for the investigations. Then, we describe the materials and methods used for the tests including

the indices considered and the statistical test used. After this, we present and analyse the results

for each of the Cases separately, every time summarising the results obtained. The Chapter is

finished by presenting the conclusions and discussing the results.

4.1 Introduction

In this Chapter, we intend to investigate some basic properties of the generic SGI dispatch optim-

isation problemwith quality-based criteria SDOQ (3.1). We also intend to verify experimentally

the main research thesis of this work, namely whether adding quality-based criteria to the gen-

eric SGI dispatch optimisation problem adds value to the dispatching, allowing to yield more

tailored results to the customers’ needs.

For this purpose, we test the approach on a test Case given in (4.1), which is a specific

realisation of the multi-period SDOQ problem (3.1). It represents a generic single-period SGI

AssignmentOptimisation problem withQuality-based criteria (SAOQ). It can, for instance, re-

flect an assignment of ambulances (members of the set Ps) to patients in need of urgent care
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(members of the set Pk). After proper scaling, each ambulance can be described on the spe-

ciality it offers towards dealing with a given health condition (quality part) and on the time it

takes for the ambulance to reach a given patient (cost part). Participants are then understood as

patients seeking emergent care, and hence, the quality criteria represent the speciality received

by patients and the cost criteria — time of waiting for the care to arrive on the scene. There-

fore, we omit the index m from the SDOQ problem (3.1) and use only the index of customers

(i) with enumeration of different criteria n, k. As the number of time instances (reflected in

the SDOQ problem (3.1) as T ) equals 1, the assignment variables are two-dimensional and not

three-dimensional as in the SDOQ problem (3.1). The demand ∆i is equal to 1 as exactly one

SGI resource is to be assigned to each participant. The setQ in this example is not specified, as

all constraints appear directly in the formulation of SDOQ problem (3.1).

SAOQ:

max [q1,1,−c1,1, q1,2,−c1,2, . . . , qi,n,−ci,k] i = |Pk|, n = |I|, k = |K|

s.t. qi,n = f 1
i,n(x) ∀i = 1, . . . , i ∀n = 1, . . . , n,

ci,k = f 2
i,k(x) ∀i = 1, . . . , i ∀k = 1, . . . , k,

f 1
i,n(x) =

|Ps|∑
j=1

yji d
j
i,n ∀i = 1, . . . , i ∀n = 1, . . . , n,

f 2
i,n(x) =

|Ps|∑
j=1

yji t
j
i,k ∀i = 1, . . . , i ∀k = 1, . . . , k,

|Ps|∑
j=1

yji = 1 ∀i = 1, . . . , i,

yji ∈ {0, 1} ∀i = 1, . . . , i ∀j = 1, . . . , |Ps|

(4.1)

where:

• yji — assignment binary variable of supplier j to customer i. Takes 1, when j is assigned

to to i and 0 otherwise;

• dji,n — parameter describing what value for quality criterion n, supplier j can offer to

customer i;

• tji,k —parameter describingwhat value for cost criterion k, supplier j can offer to customer

i.

Basing on the theoretical comparison of the aggregation methods presented in Sec. 3.4,

we have concluded that the Reference Point Method (RPM) appears to be the most appropri-

ate method for solving the problem considered. Therefore, for experiments presented in this

Chapter, we use the RPM aggregation whenever solving any multi-criteria problems.
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4.2 Materials and methods

The tests are performed for the SAOQ problem, under three Cases — A, B and C. In order to

verify the impact of the formulation on obtained dispatching result in every one of them, we

consider and compare three variations of the problem (4.1), namely

• Single-criterion problem, where the scalar objective is to minimise the sum of cost criteria

(B.1);

• Non-equitable multi-criteria problem (B.2);

• Equitable multi-criteria problem (B.3).

Formulations of each of the three variations are given in Appendix B, and the parameters as-

sumed were: γ = 103, β = 10−3, ρ = 10−4

nc
, where nc is the total number of the criteria

considered. The problems were coded with Matlab with CVX modelling package [145, 146]

installed and solved with Gurobi on a laptop equipped with the Intel Core i5-4210U processor.

For test purposes, we randomly generate the values of aspirations, reservations and the values

of dji,n, t
j
i,k from the uniform distribution [0,1], i.e., a, r, d, t ∼ U(0, 1), forming synthetic test

instances. For each Case, 2,000 instances are randomly generated and solved, with different

values of parameters. In total, this gives 6,000 numerical experiments performed. Then, the

results are compared statistically between each other.

We analyse the three test Cases as they differ importantly in size of the problems. The size

increases in the dictionary order — Case A being the smallest and Case C the largest one. In

such way we can investigate the results for the generic problem regardless of its complexity. We

have already stated that the formulation (4.1) may represent for example, the task of dispatching

ambulances to patients taking into consideration both the time-to-arrival and the quality of the

EMS service criteria. However, due to the random nature of all of the 6,000 test instances and

the further statistical inference applied, the conclusions drawn may be generalised to other SGI

dispatch problems.

4.2.1 Indices under consideration

We take a functional approach to evaluate the dispatching results. By functional, we mean that

we compare some performance measures (indices) directly related to the dispatch results. We

assume here that the values of aspirations and reservations reflect well their preferences towards

the criteria. In the example of ambulance dispatching, the aspirations/reservations would be

estimated basing on the patient’s medical condition, following medical guidelines (e.g., [138])

and therefore assumed as well-reflecting the desires. It is worth reminding here that the value

of reservation still reflects an acceptable value of the criterion associated.
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Having said the above, we give in this Section the test indices, values of which will be subject

to comparison, to answer the main research question. They are directly linked to the value of

ci,k and qi,n as obtained through the dispatch optimisation process. The performance measures

(indices) considered are shown in the bullet points below:

• Number of criteria being at least as good as their reservations associated;

• Number of criteria not meeting their reservations by at least 10%;

• Maximum strictly positive percentage gap between the criterion value and its reservation,

for both cost and quality criteria jointly;

• Mean value of the utility function;

• Optimiser’s solution time.

.

4.2.2 Statistical analyses

In order to draw conclusions regardless of possible random character of the results obtained, we

compare them statistically. Firstly, descriptive statistics drawn from the samples are presented

and shown in box plots for visual comparisons. In some cases, there exist outliers in data, which

make the box plot hard to read and interpret. Hence, to draw the box plots, outliers are detected

and replaced with the use of Matlab’s filloutliers function. Parameters are set to identify as

outliers the points located more than three scaled median absolute deviations (MAD) from the

median and to fill them using the Modified Akima piecewise cubic Hermite interpolation. The

exact definition of those parameters and the description of the function itself can be found in the

Matlab documentation [147]. By default, the filling of outliers is applied only to the drawing

of the box plots and the tables report data without filling them, unless clearly specified in the

appropriate Sections of the text. Similarly, test statistics are calculated on data without the

outliers filled, unless it is clearly stated in the text.

Secondly, a statistical inference test for the comparison of two mean values is applied to see

if any pair of them is significantly different at a given significance level α. We always give in

the respective Sections the test statistic calculated.

The statistical test under consideration is analysed in [148] and is cited in this Section. This

test has been successfully used by Drabecki and Kułak to identify energy market behaviours

during the COVID-19 pandemic times [149]. No assumption is made on the distributions of

random variables considered, provided that a sufficiently large number of observations are col-

lected. Specifically, no assumption ismade on the normality of these distributions. This property

makes the test a powerful tool for the experiments since the samples used are not drawn from
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the normal distribution, which is expected by the nature of parameter generation and has also

been verified through the one-sample Kolmogorov-Smirnov test [150].

Statistical Test: Let X and Y be independent random variables of any possible unknown

distributions and unknown finite variances. Specifically, no assumption on the normality of the

distribution is made. Let also µX , µY be their mean values. Provided that independent random

samples x and y ofX and Y respectively were collected, withnX ≥ 100, nY ≥ 100 observations

of each variable, we can test at the significance level α a null hypothesis:

H0: µX = µY

against the alternative hypothesis H1

H1: µX > µY

The test statistic is formulated as (4.2)

W =
x− y√
s2X
nX

+
s2Y
nY

(4.2)

where

• x, y —mean values calculated on samples x and y respectively;

• s2X , s
2
Y — sample variances of x and y respectively.

The rejection region of the null hypothesis is given in (4.3)

Z = (z1−α,∞) (4.3)

where z1−α — quantile of order (1 − α) of the normal distribution, with mean value equal to

zero and variance to one, referred to as N (0, 1), which for α = 0.05 equals 1.6449.

4.3 Results — Case A

This Section presents the test setup summary of this Case presented in bullet points below. Due

to space limitations, we do not cite here the exact values of the random parameters chosen.

However, they are made available in the online repository, under the link: https://bit.ly/

3rPZATG.

Test setup:

• Number of customers |Pk| = 10;

• Number of suppliers/resources |Ps| = 13;

• Number of criteria for each i ∈ Pk = 2 (one cost criterion, one quality criterion), i.e., total

number of criteria equals 20;
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• Randomly generated aspirations, reservations, dji,n and t
j
i,k;

• In total, 2,000 instances were generated, solved and compared.

As described in Sec. 4.2, we solve each of the test instances three times. Each time by

means of a different optimisation problem, namely (B.1) - (B.3), which obviously results in

three different Pareto-optimal solutions for each instance. This Section describes how these

solutions impact the indices considered in Sec.4.2.1.

4.3.1 Number of criteria being at least as good as reservations

This index is presented jointly for both cost and quality criteria. The logic behind such a com-

parison is that in a real-life dispatching problem, the dispatcher should assure that as many

outcomes as possible fall within their target interval of values. No matter if this is for cost or

for quality. A solution should be considered more tailored to needs if it is linked with a higher

number of outcomes meeting their target intervals. Such a test approach shows a high-level

master comparison.

The summary of experimental results for Case A, performed to investigate the total number

of criteria, which are as good as their reservation, is given in Tab. 4.1 and in Fig. 4.1. One

can immediately notice that the multi-criteria problems allow for giving more tailored results in

terms of the number of criteria being at least as good as their reservation.

Single-criterion Multi-criteria non-equitable Multi-criteria equitable
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Number of criteria being at least as good as their reservation

Figure 4.1: Number of criteria at least as good as their reservations (Case A)
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Table 4.1: Number of criteria being at least as good as reservations (Case A)

Number of criteria being at least as good as reservations

Case A

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 20.00 20.00 20.00

Min value 8.00 7.00 0.00

Mean value 14.29 16.48 17.02

Median value 14.00 17.00 17.00

Mode 14.00 17.00 17.00

Standard deviation 1.79 2.12 1.79

IQR 2.00 3.00 2.00

Conclusions drawn from visually comparing the data are also confirmed statistically. As null

hypotheses, we say that: The mean values of the number of criteria being at least as good as the

reservation levels are equal for any two problems considered and the alternative hypotheses are

stated in points below. These points specify also the resulting test statistics (4.2).

1. The mean value of the number of criteria being at least as good as the reservation level in

(B.2) is greater than (B.1),W = 35.40;

2. The mean value of the number of criteria being at least as good as the reservation level in

(B.3) is greater than (B.1),W = 48.35;

3. The mean value of the number of criteria being at least as good as the reservation level in

(B.3) is greater than (B.2),W = 8.68.

Test statistics in all of the above tests fall within the rejection region ofH0, for significance

level α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means

and accept all of the above alternative ones.

In conclusion, the multi-criteria problems results allowed for producing results with a signi-

ficantly higher number of criteria reaching or outperforming their reservation. What is more, the

test has shown that the multi-criteria equitable problem also allowed for reaching a significantly

higher number of reservations than the non-equitable multi-criteria one.

4.3.2 Number of criteria not meeting their reservations by at least 10%

In this Section, we investigate the number of criteria, which are worse by at least 10% than

their respective reservations. To assure more clarity and visibility of the results, this index is

presented separately for the cost criterion and for the quality criterion. The reason it is separated
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is that this time, we want to dive deep into the results produced. We want to investigate if there

are differences between comparing cost criteria and the quality ones. This is in contrast with the

previously studied index in Sec. 4.3.1, where we show a high-level comparison.

The summary of results obtained is shown in Tab. 4.2 and in Tab. 4.3, as well as in Fig. 4.2.

One can see that when it comes to meeting the reservations for the quality criteria, the multi-

criteria approaches perform significantly better. Differences in mean, median and mode values

between the single-criterion and multi-criteria approaches are seen. What is more, the equitable

approach performs better than the non-equitable one. This is according to expectations as in the

multi-criteria approaches the quality criteria are controlled, which is not the case in the single-

criterion one. In addition to that, it is also expected that the equitable approach would generally

perform better than the non-equitable one, as it follows the principle of transfers.

However, this is not the case for the cost criteria. In this case, the single-criterion performs

better than the other ones considered. This is also according to expectations, as the single-

criterion approach yields the optimal result for cost. However, it is worth noting that the differ-

ence between (B.1) and (B.2)-(B.2) when considering the quality criteria is much higher than

when considering the cost ones. This might be also observed in the statistical analyses, as the

test statistics differ a lot.

Single-criterion Multi-criteria non-equitable Multi-criteria equitable
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Figure 4.2: Number of criteria not meeting their reservations by at least 10% (Case A)
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Table 4.2: Number of quality criteria not meeting their reservations by at least 10% (Case A)

Number of quality criteria not meeting their reservations by at least 10%

Case A

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 9.00 7.00 5.00

Min value 0.00 0.00 0.00

Mean value 4.51 1.05 0.73

Median value 5.00 1.00 1.00

Mode 5.00 0.00 0.00

Standard deviation 1.59 1.13 0.82

IQR 3.00 2.00 1.00

Table 4.3: Number of cost criteria not meeting their reservations by at least 10% (Case A)

Number of cost criteria not meeting their reservations by at least 10%

Case A

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 5.00 7.00 5.00

Min value 0.00 0.00 0.00

Mean value 0.64 1.47 1.27

Median value 0.00 1.00 1.00

Mode 0.00 1.00 1.00

Standard deviation 0.76 1.14 1.02

IQR 1.00 1.00 1.00

Similarly to the previous experiment, mean values of the index taken in three groups, over

the whole set of 2,000 instances are compared statistically. The alternative hypotheses together

with the respective test statistics are shown in the following bullet points. Firstly, we give the

comparisons for the null hypothesis stated as: The mean values of number of quality criteria not

meeting their reservations by at least 10% are equal for any two of the problems considered.

The alternative hypotheses, with the resulting test statistics, are given in the points below.

1. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.1) is greater than in (B.2),W = 79.23;

2. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.1) is greater than in (B.3),W = 93.98;
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3. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.2) is greater than in (B.3),W = 10.06.

Test statistics in all of the above tests fall within the rejection region ofH0, for significance level

α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means of the

number of quality criteria being worse than their reservations by at least 10%, and accept all of

the above alternative hypotheses.

Secondly, we give the comparisons for the null hypothesis stated as: The mean values of

number of cost criteria not meeting their reservations by at least 10% are equal for any two of

the problems considered. The alternative hypotheses, with the resulting test statistics, are given

in the points below.

1. Mean value of the number of cost criteria not meeting their reservations by at least 10%

in (B.2) is greater than in (B.1),W = 27.08;

2. Mean value of the number of cost criteria not meeting their reservations by at least 10%

in (B.3) is greater than in (B.1),W = 22.17;

3. Mean value of the number of cost criteria not meeting their reservations by at least 10%

in (B.2) is greater than in (B.3),W = 5.78.

Test statistics in all of the above tests fall within the rejection region ofH0, for significance

level α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means

of the number of cost criteria being worse than their reservations by at least 10%, and accept all

of the above alternative hypotheses.

As already stated, thanks to the above statistical tests, we can state that the multi-criteria

approaches perform better than the single-criterion approach for the quality criteria and vice

versa for the cost criteria. However, when we look at the test statistics, we may conclude that

the loss of performance for cost criteria is not as large, as the gain in performance for quality

criteria. What is more, the equitable approach allowed to produce significantly lower mean

numbers of criteria values, which were worse by at least 10% than their reservation for the

non-equitable one.

4.3.3 Maximum percentage gap

Similarly to the previous Section, we consider this index as a deep dive into the results obtained.

This is why we investigate it separately for quality and for cost criteria. The percentage gap is

calculated as

gi% =

100%fi(x)−ri
fi

for criteria being minimised,

100% ri−fi(x)
ri

for criteria being maximised
(4.4)
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where fi(x) is the value of i
th criterion. In the experiments, we take the maximum value of the

percentage gap over all quality/cost criteria in a given test instance mg = maxi g
i
%. Since it is

also meant to give more insights into the performance of the methods, we study the quality and

cost criteria separately. What is more, we take into consideration only strictly positive gaps. A

summary of the results obtained is presented in Fig. 4.3 as well as in Tab. 4.4 and Tab. 4.5.
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Figure 4.3: Maximum percentage gap (Case A)

Table 4.4: Maximum percentage gap — quality (Case A)

Maximum percentage gap — quality [%]

Case A

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 100.00 99.89 99.89

Min value 7.43 0.00 0.00

Mean value 82.20 36.08 26.74

Median value 86.36 24.65 17.24

Mode 7.43 0.00 0.00

Standard deviation 15.85 30.96 25.58

IQR 20.22 52.43 33.83
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Table 4.5: Maximum percentage gap - cost (Case A)

Maximum percentage gap — cost [%]

Case A

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 99.97 99.97 99.97

Min value 0.01 0.00 0.04

Mean value 56.48 55.75 54.13

Median value 59.70 58.78 56.79

Mode 0.01 0.00 0.04

Standard deviation 28.17 26.93 27.35

IQR 47.97 44.10 45.31

We also compare the mean values of the maximum percentage gap statistically, for quality

and cost criteria. The number of strictly positive maximum percentage gaps for the quality

criteria over all instances, in (B.1) equals 1995, in (B.2) 1691 and in (B.3) 1619. For cost

criteria, they equal 1064, 1670 and 1613 respectively.

Firstly we test the null hypothesis stated as: Themean values of the strictly positive maximum

percentage gap for the quality criteria are equal for any two of the problems considered. We

test this hypothesis against the alternative hypotheses stated below. In the points below we give

also the calculated values of the test statistics.

1. The mean value of the strictly positive maximum percentage gap for the quality criteria

for (B.1) is greater than for (B.2),W = 55.42;

2. The mean value of the strictly positive maximum percentage gap for the quality criteria

for (B.1) is greater than for (B.3),W = 76.18;

3. The mean value of the strictly positive maximum percentage gap for the quality criteria

for (B.2) is greater than for (B.3),W = 9.49;

Test statistics in all of the above tests fall within the rejection region ofH0, for significance

level α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means

of the maximum percentage gap for the quality criteria, and accept all of the above alternative

hypotheses.

Secondly, we perform the test for the cost criteria as well. We test the following null hy-

pothesis: The mean values of the strictly positive maximum percentage gap for the cost criteria

are equal for any two of the problems considered, against the alternative hypotheses given in

points below. Similarly to the previous test, we also give the resulting test statistics.
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1. The mean value of the strictly positive maximum percentage gap for the cost criteria for

(B.1) is greater than for (B.2),W = 0.68;

2. The mean value of the strictly positive maximum percentage gap for the cost criteria for

(B.1) is greater than for (B.3),W = 2.14;

3. The mean value of the strictly positive maximum percentage gap for the cost criteria for

(B.2) is greater than for (B.3),W = 1.71.

Test statistics for test no. 2 and 3 fall within the rejection region of H0 for α = 0.05. Thus,

we can accept the alternative hypotheses that the mean value of maximum percentage gaps for

cost criterion obtained by solving the single-criterion problem was significantly higher than by

solving the multi-criteria equitable problem. Moreover, the equitable problem also managed to

produce results with lower mean value of the same than the non-equitable problem. Yet, no

statistically significant difference was seen for test no. 1 and as such not enough evidence was

collected to reject H0 in this test.

4.3.4 Mean value of the utility function

As described in Sec. 3.4.5, achievement functions used in the Reference Point Method aggrega-

tion may be understood as the numerical value of the Decision Maker’s satisfaction on reaching

a given value of the criterion. In that sense, they can be understood as specific utility functions

of the same. Therefore, we can directly use them to compare the obtained results as they rep-

resent the sentiment of the customers on the obtained dispatch results. Of course, the higher the

value, the more is a customer satisfied with the criterion result they obtained.

The values of the functions are directly calculated using (3.7) with parameters as specified

in Sec. 4.2. For comparisons, we take the mean value of the utility taken over both quality/cost

criteria combined per customer. Then, for each test instance, the mean of the mean is reported as

the index under consideration. The logic behind such a representation is that it shows the average

sentiment on meeting the requirements of an average customer participating in the dispatching

process. As we know, we require for SGIs that both requirements for cost and quality are met

to the greatest extent for as many customers as possible. Thus, comparing the obtained results

in that combined way gives information on the general sentiment of the complete system of

customers.

The results of the comparison are shown in the box plot in Fig. 4.4, as well as in Tab. 4.6.
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Figure 4.4: Mean value of the utility function (Case A)

Table 4.6: Mean value of the utility function (Case A)

Mean value of the utility function

Case A

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 1.87× 103 1.87× 103 1.87× 103

Min value −6.44× 104 −9.24× 103 −9.24× 103

Mean value −160.57 −34.83 −32.58
Median value −25.31 −3.37 −2.54

Mode −6.44× 104 −9.24× 103 −9.24× 103

Standard deviation 1.52× 103 297.48 295.92

IQR 56.09 13.42 10.82

As can be noted in the box plot, the mean value of the utility function is much higher for the

multi-criteria approaches than in the single-criterion. However, there is some high variability in

the tabular data reported. There is some big difference between the mean and median values and

large standard deviation values, which was not observed in previously studied indices. One may

suspect that this is caused by highly influential data points representing some highly dissatisfied

customers. Since the utility function is built in a way that the dissatisfaction has a much higher

weight assigned than oversatisfaction (β << γ), such an influential behaviour can be explained

and expected.

Thus, to grasp the trends in the experimental data, we present it with outliers also filled in

Tab. 4.7.
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Table 4.7: Mean value of the utility function (outliers filled, Case A)

Mean value of the utility function (outliers filled)

Case A

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 12.45 11.12 10.77

Min value −110.43 −21.27 −17.03
Mean value −26.91 −3.53 −2.87
Median value −19.44 −1.99 −1.50

Mode −110.43 −21.27 −17.03
Standard deviation 24.78 4.99 4.23

IQR 31.12 6.17 5.17

As one can see, filling outliers made the tabular values represent the box plot. As we can

notice, multi-criteria problems yield much more tailored to customers’ needs results in terms of

the mean value of the utility functions. Those observations are checked statistically below. This

is done both for the data without outliers filled and with them filled.

We test the null hypothesis stated as: The mean of the mean values of the utility function are

equal for any two of the problems considered. We test this hypothesis against the alternative

hypotheses stated below. In the points below we give also the calculated values of the test

statistics, where W is the statistic calculated on the data without filling outliers and Wo on the

data with outliers filled.

1. The mean of the mean value of the utility function for (B.2) is greater than for (B.1),

W = 3.62,Wo = 41.37;

2. The mean of the mean value of the utility function for (B.3) is greater than for (B.1),

W = 3.69,Wo = 42.77;

3. The mean of the mean value of the utility function for (B.3) is greater than for (B.2),

W = 0.24,Wo = 4.53.

The first two tests yield statistics which fall within the rejection ofH0 for α = 0.05 for both

the data with and without the outliers filled. Thus, at this α we can reject the null hypotheses

on the equality of the means of the mean value of the utility function for the single-criterion

and multi-criteria problems, regardless of the outliers. This is not the case for comparisons

between the non-equitable, and equitable problems. In this case, we are only able to reject the

null hypothesis when performing the test on the outlier-filled data.

To conclude, for Case A, the multi-criteria approach to dispatching of SGIs was able to

yield dispatch such that an average customer is statistically significantly more satisfied with the
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obtained results. This is estimated by considering crafted utility functions.

4.3.5 Optimiser’s solution time

The last index that we consider in our test is the solution time of the optimiser. The summary is

presented in Fig. 4.5 and in Tab. 4.8.

Single-criterion Multi-criteria non-equitable Multi-criteria equitable

0.5

0.55

0.6

0.65

0.7

0.75

s
e
c
.

Optimiser's solution time

Figure 4.5: Optimiser’s solution time (Case A).

Table 4.8: Optimiser’s solution time (Case A)

Optimiser’s solution time [sec.]

Case A

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 1.34 1.35 1.40

Min value 0.48 0.51 0.52

Mean value 0.57 0.61 0.62

Median value 0.53 0.58 0.59

Mode 0.52 0.55 0.56

Standard deviation 0.10 0.10 0.10

IQR 0.08 0.08 0.08

One can suspect, by looking at the data, that, on average, the multi-criteria problems are

slightly more computationally demanding than the single-criterion one, with the equitable prob-

lem being the most demanding. This is checked statistically with the mean values of the solution

time compared. We test the null hypothesis stated as The mean values of the optimiser’s solu-

tion time are equal for any two of the problems considered. We test this hypothesis against the
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alternative hypotheses stated below. In the points below, we also give the calculated values of

the test statistics.

1. The mean value of the optimiser’s solution time of (B.2) is greater than (B.1),W = 12.76;

2. The mean value of the optimiser’s solution time of (B.3) is greater than (B.1),W = 15.68;

3. The mean value of the optimiser’s solution time of (B.3) is greater than (B.2),W = 2.94.

All of the test statistics fall into the rejection region of H0 at α = 0.05. Therefore, we

can reject the hypothesis of equality of mean values of the solution time of all problems and

accept the alternative hypotheses stated above. Having said the above, we can conclude that the

use of multi-criteria optimisation problems in the SGI dispatching introduces some additional

computational burden. This can be expected, as the complexity of the models is higher due to

additional constraints introduced for the computation of the achievement functions.

Similarly, due to introducing additional constraints, the mean solution time for the equitable

problem is observed to be significantly higher than for the non-equitable one.

4.3.6 Conclusions and discussion — Case A

We have performed numerical experiments over 2,000 randomly generated instances of Case A

with 10 customers and 13 suppliers/resources to be dispatched. Each customer had one cost

criterion and one quality criterion linked to it. The tests were designed so to check if the use of

multi-criteria approaches to the SGI dispatching adds functional benefits. We assumed in the

tests that reservations and aspirations are estimated using expert knowledge/guidelines and that

they reflect correctly the needs of the participants.

In the test, we have shown that, when multi-criteria approaches are applied, the criteria

significantly more often meet (or even outperform) their reservations.

When looking deeper into the outcomes, the test has shown that the multi-criteria approaches

considered, allowed for significantly reducing the number of quality outcomes not reaching their

reservation by at least 10%. This, was however not visible for the cost criteria, where this number

increased for the multi-criteria problems. Yet, this increase was not as important as the decrease

in the quality ones.

Moreover, for quality criteria, the strictly positive maximum percentage gaps were signific-

antly higher for the single-criterion approach. Yet, for cost criteria, the only significant differ-

ence was shown when the equitable problem was applied.

All the above observations were also confirmed through investigation of the mean value

of the utility function, formulated as the RPM achievement function. We have shown, that in

Case A, significantly higher mean values of the utility function were obtained by solving the

multi-criteria problems, as opposed to the single-criterion one.
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Comparisons between the non-equitable and the equitable problems showed that the equit-

able one can perform better. This is because it follows the principle of transfers, and as such

reduces inequalities between participants. In that sense, the results are more packed and more

often reach their reservations.

Overall, we may say that thanks to consideration of the quality criteria, in addition to the

cost criteria can make the dispatching results more tailored to the customers’ needs. Yet, this

came at significantly increasing the optimiser’s solution time.

4.4 Results — Case B

The setup of this test case is summarised in the points below. Similarly to the tests performed

in Case A, each of the calculations is performed three times - by solving problems (B.1), (B.2)

and (B.3), which obviously results in three different Pareto-optimal solutions for each instance.

Test setup:

• Number of customers |Pk| = 50;

• Number of suppliers/resources |Ps| = 75;

• Number of criteria for each i ∈ Pk = 4 (two cost criteria, two quality criteria), i.e., total

number of criteria equals 200;

• Randomly generated aspirations, reservations, dji,n and t
j
i,k;

• In total 2,000 instances were generated, solved and compared.

This Section describes how these solutions impact the indices considered in Sec.4.2.1 as

estimated through statistical analyses.

The methods applied to Case B are exactly the same as those applied previously to Case A.

4.4.1 Number of criteria being at least as good as reservations

This Section presents statistically the number of criteria being as good (or better than) their

respective reservation, obtained for Case B. Descriptive statistics are shown in Tab. 4.9 and the

box plot in Fig. 4.6.
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Figure 4.6: Number of criteria at least as good as their reservations (Case B).

Table 4.9: Number of criteria being at least as good as reservations (Case B)

Number of criteria being at least as good as reservations

Case B

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 161.00 190.00 193.00

Min value 121.00 135.00 120.00

Mean value 142.82 169.84 173.87

Median value 143.00 170.00 174.00

Mode 142.00 171.00 173.00

Standard deviation 5.63 7.19 6.25

IQR 5.00 10.00 8.00

By looking at the data, one can immediately recognise that the pattern from Case A is kept.

This means that the number of criteria being at least as good as their reservation is much higher in

the multi-criteria approaches than in the single criterion one. Similarly, the equitable problem

seems to produce better results than the non-equitable one. These observations are verified

statistically below.

We verify the null hypothesis stated as: The mean values of the number of criteria being

at least as good as the reservation levels are equal for any two problems considered and the

alternative hypotheses are stated in points below. These points also specify the resulting test

statistics (4.2).

1. The mean value of the number of criteria being at least as good as the reservation level in

(B.2) is greater than (B.1),W = 132.36;
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2. The mean value of the number of criteria being at least as good as the reservation level in

(B.3) is greater than (B.1),W = 165.04;

3. The mean value of the number of criteria being at least as good as the reservation level in

(B.3) is greater than (B.2),W = 18.90.

The statistical tests confirm the observations, as all of the statistics fall into the rejection

region ofH0 at α = 0.05. We can thus say that the multi-criteria approaches are able to produce

results, with a significantly higher number of criteria being at least as good as their reservation.

It is worth noting that with the increase in the number of suppliers and customers, these

differences appear even higher. This can be seen by comparing them with the ones received for

Case A.

4.4.2 Number of criteria not meeting their reservations by at least 10%

Similarly to Case A, we investigate the impact of the methods on the number of criteria which

got assigned with a value worse by at least 10% than their reservation.

The summary of results obtained is shown in Tab. 4.10 and in Tab. 4.11, as well as in Fig. 4.7.
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Figure 4.7: Number of criteria not meeting their reservations by at least 10% (Case B)
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Table 4.10: Number of quality criteria not meeting their reservations by at least 10% (Case B)

Number of quality criteria not meeting their reservations by at least 10%

Case B

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 64.00 33.00 31.00

Min value 31.00 1.00 0.00

Mean value 44.99 8.30 6.53

Median value 45.00 8.00 6.00

Mode 46.00 8.00 6.00

Standard deviation 4.90 3.54 2.69

IQR 6.00 4.00 3.00

Table 4.11: Number of cost criteria not meeting their reservations by at least 10% (Case B)

Number of cost criteria not meeting their reservations by at least 10%

Case B

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 17.00 28.00 44.00

Min value 1.00 2.00 2.00

Mean value 6.52 11.74 10.28

Median value 6.00 12.00 10.00

Mode 6.00 11.00 10.00

Standard deviation 2.49 3.70 3.42

IQR 3.00 5.00 4.00

One can see that when it comes to meeting quality criteria, the multi-criteria approaches

perform importantly better in terms of the index studied. However, this is not the case for the

cost criteria. In this case, the single-criterion performs better than the other ones considered.

However, one can clearly see in the data, that the difference for cost criteria is not as high as

for the quality ones. Similarly, the equitable problem allowed to produce results with a lower

number of criteria not meeting their reservation by at least 10% than the non-equitable one. This

observation is in line with the results obtained for the previously studied Case A.

The above observations are tested statistically. Firstly, we give the test for the null hypothesis

stated as: The mean values of number of quality criteria not meeting their reservations by at

least 10% are equal for any two of the problems considered. The alternative hypotheses, with

the resulting test statistics, are given in the points below.
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1. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.1) is greater than in (B.2),W = 271.39;

2. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.1) is greater than in (B.3),W = 307.64;

3. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.2) is greater than in (B.3),W = 17.89.

Test statistics in all of the above tests fall within the rejection region ofH0, for significance level

α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means of the

number of quality criteria being worse than their reservations by at least 10%, and accept all of

the above alternative hypotheses.

Secondly, we give the comparisons for the null hypothesis stated as: The mean values of

number of cost criteria not meeting their reservations by at least 10% are equal for any two of

the problems considered. The alternative hypotheses, with the resulting test statistics, are given

in the points below.

1. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.2) is greater than in (B.1),W = 52.32;

2. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.3) is greater than in (B.1),W = 39.72;

3. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.2) is greater than in (B.3),W = 12.97.

Test statistics in all of the above tests fall within the rejection region ofH0, for significance

level α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means

of the number of cost criteria being worse than their reservations by at least 10%, and accept all

of the above alternative hypotheses.

Similarly to what was observed for Case A, one may identify that the loss of performance

for cost criteria is much lower than the gain in performance for quality criteria.

For this index, we can also observe, that with the increase of the number of suppliers/con-

sumers, the differences in performance between the problems studied become more significant.

4.4.3 Maximum percentage gap

As in the previous case, we study the index of the maximum percentage gap between the reser-

vation, and the obtained value of the criterion. In this Section we calculate the gap as previously

— namely using (4.4), where only strictly positive gaps are considered. For each customer, we
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have two cost and two quality criteria. Thus, we report the maximum value for the cost criteria

(over two criteria combined, over all customers), and for the quality accordingly the same. A

summary of the results obtained is presented in Fig. 4.8 as well as in Tab. 4.12 and Tab. 4.13.
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Figure 4.8: Maximum percentage gap (Case B)

Table 4.12: Maximum percentage gap — quality (Case B)

Maximum percentage gap — quality [%]

Case B

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 100.00 101.42 99.95

Min value 94.33 25.71 17.15

Mean value 98.32 79.48 73.96

Median value 98.66 83.38 77.37

Mode 94.33 25.72 17.15

Standard deviation 1.34 17.82 19.58

IQR 1.91 26.62 27.73
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Table 4.13: Maximum percentage gap — cost (Case B)

Maximum percentage gap — cost [%]

Case B

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 100.50 99.98 99.98

Min value 59.79 43.58 40.59

Mean value 88.31 80.53 79.34

Median value 90.89 82.83 81.88

Mode 59.79 43.58 40.59

Standard deviation 9.74 12.50 13.48

IQR 13.91 18.26 19.26

We also compare the mean values of the maximum percentage gap statistically, for quality

and cost criteria separately. The number of strictly positive maximum percentage gaps for both

the quality criteria over all instances and over all problems was 2,000.

Firstly, we test the null hypothesis stated as: The mean values of the strictly positive max-

imum percentage gap for the quality criteria are equal for any two of the problems considered.

We test this hypothesis against the alternative hypotheses stated below. In the points below we

also give the calculated values of the test statistics.

1. The mean value of the strictly positive maximum percentage gap for the quality criteria

for (B.1) is greater than for (B.2),W = 45.86;

2. The mean value of the strictly positive maximum percentage gap for the quality criteria

for (B.1) is greater than for (B.3),W = 54.53;

3. The mean value of the strictly positive maximum percentage gap for the quality criteria

for (B.2) is greater than for (B.3),W = 9.05.

Test statistics in all of the above tests fall within the rejection region ofH0, for significance

level α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means

of the maximum percentage gap for the quality criteria, and accept all of the above alternative

hypotheses.

Secondly, we perform the test for the cost criteria as well. We test the following null hypo-

thesis The mean values of the strictly positive maximum percentage gap for the cost criteria are

equal for any two of the problems considered, against the alternative hypotheses given in points

below. Similarly to the previous test, we also give the resulting test statistics.

1. The mean value of the strictly positive maximum percentage gap for the cost criteria for

(B.1) is greater than for (B.2),W = 14.93;

69



2. The mean value of the strictly positive maximum percentage gap for the cost criteria for

(B.1) is greater than for (B.3),W = 16.85;

3. The mean value of the strictly positive maximum percentage gap for the cost criteria for

(B.2) is greater than for (B.3),W = 2.30.

All test statistics fall within the rejection region ofH0 for α = 0.05. Thus, enough evidence

was collected to state that the maximum gap for cost in Case B was significantly higher for

the single-criterion approach than the multi-criteria ones. Moreover, significant difference also

was revealed at the assumed significance between the means of the equitable and non-equitable

multi-criteria problems for the cost criteria.

From the experiments performed, one can clearly state that multi-criteria problems allowed

for producing SGI dispatching results, with a lower gap for the least favoured customer (max-

imum gap). Similarly to previous experiments, the differences were higher, compared to Case A.

Thus, one may suspect that they do increase with a highe number of criteria, suppliers and cus-

tomers considered.

4.4.4 Mean value of the utility function

In this Section, we report the mean values of the utility functions, for an average customer. We

take the mean of each customer’s values of the utility for each of their criteria and then take

the mean of those. As a result, we obtain the average satisfaction of an average customer. The

results are presented in the box plot in Fig.4.9 and in Tab.4.14
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Figure 4.9: Mean value of the utility function (Case B)
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Table 4.14: Mean value of the utility function (Case B)

Mean value of the utility function

Case B

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value −10.40 147.74 144.20

Min value −3.83× 104 −7.84× 103 −7.84× 103

Mean value −255.00 −15.73 −13.93
Median value −62.62 −3.10 −2.36

Mode −3.83× 104 −7.84× 103 −7.84× 103

Standard deviation 1.66× 103 249.62 249.18

IQR 84.62 4.70 3.82

Similarly to the situation observed for Case A, we can see some significant variability in the

tabular data reported. Therefore, we also present the descriptive statistics calculated on the data

with outliers filled in Tab. 4.15.

Table 4.15: Mean value of the utility function (outliers filled, Case B)

Mean value of the utility function (outliers filled)

Case B

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value −0.24 5.80 4.42

Min value −210.07 −12.18 −9.67
Mean value −67.86 −3.27 −2.49
Median value −55.57 −2.79 −2.06

Mode −210.07 −12.18 −9.67
Standard deviation 42.26 2.78 2.25

IQR 52.41 3.45 2.86

Similarly to the previously studied case, filling outliers allowed for reducing the variability

in the data. Again, this is much likely due to the removal of highly influential data points.

Statistically, we test the null hypothesis stated as: The means of the mean values of the utility

function are equal for any two of the problems considered. We test this hypothesis against the

alternative hypotheses stated below. In the points below we also give the calculated values of

the test statistics, whereW is the statistic calculated on the data without filling outliers andWo

on the data with outliers filled.

1. The mean of the mean value of the utility function for (B.2) is greater than for (B.1),
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W = 6.39,Wo = 68.20;

2. The mean of the mean value of the utility function for (B.3) is greater than for (B.1),

W = 6.44,Wo = 69.08;

3. The mean of the mean value of the utility function for (B.3) is greater than for (B.2),

W = 0.23,Wo = 9.76.

The result of statistical inference was obtained exactly as for Case A. We observe a stat-

istically significant difference in the mean value of the utility function between the results ob-

tained by solving the single-criterion and multi-criteria problems. This is observed regardless of

whether the outliers are filled or not. Similarly to Case A, a significant difference between res-

ults coming from the equitable and the non-equitable approach was seen only when the outliers

were filled.

As seen for previously studied indices, the observed differences between results coming

from single and multi-criteria problems were greater than in Case A. This may lead to thinking

that with the increase in case complexity, the benefit of dispatching the SGIs with multi-criteria

problems is higher.

4.4.5 Optimiser’s solution time

The last index that we consider in our test is the solution time of the optimiser. The summary is

presented in Fig. 4.10 and in Tab. 4.16.
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Figure 4.10: Optimiser’s solution time (Case B).
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Table 4.16: Optimiser’s solution time (Case B)

Optimiser’s solution time [sec.]

Case B

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 1.59 3.16 2.87× 104

Min value 0.52 0.79 19.84

Mean value 0.60 1.08 80.47

Median value 0.58 1.00 46.80

Mode 0.56 0.79 19.84

Standard deviation 0.09 0.23 908.83

IQR 0.03 0.23 19.34

As we can see in the box plot, which is drawn just like all other box plots reported — on the

data with outliers filled, on average the solution time of the multi-criteria equitable problem is

visibly higher than for the other problems considered. Despite, the fact that it is visibly higher,

one can notice that the tabular values reported highly variable for the equitable problem. Thus,

it may be due to some outliers in time measurement data or due to some particular difficult test

instances. This is why to understand better the trends in the data we fill the outliers for the three

groups considered and report such data in Tab. 4.17.

Table 4.17: Optimiser’s solution time (uutliers filled, Case B)

Optimiser’s solution time [sec.] (outliers filled)

Case B

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 0.63 1.40 88.93

Min value 0.52 0.57 19.84

Mean value 0.57 1.04 47.98

Median value 0.57 0.99 46.54

Mode 0.56 0.57 19.84

Standard deviation 0.02 0.14 13.57

IQR 0.02 0.19 18.60

The observation of the data suggests that application of multi-criteria problems was more

computationally demanding than the single-criterion one, with the equitable problem being ex-

tremely demanding. This observation is checked statistically. Similarly to studying the mean

value of the utility function, we perform the tests both on the data with and without the outliers
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filled. We test the null hypothesis stated as The mean values of the optimiser’s solution time

are equal for any two of the problems considered. We test this hypothesis against the alternat-

ive hypotheses stated below. In the points below we also give the calculated values of the test

statistics, where W — statistic calculated without filling outliers, Wo — statistic calculated on

data with outliers filled.

1. The mean value of the optimiser’s solution time of (B.2) is greater than in (B.1),

W = 87.57,Wo = 151.20;

2. The mean value of the optimiser’s solution time of (B.3) is greater than in (B.1),

W = 3.93,Wo = 156.25;

3. The mean value of the optimiser’s solution time of (B.3) is greater than in (B.2),

W = 3.91,Wo = 154.73.

All of the test statistics fall into the rejection region ofH0 at α = 0.05, regardless of whether

they are calculated on data with outliers filled or not. Therefore, we can reject the hypothesis

of equality of mean values of the solution time of all problems, and accept the alternative hy-

potheses stated above. Having said the above, we can conclude that the use of multi-criteria

optimisation problems in the SGI dispatching introduced additional computational burden in

Case B, just as it did for Case A.

Yet, one should notice that the mean solution time of the equitable problem was more than

one order of magnitude higher than that of the other problems. Such a huge increase might

possibly cause problems in the SGI dispatching, where the dispatcher has to make quick and

accurate decisions.

4.4.6 Conclusions and discussions — Case B

In this Section, we performed numerical experiments on Case B, which was characterised by a

larger number of customers (50), suppliers (75) and also criteria per each customer (2 for cost

and 2 for quality), than in the previously studied Case A. We randomly generated 2,000 test

instances, which were then analysed statistically in order to answer the question, of whether

adding new quality-based criteria adds value to the dispatching, allowing to yield more tailored

results to the customers’ needs. Similarly to the previously studied Case, we have assumed that

the aspirations/reservations correctly reflect customers’ needs and in that sense can be used as

a basis for the analyses.

In experiments performed for Case B, we have confirmed all observations from Case A,

namely that on average significantly more criteria are better than their reservations when the

multi-criteria approach is applied. Similarly, on average a significantly lower number of criteria

are worse for quality by more than 10%, which is not necessarily the case for cost criteria when
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the quality-based criteria are considered. Yet, the gain in performance for the quality ones

is much higher, than its loss for the cost. This is even more compensated when we look at

the mean value of utility, where we have shown that it is significantly higher when the multi-

criteria approaches are applied. Similarly, the maximum percentage gaps are lower when the

multi-criteria problems are applied, regardless if this is for quality or for cost.

Our test revealed, that considering quality-based criteria in the SGI dispatch process added

value to the SGI dispatch problems in Case B, as opposed to the classical cost-minimal approach.

Yet, this came at the cost of increasing the computational burden of the problems, with the

equitable problem being solved in tremendously long average times. Times as in the multi-

criteria equitable problem can be too long for the SGI dispatch optimisation problems, where

the dispatcher needs to make quick and accurate decisions.

All indices are further investigated in experiments applied to Case C.

4.5 Results — Case C

The setup of this test case is summarised in the points below. Similarly, to tests performed in

both previous cases, each of the calculations is performed three times — by solving problems

(B.1), (B.2) and (B.3), which results in three different Pareto-optimal solutions for each instance.

Test setup:

• Number of customers |Pk| = 100;

• Number of suppliers/resources |Ps| = 120;

• Number of criteria for each i ∈ Pk = 4 (two cost criteria, two quality criteria), i.e., total

number of criteria equals 400;

• Randomly generated aspirations, reservations, dji,n and t
j
i,k;

• In total 2,000 instances were generated, solved and compared.

This Section describes how these solutions impact the indices considered in Sec.4.2.1 as

estimated through statistical analyses.

The methods applied to Case C are exactly the same as those applied previously to Cases A

and B.

4.5.1 Number of criteria being at least as good as reservations

Wen apply the same approach as in previously discussed Cases. In that sense, we first show the

box plot in Fig. 4.11, show the data in tabular form in Tab. 4.18 and then compare it statistically

further.
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Figure 4.11: Number of criteria being at least as good as their reservations (Case C).

Table 4.18: Number of criteria being at least as good as reservations (Case C)

Number of criteria being at least as good as reservations

Case C

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 314.00 382.00 384.00

Min value 263.00 209.00 0.00

Mean value 288.73 350.94 358.72

Median value 289.00 352.00 359.00

Mode 287.00 354.00 359.00

Standard deviation 7.97 11.93 11.51

IQR 11.00 14.00 11.00

One may see in the visual presentation of the data that the patterns seen in previous Cases

are conserved. This means that multi-criteria problems allowed for generation of results with

higher number of criteria being at least as good as their reservations, with the equitable problem

performing slightly better. Yet, the minimum value of index for the equitable problem is really

low — equal to zero. However, the overall trend is as seen before.

We check the observation statistically. For this, we verify the null hypothesis stated as:

The mean values of the number of criteria being at least as good as the reservation levels are

equal for any two problems considered and the alternative hypotheses are stated in points below.

These points also specify the resulting test statistics (4.2).

1. The mean value of the number of criteria being at least as good as the reservation in (B.2)

is greater than (B.1),W = 193.93;
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2. The mean value of the number of criteria being at least as good as the reservation in (B.3)

is greater than (B.1),W = 223.66;

3. The mean value of the number of criteria being at least as good as the reservation in (B.3)

is greater than (B.2),W = 20.99.

The statistical tests confirm the observations, as all of the statistics fall in the rejection region of

H0 at α = 0.05. We can thus say that the multi-criteria approaches are able to produce results,

with a significantly higher number of criteria being at least as good as their reservation.

Similarly to what has been observed previously, with the increase of case complexity the

tests statistics also increased (as compared with Case B and Case A). This pattern was also

observed while comparing results from Case B with Case A.

4.5.2 Number of criteria not meeting their reservations by at least 10%

Similarly to previous Cases, we investigate the impact of the methods on the number of criteria

which got assigned with a value worse by at least 10% than their reservation.

The summary of results obtained is shown in Tab. 4.19 and in Tab. 4.20, as well as in

Fig. 4.12.
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Figure 4.12: Number of criteria not meeting their reservations by at least 10%(Case C)
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Table 4.19: Number of quality criteria not meeting their reservations by at least 10% (Case C)

Number of quality criteria not meeting their reservations by at least 10%

Case C

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 114.00 84.00 22.00

Min value 69.00 1.00 0.00

Mean value 89.92 13.19 9.63

Median value 90.00 12.00 9.00

Mode 89.00 11.00 10.00

Standard deviation 7.02 6.12 3.23

IQR 10.00 6.00 5.00

Table 4.20: Number of cost criteria not meeting their reservations by at least 10% (Case C)

Number of cost criteria not meeting their reservations by at least 10%

Case C

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 25.00 92.00 33.00

Min value 1.00 4.00 0.00

Mean value 10.29 19.02 15.99

Median value 10.00 19.00 16.00

Mode 10.00 19.00 17.00

Standard deviation 3.22 5.74 4.38

IQR 4.00 7.00 6.00

Similarly to the previously studied Cases, the multi-criteria approaches allowed to produce

visibly better results in terms of the quality index. This is however, not seen in the cost index,

where the single-criterion approach performs better. Yet, the difference for cost is not as visible

as the difference for quality. Similarly to the previous Cases, the equitable approach performs

better for both indices than the non-equitable one.

Now, we test the above observations statistically. Firstly, we give the test for the null hy-

pothesis stated as: The mean values of number of quality criteria not meeting their reservations

by at least 10% are equal for any two of the problems considered. The alternative hypotheses,

with the resulting test statistics, are given in the points below.

1. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.1) is greater than in (B.2),W = 368.30;

78



2. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.1) is greater than in (B.3),W = 464.42;

3. The mean value of the number of quality criteria not meeting their reservations by at least

10% in (B.2) is greater than in (B.3),W = 22.99.

Test statistics in all of the above tests fall within the rejection region ofH0, for significance level

α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means of the

number of quality criteria being worse than their reservations by at least 10%, and accept all of

the above alternative hypotheses.

Secondly, we give the comparisons for the null hypothesis stated as: The mean values of

number of cost criteria not meeting their reservations by at least 10% are equal for any two of

the problems considered. The alternative hypotheses, with the resulting test statistics, are given

in the points below.

1. The mean value of the number of cost criteria not meeting their reservations by at least

10% in (B.2) is greater than in (B.1),W = 59.32;

2. The mean value of the number of cost criteria not meeting their reservations by at least

10% in (B.3) is greater than in (B.1),W = 46.87;

3. The mean value of the number of cost criteria not meeting their reservations by at least

10% in (B.2) is greater than in (B.3),W = 18.78.

Test statistics in all of the above tests fall within the rejection region ofH0, for significance

level α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means

of the number of cost criteria being worse than their reservations by at least 10%, and accept all

of the above alternative hypotheses.

Similarly to what was observed previously, one may identify that the loss of performance

for cost criteria is much lower than the gain in performance for quality criteria. Moreover,

we can also see that with the increase of the number of suppliers/consumers, the differences

in performance between the problems studied become more significant — just as noticed in

previous experiments.

4.5.3 Maximum percentage gap

In this Section we give the results for the maximum percentage gap calculated using (4.4), where

only strictly positive gaps are considered. Similarly to Case B, for each customer, we have two

cost and two quality criteria. We give the maximum value for the cost criteria (over two criteria

combined, over all customers), and for the quality accordingly the same. A summary of the

results obtained is presented in Fig. 4.13 as well as in Tab. 4.21 and Tab. 4.22.
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Figure 4.13: Maximum percentage gap (Case C)

Table 4.21: Maximum percentage gap — quality (Case C)

Maximum percentage gap — quality [%]

Case C

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 100.00 100.00 99.98

Min value 93.03 21.75 18.22

Mean value 99.01 85.69 80.14

Median value 99.31 90.25 84.70

Mode 10.00 21.75 18.22

Standard deviation 93.04 14.33 16.74

IQR 1.08 18.33 22.76

Table 4.22: Maximum percentage gap — cost (Case C)

Maximum percentage gap — cost [%]

Case C

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 100.00 100.00 99.94

Min value 19.87 36.25 36.25

Mean value 91.45 85.10 83.96

Median value 93.80 87.05 85.93

Mode 19.87 36.25 36.25

Standard deviation 8.45 10.45 10.89

IQR 9.40 14.34 14.90

From visual comparison of the data, one may see that in both indices the multi-criteria ap-

proaches performed better in terms of the mean value of the maximum percentage gap. This is
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in line with findings from Case B, yet no significant differences were revealed for cost criteria

in Case A.

The above observations are compared statistically. The number of strictly positive gaps for

the single-criterion and the non-equitable problems for both cost and quality are equal to 2,000,

whereas for the equitable one to 1,999 for both cost and quality.

Firstly, we test the null hypothesis stated as: The mean values of the strictly positive max-

imum percentage gap for the quality criteria are equal for any two of the problems considered.

We test this hypothesis against the alternative hypotheses stated below. In the points below we

also give the calculated values of the test statistics.

1. The mean value of the strictly positive maximum percentage gap for the quality criteria

for (B.1) is greater than for (B.2),W = 41.45;

2. The mean value of the strictly positive maximum percentage gap for the quality criteria

for (B.1) is greater than for (B.3),W = 50.31;

3. The mean value of the strictly positive maximum percentage gap for the quality criteria

for (B.2) is greater than for (B.3),W = 11.27.

Test statistics in all of the above tests fall within the rejection region ofH0, for significance

level α = 0.05. Therefore, at this α we can reject the null hypotheses on the equality of means

of the maximum percentage gap for the quality criteria, and accept all of the above alternative

hypotheses.

Secondly, we perform the test for the cost criteria as well. We test the following null hy-

pothesis: The mean values of the strictly positive maximum percentage gap for the cost criteria

are equal for any two of the problems considered, against the alternative hypotheses given in

points below. Similarly to the previous test, we also give the resulting test statistics.

1. The mean value of the strictly positive maximum percentage gap for the cost criteria for

(B.1) is greater than for (B.2),W = 21.13;

2. The mean value of the strictly positive maximum percentage gap for the cost criteria for

(B.1) is greater than for (B.3),W = 24.28;

3. The mean value of the strictly positive maximum percentage gap for the cost criteria for

(B.2) is greater than for (B.3),W = 3.36.

All test statistics fall within the rejection region ofH0 for α = 0.05. Thus, enough evidence

was collected to reject the null hypothesis on the equality of means of maximum percentage gap

for cost criteria and to accept the alternative hypotheses stated above.
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We can see that as in previous Case B, the multi-criteria approaches allowed to produce

results with better mean values of the indices studied, with the equitable problem performing

better than the non-equitable. The differences in means for cost criteria were higher than in the

Cases A and B, yet this phenomenon was not observed for the quality criteria gaps.

4.5.4 Mean value of the utility function

In this Section, we report the mean values of the utility functions, for an average customer.

We calculate them exactly as in Case B, namely take the mean of each customer’s values of

the utility for each of their criteria and then take the mean of those. As a result, we obtain the

average satisfaction of an average customer. The results are presented in the box plot in Fig.4.14

and in Tab.4.23
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Figure 4.14: Mean value of the utility function (Case C)

Table 4.23: Mean value of the utility function (Case C)

Mean value of the utility function

Case C

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 116.99 289.90 270.59

Min value −3.83× 105 −2.69× 103 −2.68× 103

Mean value −461.41 −9.96 −7.29
Median value −81.09 −2.19 −1.49

Mode −3.83× 105 −2.69× 103 −2.68× 103

Standard deviation 8.73× 103 86.94 81.32

IQR 97.42 3.66 2.82

82



Again, high variability in the data is observed. We believe that this is due to some high

influential observations. For this reason, we fill the outliers and report the data. This is given in

Tab. 4.24.

Table 4.24: Mean value of the utility function (outliers filled, Case C)

Mean value of the utility function (outliers filled)

Case C

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value −8.73 4.30 3.78

Min value −246.13 −10.06 −7.47
Mean value −85.66 −2.29 −1.60
Median value −72.72 −1.87 −1.28

Mode −246.13 −10.06 −7.47
Standard deviation 49.79 2.12 1.67

IQR 63.23 2.53 2.05

Similarly to the previous Cases, one may see that the mean value of the utility function is

significantly higher for the multi-criteria approaches. This is tested statistically below both for

data with outliers filled and without them filled.

We test the null hypothesis stated as: The means of the mean values of the utility function

are equal for any two of the problems considered. We test this hypothesis against the alternative

hypotheses stated below, whereW is the statistic calculated on the data without filling outliers

andWo on the data with outliers filled.

1. The mean of the mean value of the utility function for (B.2) is greater than for (B.1),

W = 2.31,Wo = 74.81;

2. The mean of the mean value of the utility function for (B.3) is greater than for (B.1),

W = 2.33,Wo = 75.45;

3. The mean of the mean value of the utility function for (B.3) is greater than for (B.2),

W = 1.00,Wo = 11.31.

All tests performed on data with outliers filled revealed the statistically significant difference

of the mean values of the utility function (at α = 0.05). Thus, for those tests we can reject the

null hypotheses, accepting the alternative ones. However, no significant difference was revealed

between the mean value of the utility function obtained by solving the equitable and the non-

equitable problems on the data with outliers.

As seen for previously studied indices, the observed differences between results coming

from single andmulti-criteria problems were greater than in the two previous Cases. This further
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confirms the thinking that with the increase in case complexity, the benefit of dispatching the

SGIs with multi-criteria problems is higher as opposed to doing so with the single-criterion one.

4.5.5 Optimiser’s solution time

We conclude our investigations of Case C by looking at the solution time obtained by solving the

three problems considered. The summary of results is presented in Fig. 4.15 and in Tab. 4.25.
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Figure 4.15: Optimiser’s solution time (Case C).

Table 4.25: Optimiser’s solution time (Case C)

Optimiser’s solution time [sec.]

Case C

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 1.32 6.43 4.55× 104

Min value 0.54 1.23 263.31

Mean value 0.59 1.95 1.01× 103

Median value 0.58 1.76 863.36

Mode 0.56 2.13 263.31

Standard deviation 0.05 0.56 1.27× 104

IQR 0.04 0.47 454.74

One may also observe some high variability in the measurement data for the non-equitable

problem. This may be due to some particularly difficult test instances. To compensate for this

effect, to allow for better outlining the trends in the data, we fill outliers and report such data in

Tab. 4.26.
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Table 4.26: Optimiser’s solution time (outliers filled, Case C)

Optimiser’s solution time [sec.] (outliers filled)

Case C

Single-criterion Multi-criteria non-eq. Multi-criteria eq.

Max value 0.87 2.69 1.84× 103

Min value 0.54 1.23 263.31

Mean value 0.58 1.81 881.22

Median value 0.58 1.73 839.93

Mode 0.56 2.13 263.31

Standard deviation 0.02 0.30 305.80

IQR 0.03 0.38 415.07

For both the data with outliers filled and without we can see that the equitable problem was

being solved in much higher times than the other ones. Similarly, we can see that the solution

time for the non-equitable problem was also higher than the single-criterion one, yet to a much

lower extent. We test those observations statistically below.

We test the null hypothesis stated as The mean values of the optimiser’s solution time are

equal for any two of the problems considered. We test this hypothesis against the alternative

hypotheses stated below. In the points below we also give the calculated values of the test

statistics, where W — statistic calculated without filling outliers, Wo — statistic calculated on

data with outliers filled.

1. The mean value of the optimiser’s solution time of (B.2) is greater than in (B.1), W =

107.12,Wo = 181.06;

2. The mean value of the optimiser’s solution time of (B.3) is greater than in (B.1), W =

35.56,Wo = 128.79;

3. The mean value of the optimiser’s solution time of (B.3) is greater than in (B.2), W =

35.52,Wo = 128.61.

All of the test statistics fall into the rejection region ofH0 at α = 0.05, regardless of whether

they are calculated on data with outliers filled or not. Therefore, we can reject the hypothesis

of equality of mean values of the solution time of all problems, and accept the alternative hy-

potheses stated above. Having said the above, we can conclude that the use of multi-criteria

optimisation problems in the SGI dispatching introduced a significant additional computational

burden in Case C just as in the two previously studied ones. As such, one may say that the size

of the problem solved is of utmost importance, when it comes to the solution time.
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However, just as in the previous experiments, the equitable problem’s solution time was way

higher than for the other ones considered. It is then doubtful if such computational time may be

acceptable for the application to SGIs.

4.5.6 Conclusions and discussion — Case C

In this Section, we have studied the problem the behaviour of the generic SGI dispatch optim-

isation problem as applied to Case C, with 100 customers and 120 resources to be dispatched.

In this Case, each customer had two cost and two quality criteria linked to it, giving in total

400 dispatching criteria. There were 2,000 test instances of the Case solved by using the three

formulations — single-criterion (B.1), multi-criteria non-equitable (B.2) and the multi-criteria

equitable (B.3). The dispatching results were shown in box plots and compared statistically.

The tests confirmed the observation seen in previous Cases, that in general by applying the

multi-criteria formulations it is possible to much more often meet or outperform the reservations

for the criteria. Moreover, a significantly lower number of the quality criteria were worse than

their reservations by at least 10% when the multi-criteria problems are solved. Unfortunately,

this comes at increasing this number for cost criteria. Yet, the mean value of the increase for

cost is much less significant than its decrease for quality. Then, the multi-criteria formulations

allow also for reducing the maximum percentage gap (for both quality and cost criteria) and

for achieving a significantly higher mean value of the utility function taken over the customers.

Our tests also revealed that the multi-criteria problems significantly reduced the mean value of

the maximum percentage gap, regardless of whether the equitable or non-equitable formulations

were applied. Amongst the multi-criteria approaches the equitable one allowed to produce better

results for the above indices than the non-equitable one.

As it comes to the solution time, it was significantly higher for themulti-criteria ones than for

the single-criterion formulation, with the equitable one tremendously more time from the others

to be solved. However, the increase in time for the non-equitable one was still well-bearable for

the SGI dispatching applications.

4.6 Summary

In this Chapter, we have performed numerical experiments on the generic SGI dispatch optim-

isation problem over three test Cases, each one with 2,000 randomly generated test instances. In

that sense, in total 6,000 numerical experiments have been done. Their purpose was to answer

the main research question on whether adding quality-based criteria to the generic Services of

General Interest dispatch optimisation problem adds value to the dispatching, allowing to yield

more tailored results to the customers’ needs, on a synthetic (computer-generated) data set. In
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the experiments, we compared statistically the dispatching of SGIs using twomulti-criteria prob-

lems (non-equitable and equitable) with the standard cost minimisation single-criterion optim-

isation problem. The multi-criteria problems considered were solved using the Reference Point

Method scalarisation. In the test, we assumed that the reservations and aspirations reflect cor-

rectly customers’ needs, as they either come from them directly or are derived from standards

and/or guidelines (e.g., medical guidelines).

We have shown that applying the multi-criteria optimisation problems to the dispatching of

SGIs allows to yield results, which give on average: higher mean values of customers’ satis-

faction, a higher number of criteria meeting or outperforming their reservation, lower number

of quality criteria not meeting their reservation by at least 10% and lower maximum percentage

gap for quality criteria. What is more for larger test Cases, the test has shown that the maximum

percentage gap was on average smaller also for the cost criteria. For all tests we assumed the

significance level equal to α = 0.05. It is also worth noting that with the increase in case sizes,

the improvements achieved by using the multi-criteria problems were even more visible.

An increase in performance of the above indices, when the multi-criteria problems were

used, came also with decreasing the performance in the number of cost criteria not meeting

their reservation (increasing their number). This decrease was however much less important

than its increase in quality criteria. What is more, this was even further improved by solving

the equitable problem. Unfortunately, the application of multi-criteria problems significantly

increased the optimiser’s solution time for larger problems. For both the equitable and non-

equitable formulations the solution time was tractable — we managed to solve both of them

to Pareto-optimality on the test laptop. Yet, the solution time of the equitable one was way

too high to use it efficiently for the SGI dispatching in real life. On the contrary, the increase

in computational burden was still bearable on the experimental computer for the non-equitable

problem. As such we may say, that we experienced a trade-off between obtaining results, that

generally were significantly more tailored to customers’ needs (when the SAOQ problem was

solved) and the optimiser’s solution time.

Onemay however argue, that considering recent developments in decomposition methods of

optimisation problems, combined with the increasing popularity of cloud/quantum computing

resources, computational burden is no longer a real problem. Since studying this phenomenon

does not help in answering the main research question, it is deemed out of scope for this very

work.

From our tests, one may conclude, that a possible loss of performance of results, witnessed

for the functional indices between the non-equitable and the equitable problems is not as import-

ant, as the difference in solution times between them. Thus, in the next Chapters we solve the

non-equitable problem and not the equitable one — because of the high computational time. In

real-life applications, however, it is a matter of making a deeply investigated trade-off between
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the solution time and the results obtained. This is to be carefully decided by the decision maker.

This study carried some limitations, mostly due to its theoretical and synthetic nature. Yet,

we argue that thanks to that the results may be well generalised for multiple applications. In

the next Chapters we investigate two of such possible applications — dispatching of electrical

energy generating units and dispatching of EMS ambulances to patients, and patients to Emer-

gency Departments in hospitals.

All in all, however the results of the experiments over three Cases with 2,000 instances each,

allow us to confirm that adding quality-based criteria to the generic Services of General Interest

dispatch optimisation problem (SDOQ) adds value to the dispatching, allowing to yield more

tailored results to the customers’ needs on the synthetic Cases considered.
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Chapter 5

Case Study I:

Electrical energy generation

In this Chapter, we put the SDOQ problem to action in the energy generation sector. We apply

it in designing a decision support system (DSS) for dispatching of the electrical energy gener-

ating units on the market with a peer-to-peer offering system (with its Operator, acting as the

dispatcher). We focus on a situation, where there may exist conscious customers, who are eager

to pay more to receive energy from more ecological or socially responsible sources. In other

words, we differentiate the product through certain quality criteria. This Chapter is completely

based on our paper [13]. Some numerical experiments presented in this Chapter are extended or

amended as opposed to the paper, yet many parts are cited directly as already published. In the

first Sections of the Chapter, we set grounds for the particular problems of the peer-to-peer en-

ergy trade, with drawing the picture of why considering quality-based criteria may be interesting

in this particular case. We also review the respective literature. Then, we outline the proposed

balancing architecture. Next, the respective mathematical optimisation models are presented,

which are followed by the analysis of a numerical Case Study. We finish the Chapter by giving

conclusions, discussion and possible future research possibilities.

Please note, that indexing of variables and parameters might differ from the one given in pre-

vious Chapters. This is because the Case Study consists of more complex mathematical models

with more variables and constraints (describing the setQ of the SDOQ problem), where indices

must be re-introduced and re-defined. The indexing and variables presented in this Chapter are

only applicable to this very one.

5.1 Introduction

Nowadays, there is a trend of shifting from centrally-controlled power systems, where control

and trade actions are created by the system operators, towards more decentralised, consumer-
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oriented systems, wheremarket participantsmay reveal more preferences andmay have a greater

impact onmarket operations. Prosumers are willing to participate in this transformation actively.

Due to the high penetration of distributed energy resources (DERs), such as prosumers and

renewable energy sources (RES), the tasks of energy supply, dispatch of generating units and

system balancing in the power grids are becoming more and more complex. High penetration

of uncertain weather-related sources makes secure delivery even more difficult.

Therefore, appropriate market mechanisms allowing for direct participation of many actors

and for mitigating risks should be developed. A tempting approach is the peer-to-peer (p2p)

market [151], where peers trade energy directly with each other. Some real-life installations

of this market setup have already been put in place. Their examples include Piclo, UK [152],

Vanderbron [153], or SonnenCommunity [154].

Until today, the majority of research in that field has been focused on a p2p market setup that

assumes that all peers are solely interested in minimising the cost of received energy or maxim-

ising the profits. However, some more conscious customers on the market may be interested not

only in minimising the cost of the energy purchase, but, simultaneously, may have preferences

on the energy source characteristics that include various quality criteria (the level of greenhouse

gas emissions is the most obvious example, but there may be other preferences that may arise

from various ecological and sustainability concerns, or social responsibility considerations).

Specifically, a peer may be interested in purchasing energy from particular types of green

energy sources, or from producers that assure to comply socially responsible standards of their

business. A real-life example of such interest is the commitment made by one of the world’s

leading technology consulting firms — Accenture. Accenture claimed that, by the year 2023,

100% of the energy it consumes worldwide will come from renewable energy sources (RES)

[155]. This example shows that, nowadays, peers already exist that would like to consider

various quality criteria, while making decisions on the origins of the consumed energy.

Although tempting, in the current market setups, it is not directly possible to guarantee that

the energy consumed by a customer indeed comes from a particular type of the energy sources,

since, once energy is injected into the grid, it is impossible to distinguish it at the destination.

Today, one of the means to bypass this inconvenience is via the tradable green certificates

(TGC) [156]. In this setup, an RES obtains a governmental certificate for the volume of energy

it injected into the grid over a defined aggregated time horizon (year). After the certificates are

issued, they are traded at dedicated markets. Therefore, a party that buys a certificate for a given

volume of energy vcert may claim that its consumed volume vcert came from RES. However,

this is a virtual commitment that lacks direct links to possible characteristics of the produced

and consumed energy over shorter periods of time. Therefore, it is not easy for the majority of

peers to follow and fully accept such arrangements. Moreover, the discussed peer should pay

twice separately—once for the provision of the energy and then for the certificate itself.
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In this Chapter, we analyse the market setup with peer-to-peer energy offerings controlled

by the market operator, with explicit product differentiation, where origins of energy may be

clearly identified, so that product characteristics can be understood by various actors (including

households). We explicitly focus on the described environment. For this purpose, we apply

the generic multi-criteria Services of General Interest dispatching optimisation problem with

quality-based criteria (SDOQ). It is assumed that peers are not only entirely interested in min-

imising the cost of their energy, but may also be interested in attaining a given value of the

quality criterion. For simplicity, we refer to non-cost criteria as energy quality. In the Chapter,

we propose a way to introduce the additional quality criterion in a trusted manner. We use

the reference point scalarisation method that seems to be well-suited to solve this multi-criteria

optimisation problem. The resulting optimisation problem has to be solved by the responsible

market operator, who acts as the SGI dispatcher (using terminology from previous Chapters).

In that sense, we develop both a tool (in the form of a mathematical optimisation problem)

and a framework for power system balancing in a peer-to-peer (with Operator) market setup

so that ecological, social, or sustainability criteria may be considered in addition to the cost

criterion. It would address the willingness of some peers to buy from ecological or socially

responsible sources. This development forms the contribution of this Chapter. When imple-

mented, it could give possibilities to interested peers to buy energy by considering additional

quality criteria, so it might imply the rise in demand for the services with higher values of these

criteria, and would possibly provide better incentives for the development of desired generating

technologies or sellers’ business models.

The approach is tested on the IEEE 30-bus standard test system, over three different scen-

arios, where the impact of various actors/peers activities and different extensions are analysed.

5.2 Literature review

Peer-to-peer energy trading has been gaining interest for the past few years since more and more

energy market participants are showing their willingness to participate directly in the market

themselves, and many consumers are becoming prosumers [151].

A significant number of papers were published in the field. Some of them covered the idea

of a general setup of such distributed markets, some of them proposed mathematical models of

operating p2pmarkets and some looked at technical implications of various setups. Furthermore,

some technical reports were already published, looking at the technical implications of p2p

implementations [157]. It is worth noting that, apart from classic research papers, some review

articles on existing methods for peer-to-peer and transactive energy paradigms have already

been published [158, 159, 160, 161, 162], which shows increasing interest in that field.

Some important examples of papers focusing on general setup may be [163, 151, 164, 165].
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Parag and Sovacool [151] look at three market setups that may successfully integrate prosumers,

with peer-to-peer being one of them. However, the authors are cautious that some changes must

be made prior to its large-scale introduction. Seeing the p2p market as a possibility for incentiv-

ising prosumers is also in line with the findings of [166]. Pires Klein et al. [163] developed a

dedicated p2p business model, which was successfully applied in three physical, real-life, pi-

lot projects, under Portuguese real energy market data. They demonstrated that such a model

brings cost savings to participants and is indeed feasible to be implemented. However, they

outlined that, due to the lack of precise legal regulations, it is not straightforward to be moun-

ted. Baez-Gonzalez et al. [164] claim that peer-to-peer structures show benefits such as the

ability to work in dynamically changing environments, scalability and symmetric role of peers,

which are all important in power systems. However, they pinpoint some drawbacks too, such as

concerns on security, fault tolerance, and the imperfect assumption that all peers are altruistic

and share a common objective (social welfare). Zia et al. [165] look at a broader term, namely

the transactive energy paradigm in microgrids. They propose a design for both peer-to-peer

and community-based markets with its functional layers. One more example of analysis of the

real-life peer-to-peer market is [167]. The authors analysed user behaviour in a real-life p2p

market consisting of 37 households. They found that household users showed high interest in

the energymarket operations of the studied setup. They have also outlined that p2pmay increase

the saliency of renewable energy sources and may promote load shifting behaviours. However,

not every location or currently existing microgrid may be considered a good candidate for es-

tablishing peer-to-peer trading mechanisms. The authors of [168] propose a method based on

optimisation to assess the feasibility of setting up the p2p mechanism for a given microgrid.

From another perspective, we can pinpoint many papers focusing on producing appropriate

mathematical models of peer-to-peer operation. The authors of [169] used the game theory

simulation approach to show that the p2p trading scheme may improve the local balance of

energy of a low-voltage microgrid. Other game theory approach examples are [170], whose

authors analyse implications of p2p from an equilibria perspective and [171], where the authors

propose a motivational psychology framework that may be used to design p2p markets.

Apart from game-theoretical approaches, much research interest is given to (distributed) op-

timisation models for peer-to-peer energy trading operations. The authors of [172] propose a

mixed-integer nonlinear program for optimising operations of smart homes in a p2p environ-

ment. Due to the high computational burden, a heuristic for solving a similar problem is later

proposed in [173]. The authors of [174] propose an optimisation for p2p decentralised opera-

tions, when considering network constraints. Nizami et al. [175] propose a model for prosumers

equippedwith an energy storage. Another approach is presented in [176], where electric vehicles

(EVs) are explicitly considered in the model. Another paper worth noting is [177], where the

authors integrate aggregators in power balancing over a transactive energy paradigm.
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From the perspective of our research, however, one of the most important notions is electri-

city product differentiation, since in this work we are explicitly interested in a situation, where

peers aspire for a given amount of good energy consumed. By good, we mean energy with

quality characteristics that interest the peer — e.g., energy from an ecological source, or energy

produced in a socially responsible manner. Therefore, the differentiation of its origin is import-

ant. The notion of energy differentiation in energy markets is described well in [178]. This

concept has already been applied to peer-to-peer trading in [179, 180, 170]. However, the ap-

proach of all authors of these papers is to introduce peers’ trading preferences (which is implied

by the notion of product differentiation) as an additional cost component inserted implicitly into

their respective cost functions. We believe that such an approach is of little tangibility to the

peers and corresponding values may not be well understood by them. Furthermore, it may be

difficult for consuming peers to correctly quantify their preferences in terms of the costs of trade

with other actors. What is more, this cost component represents the bilateral preference that a

given consumer j has on buying from a given seller s. Such a representation is very subjective

and in some cases may compromise the notion of fair operations of energy markets.

All things considered, peer-to-peer energy trading is a subject of extensive research. How-

ever, few papers consider differentiation of the energy, and, to the best of our knowledge, none

treats product differentiation as separate criteria in the multi-criteria optimisation framework.

Moreover, despite their research value, the cited papers that consider product differentiation do

not analyse the impacts and consequences for different actors. They also do not take into account

that the approach could be interactive. Our Chapter intends to fill this gap. In that sense, we de-

velop a mathematical optimisation tool, together with a market framework to operate the power

system balancing with preference criteria additional to the cost of energy. When implemented,

this tool may give possibilities for interested peers to buy energy from preferable sources and to

imply the rise in demand for the services with higher values of these quality criteria. As a result,

improvements in generating technologies or sellers’ business models could be experienced.

5.3 Proposed balancing architecture

It is impossible to physically distinguish energy from different sources when already injected

into the grid. Thus, we believe that only when energy is directly purchased by customers from

particular sellers is it possible to truly reflect buyers’ preferences on the origins of the purchased

energy. Other known market mechanisms (such as, for instance, the trade of TGCs), although

correctly reflecting the amount of physical energy injected, make it less tangible for customers

to understand the origins of its purchased energy well.

In this work, we propose a balancing architecture for day-ahead over a horizon

h = 1, 2, . . . , H accomplished in a peer-to-peer (p2p) manner. In the proposed architecture,

93



each seller s submits individually priced offers to each buyer j over the considered balancing

horizon. A detailed offering process is described further in Section 5.3.3.

We specifically consider not only the energy cost criterion but also other various ecolo-

gical social or sustainability criteria that may be of interest to peers participating in the market.

A detailed description of the mechanism for considering these criteria is given further in Sec-

tion 5.3.4.

5.3.1 Role of Operator

It is important to remember that it is required for power systems to be operated safely and

securely at all times. The energy/power balance in the power system must be met in each

time period, subject to satisfying many technical and security constraints. In a truly distributed

p2p environment, sellers submit crafted offers to dedicated buyers, and trade happens directly

between peers. Generally, one may envisage the following problems:

• some consumers may receive offers that are not covering their demands;

• some peers may try to execute market power over others;

• dispatch of the generating units that result from bilateral trademay give network-infeasible

power flows.

As a result, the contracted positions of all peers resulting from bilateral trade may appear to

be infeasible. In order to resolve the above infeasibility issues, these balancing problems may

be sorted out by the System Operator. The Operator may gather all balancing offers issued from

sellers and buyers, check them for issues mentioned above, and reschedule all contract posi-

tions of all peers, by solving appropriate balancing problem that takes into account individual

aspirations and reservations of each individual peer towards their all criteria.

Such an approach is viable, since the Operator may have knowledge of technical details and

security issues of the system under operation. The Operator could serve as the trusted third

party for peers — the SGI dispatcher. For simplicity of further considerations and notation, but

without any loss of generality, we may assume that the contracted positions prior to balancing

are set to zero and balancing offers can be simply treated as offers.

5.3.2 Proposed architecture

As already stated, we propose in this Chapter a power system balancing architecture/energy

market framework. It can be simply summarised in the following points:

1. Each peer submits its aspirations and reservations towards all criteria present on the mar-

ket, together with information on its technical constraints.
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2. Sellers submit technically identical offers to buyers, but with different individual prices,

as per (5.2). Prices are offered as per individual business decisions of sellers.

3. The copy of each offer is submitted to the Operator for review and joint optimisation.

4. Optimisation is performed by the Operator and results are returned to all peers.

5. System operates as per balancing dispatch calculated through optimisation.

A simplified version of the process described above is visualised in Figure 5.1. The figure

illustrates a simple market with only one seller and two buyers.

Buyer j

Seller s

Buyer j+1

Trusted 3rd 

party -

Operator

Figure 5.1: Schema of proposed balancing architecture.

5.3.3 Offers

5.3.4 Integration of additional criteria

As already described in the previous Sections of this Chapter, the cost of energy is not the

only criterion for peers, as they may be interested in purchasing energy from particular green

sources, or from producers that respect various ecological, social and/or sustainability concerns.

Let us assume that these additional criteria (e.g., the amount of green energy produced, the

ratio of social responsibility, or others) are quantifiable and linked directly to a given seller s

(assumption forming the basis of the proposed market framework). Then, for s, we can denote

them by vector qs = [q1, q2, . . . , qm], where m is the number of all possible criteria taken into

account and qk is certified value for criterion k. For the proposed scheme to work properly,

peers must be confident that submitted values of qs are genuine. Therefore, in this work, we

assume that there should exist a trusted notified body that would officially certify sellers on qs.

This role may be held by the Operator. In the proposed scheme, the values of qs are known to

peers, whenever offers are submitted by s.
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5.3.5 Multi-commodity offering mechanism

Green and/or socially responsible energy is often produced from renewable, highly variable

sources. If the dispatch of units results from a single-period load optimisation performed by the

Operator, a given source gmay be dispatched with maximum available output for just one single

period of time t and not be dispatched for other periods at all. From the producer’s perspective,

such a situation may be too costly or even infeasible — firstly because, for some units, its

startup may be simply too expensive or infeasible; secondly, because some generating units are

variable and often depend on the weather. In a case where, as a result of optimisation, a seller is

committed for only a single time period, and due to force majeure happening in that very time

period, it cannot deliver the demanded amount of energy, the seller may be charged high penalty

costs. Therefore, it is desirable to balance generation with loads by considering some form of

security-constrained unit commitment and economic dispatch problem over a longer horizon,

say, consisting of many time periods t = 1, 2, . . . , H .

A convenient way of handling multi-period requirements on the market is by using integ-

rated offers that may represent bundles of commodities in a single offer, in order to clear up

simultaneously many commodities on the multi-commodity market, as presented in [47]. Here,

we can use this general approach to create multi-period offers that represent profiles of gener-

ated or consumed energy over time, in a joint manner for multiple time periods, but at a single,

averaged unit price. If a seller s is able to sell an energy profile over multiple time periods, it

can mitigate the risk of paying higher penalties than the total income over the balancing horizon.

It is worth noting that a given seller normally would be more interested in receiving the

highest income over the entire balancing horizon, and not for a particular time period only. Thus,

offering in a joint manner (for multiple time periods, at an averaged constant unit price) may

bring additional benefits, while mitigating the risks of having the generating source dispatched

for only one time period. However, as described further in this Section, when amulti-commodity

offering mechanism is available on the market, it is only an option, and it does not restrain sellers

from submitting many single-period offers with time-varying prices (it is always a matter of the

individual seller’s business decisions, how they wish to design their offers).

A single multi-commodity offer covers many time periods within the balancing horizon.

The ith offer of seller s is defined by a vector of parameters αi,s = [α1
i,s, α

2
i,s, ..., α

H
i,s], 0 ≤

αt
i,s ≤ 1 ∀t = 1, 2, ..., H ,

∑H
t=1 α

t
i,s = 1, maximum volume P̄i,s offered over entire horizon, and

constant unit price ei,s (over the entire horizon), and the quality vector qs described previously.

Parameter αt
i,s reflects the portion of offered volume Pi,s, 0 ≤ Pi,s ≤ P̄i,s, in a given time period

t. Hence, the amount of energy P t
i,s offered by s in time period t through offer i is given by (5.1)

P t
i,s = αt

i,s Pi,s. (5.1)

To conclude, a given multi-commodity offer may be formally described by the quadruple
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given in (5.2).

(P̄i,s, ei,s,αi,s,qs). (5.2)

It is worth noting that the multi-commodity notation is general enough to also express stand-

ard single-commodity (single-period) offers, as a particular case. Table 5.1 gives examples of

vector αi,s for a single-commodity and for a multi-commodity offer over balancing horizon

H = 3. Assigning α1
i to 1 and all other α

2,3
i to 0 expresses a single-period offer, with a time-

varying price. Therefore, the proposed notation allows for consideration of both time-varying

and time-constant offering prices directly.

Table 5.1: Examples of αi,sfor single-commodity and multi-commodity offers.

Single-commodity Multi-commodity

α1
i 1 0.4

α2
i 0 0.5

α3
i 0 0.1

5.4 Mathematical modelling and possible peers

This Section gives the mathematical formulation of the multi-criteria (mixed-integer) linear pro-

gramming optimisation problem for balancing the energy system that takes into account the

aspirations and reservations of peers towards all considered criteria. We describe separately

exemplary peers that may take part in the proposed architecture with their corresponding math-

ematical models.

However, as already stated in Section 5.3.2, we propose that all balancing calculations are

performed by the Operator. Therefore, the complete optimisation problem presented in Sec-

tion 5.4.5 must be solved by the Operator. The individual optimisation subproblems of different

peers are presented in this Section for the sake of deriving constraints to the problem of the

Operator.

5.4.1 Producer g

In this work, we assume that all producers are formally certified on qs, and the origin of resources

or fuels to produce energy is not considered. Therefore, a given producer g considers only one

criterion, i.e., maximisation of its income. If we assume for simplicity (and without loss of

generality) that the production cost function is constant, it is equivalent to profit maximisation.

This having been said, the optimisation problem of g takes on the form of (5.3):
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max cg =
∑
i∈Cg

(ei,g

H∑
t=1

Pi,gα
t
i,g)

s.t. Pt ≤
∑
i∈Cg

Pi,gα
t
i,g ≤ Pt ∀t = 1, 2, . . . , H

(5.3)

where:

• Pt / Pt —min/max generating capabilities of g in time instance t (parameters);

• Cg — set of peers buying from g;

• description of the offer as in (5.2).

The constraint assures that for each time instance, the producer’s sold energy stays within

its technical generation capabilities.

5.4.2 Consumer i

In this work, we consider a situation where consumers are not only interested purely in min-

imising the cost of consumed energy but also in reaching their aspirations towards additional

criteria q.

For simplicity and without losing the generality of derivations, in the remainder of this

Chapter, we will be referring to a single additional criterion q present on the market and con-

sequently to a single certified value of this criterion for sellers — qs. Under the assumption that

only one additional criterion is considered, a given consumer i is interested both in minimising

the cost of its energy and in reaching its aspiration towards this additional criterion q. Assuming

that i is willing to maximise q and minimise cost, i’s optimisation problem is given in (5.4):

max [−ci1, qi2]

s.t. ci1 =
∑
s∈Ki

ei,s

H∑
t=1

Pi,sα
t
i,s,

qi2 =
1∑H

t=1 ∆t

∑
s∈Ki

qs

H∑
t=1

Pi,sα
t
i,s,∑

s∈Ki

Pi,sα
t
i,s = ∆t ∀t = 1, 2, . . . , H,

Pi,s ≥ 0 ∀j ∈ Ki

(5.4)

where:

• ci1 — total cost of energy bought by i (variable);

• qi2 — q of i averaged over the entire balancing horizon (variable);
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• Ki — set of selling peers that submitted an offer to i;

• ∆t — i’s demand for energy in a given time period t (parameter);

• description of the offer as in (5.2).

The third constraint assures that the demand of customer i is covered in each time instance,

and the fourth constraint is the mapping of variables related to the sellers with the ones related

to i.

5.4.3 Broker b

In the described market setup, we may also foresee the participation of brokers. Their role may

be to group small buyers and represent them on the peer-to-peer market. Brokers would buy

energy on their behalf and resell it to them afterwards. In that way, weak buyers may achieve

better prices, in comparison to direct negotiations with producers. This is obviously due to

the fact that the aggregated demand of broker b is usually much higher than the demand of

single smaller buyers and in that way, b may negotiate much better unit prices. Furthermore,

broker b may also serve to disaggregate multi-commodity offers into single-commodity ones or

vice versa. We assume that a broker is a party that cannot store energy and needs to resell it

immediately after it has been bought — i.e., in the same time period t.

A broker both buys and sells energy. On one hand, it is willing to reach aspirations towards

q of buyers to whom it is selling the energy; on the other, as it sells the energy to buyers, b should

equally be certified towards q as a seller. We propose that it is certified basing on a broker’s

reservation on q submitted to the Operator (averaged over the entire horizon). This is given in

(5.5):

qb = w rqb (5.5)

where:

• w—empirically determined coefficient (w ∈ [0; 1]), describing the ratio of what percent-

age of the reservation has been finally determined by optimisation, usually w ≈ 1

• rqb — reservation of b towards q over the entire balancing horizon.

A broker is willing to fulfil the aspirations/reservations of represented buyers. Thus, it looks

at two criteria— profit maximisation and reaching the desired value of q. The broker maximises

its profit (not income) as the cost components are well known to the Operator and the broker

itself. Since the value of criterion q is directly linked to the amount of energy bought over the

balancing horizon, it is necessary that this amount is estimated.
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Due to the high variability of flows to and from the broker, we propose to estimate the volume

of energy bought by b on the basis of forecasts of the sales. Hence, the expected values can be

used in the optimisation model. We make this assumption as it is a commonly used method by

many Distribution System Operators to estimate energy demand profiles of households basing

on typical (expected) consumption, as documented in one of the Polish DSO’s (Tauron Dystry-

bucja) Distribution Grid Code [181].

Having said all of the above, the broker’s optimisation problem takes the form of (5.6):

max [cb1, q
b
2]

s.t. cb1 =
∑
m∈Cb

em

H∑
t=1

Pmα
t
m −

∑
l∈Kb

el

H∑
t=1

Plα
t
l ,

qb2 =
1

E(
∑

l∈Kb
Pl)

∑
l∈Kb

qlPl,∑
m∈Cb

Pmα
t
m =

∑
l∈Kb

Plα
t
l ∀t = 1, 2, . . . , H,

Pl, Pm ≥ 0 ∀i ∈ Cb, l ∈ Kb

(5.6)

where:

• cb1 — broker’s total profit (variable);

• qb2 — broker’s value of q averaged over entire horizon (variable);

• Kb set of selling peers that submitted offers to b;

• Cb set of buying peers to whom b submits its offers;

• E(
∑

l∈Kb
Pl)— expected amount of energy bought by b during the entire exchange hori-

zon (parameter);

• description of the offer as in (5.2).

The third constraint assures that for each time instance, the amount of energy sold by the

broker equals the energy bought by the broker. This is in line with our assumption that the

broker has no ability to store energy and must re-sell it immediately after buying. The fourth

constraint assures mapping between problems of buyers, sellers and brokers.

5.4.4 Flexible Prosumer with Storage (FLECSP) f

In the peer-to-peer market environment, we can foresee the existence of the most general type

of peers, flexible prosumers with storage, denoted as FLECSP in this work. They are able to act

simultaneously as producers, consumers, and storage operators. They may then produce energy
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for their own needs, sell its excess to interested buyers, and use storage to shift time periods of

different actions (e.g., buy energy in time period t and sell it in t+ 5).

In that way, FLECSP should be certified on q equally as a seller. However, it possesses both

its own generating source and can buy energy from others to resell it to other peers afterwards.

Thus, its certification on q should take into consideration both its own source and the fact of

buying energy from others. We propose to denote it as in (5.7):

qf =
qgf + qmf

2
(5.7)

qmf = w rf

where:

• rf—reservation of f on q of energy being bought;

• qgf—officially certified value of q of FLECSP’s generating unit;

• w—empirically determined coefficient (w ∈ [0, 1]), describing the ratio of what percent-

age of the reservation has been finally determined by optimisation, usually w ≈ 1.

With such defined certification, we can write FLECSP’s optimisation problem, as in (5.8).

Similarly, as for the broker b, FLECSP is interested both in maximising its profit and in reaching

the targeted level of q over the balancing horizon. Charging and discharging of storage units

cannot happen simultaneously. This is modelled using binary variables, causing the optimisation

problem to be a mixed-integer program (MIP):
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max [cf1 , q
f
2 ]

s.t. cf1 =
∑
m∈Cf

em

H∑
t=1

Pmα
t
m −

∑
l∈Kf

el

H∑
t=1

Plα
t
l ,

qf2 =
1∑H

t=1 ∆
f
t

(
∑
l∈Kf

qlPl + P t
fg1 qf +

H∑
t=1

P t
ffs1 −

H∑
t=1

P t
ffs) ,

P t
ffs +

∑
l∈Kf

Plα
t
l + P t

fg = P t
fts +

∑
m∈Cf

Pmα
t
m +∆f

t ∀t = 1, 2, . . . , H,

∆f
t + P t

fts = P t
ffs1 + P t

fg1 +
∑
l∈Kf

Plα
t
l ∀t = 1, 2, . . . , H,

∑
m∈Cf

Pmα
t
m = P t

ffs2 + P t
fg2 ∀t = 1, 2, . . . , H,

∆f
t ≤ P t

ffs +
∑
l∈Kf

Plα
t
l + P t

fg ∀t = 1, 2, . . . , H,

P t
ffs1 + P t

ffs2 = P t
ffs ∀t = 1, 2, . . . , H,

P t
fg1 + P t

fg2 = P t
fg ∀t = 1, 2, . . . , H,

P t
fg ≤ P t

fg ≤ P t
fg ∀t = 1, 2, . . . , H,

0 ≤ P t
ffs ≤ SOCt ∀t = 1, 2, . . . , H,

SOCt = SOCt1 + ηP t−1
fts − ηP t−1

ffs ∀t = 1, 2, . . . , H,

SOC ≤ SOCt ≤ SOC ∀t = 1, 2, . . . , H,

0 ≤ P t
fts ≤M yt1 ∀t = 1, 2, . . . , H,

0 ≤ P t
ffs ≤M yt2 ∀t = 1, 2, . . . , H,

yt1 + yt2 ≤ 1 ∀t = 1, 2, . . . , H,

yt1, y
t
2 ∈ {0, 1} ∀t = 1, 2, . . . , H,

Pl, Pm ≥ 0 ∀i ∈ Cf , l ∈ Kf

(5.8)

where:

• cf1 — FLECSP’s total profit (variable);

• qf2 — FLECSP’s value of q averaged over entire horizon (variable);

• Kf — set of selling peers that submitted offers to f , in the general situation f is also

included in this set as it can produce energy for its own needs;

• Cf — set of buying peers to whom f submits its offers in the general situation f is also

included in this set;
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• P t
ffs — total amount of energy taken from storage in time period t (variable);

• P t
fts — amount of energy sent to storage in t (variable);

• P t
fg — total amount of energy generated in t (variable);

• ∆f
t — amount of energy demanded for f ’s needs in t (parameter);

• P t
ffs1, P

t
ffs2 — amount of energy taken from storage for f ’s internal needs and for sale to

others in t respectively (variables);

• P t
fg1, P

t
fg2 —amount of energy generated by f for f ’s internal needs and for sale to others

in t respectively (variables);

• SOCt — state-of-charge of the storage in t (variable);

• SOC/SOC —min/max limits of SOC (parameters);

• η — effectiveness of charging/discharging system (parameter);

• P t
fg/P

t
fg —min/max capabilities of f ’s generating source in t (parameters);

• M — constant large enough not to limit variables (parameter);

• yt1, y
t
2 — binary variables for storage modelling;

• description of the offer as in (5.2).

Constraints 3 to 8 assure the FLECSP’s power balance, distinguishing whether a given amount

of energy was taken for FLECSP’s needs or for sale to others. Constraints 9 and 10 assure

that the amounts of energy generated by FLECSP or taken from storage are within their limits.

Constraints 11 and 12 are model the charging phenomenon of f ’s storage, considering its effect-

iveness. Constraints 13 and 14 are the Big-M ones to allow for constraint 15 to be written, which

assures that charging and discharging of the storage cannot happen simultaneously. Constraint

17 assures for the mapping of variables between different actors.

One should notice that the formulation derived does not allow for the FLECSP to act as a

broker, meaning that buying energy from other peers and then re-selling it is not possible. This

is because we want the FLECSP to be as close to a regular prosumer as possible and because a

dedicated broker peer is already modelled separately. If one decides, that broker activities are

needed, then the model can be extended accordingly. This can be easily achieved by dividing

the model of the offered received by f from others into two parts— one for re-sell, and the other

for internal needs. This is however deemed out of scope for this work.
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5.4.5 Operator

As stated previously in Section 5.3.2, the only complete optimisation problem considered in this

work is the one for the Operator. It is considered to be the dispatcher of this specific SGI (energy

generation). All previously described mathematical models, i.e., the ones of the producers,

consumers, brokers and FLECSPs were prevented only to formulate the Operator’s optimisation

problem. All other actors’ sub-problems are built into the Operator’s problem in the form of

constraints.

Having said this, we propose theOperator’s optimisation problem in the form of (5.9). Please

note, that the vector of criteria consists of all criteria, for all participants. Due to spacing limit-

ations, we write it in a compound form.

max [cg,−ci1, qi2, cb1, qb2, c
f
1 , q

f
2 ] ∀g ∈ G, i ∈ Ic, b ∈ B, f ∈ F

s.t. P roducers′ constr. ∀g ∈ G,

Consumers′ constr. ∀i ∈ Ic,

Brokers′ constr ∀b ∈ B,

FLECSPs′ constr. ∀f ∈ F ,

+DC −OPF network constr. (optionally)

(5.9)

where:

• G — set of producers (suppliers),

• Ic — set of consumers (customers),

• B— set of brokers,

• F — set of FLECSPs.

5.4.6 Incorporating enhancements towards network feasibility

The power flow can only be technically attainable (in this Chapter referred to as network-

feasible) if all the variables, i.e., generating units setpoints, branch power flows, nodal voltages

and nodal voltage angles fall within their technical limits. As it was shown in [182], the network

feasibility of the power flow, considering both active and reactive flow, depends highly on the

grid model used for determining the power dispatch of generating units. Thus, depending on the

model of dispatching the units, despite the fact that all generation setpoints lay within generating

units’ capabilities, a non-feasible power flow may be obtained [20].

Therefore, additionally to the already described constraints, we optionally add to (5.9) the

network constraints of the standard linear DC Optimal Power Flow problem in the multi-period
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form. DC-OPF is a linear approximation of the AC-OPF problem, for modelling active power

flows within the power grid in the optimisation problem. Inclusion of the network constraints

to the proposed optimisation problem allows the Operator to determine a dispatch of the gener-

ating units which is more likely to be network-feasible or be closer to feasibility. One should

remember that it is still an approximation and does not fully guarantee meeting all constraints.

Since the DC-OPF problem is well known in the literature and does not form the main scope

of this work, formulation of those constraints is omitted in this Chapter. However, an interested

reader may consult references [183, 184, 185, 186] for detailed explanations.

Furthermore, to assure for even more secure transmission, for each time period, the Operator

(together with negotiating peers) may iteratively run the method described in [20]. However,

this is given only as a possible extension to the proposed framework and is not studied within

this Chapter.

5.5 Relation with SGI dipatching problem and scalarisation

As already stated, the only problem which is solved in operating the energy market considered

is the one of the Operator (5.9), understood as the SGI dispactcher. It is derived as a specific

implementation of the generic SGI dispatch optimisation problem SDOQ (3.1). One may no-

tice, that in (5.9) we have two criteria per each customer — one quality criterion and one cost

criterion, and one per supplier — income (or profit). Those are given as specific definitions of

the generic functions f 1(x) and f 2(x) of the SDOQ problem (3.1). In this Case Study’s specific

setting, we also consider participants who are both customers and suppliers — namely brokers

and FLECSPs. Since they are present also on the demand side, they carry both monetary and

quality criteria. All the above criteria are put into the optimisation problem (5.9). Optimisa-

tion variables then reflect the amount of service (electrical energy) offered by suppliers to the

customers. Here, the vector x is composed of continuous decision variables Pπ, where π is the

specific index for the supplier peer considered (producer, broker, FLECSP). Those variables are

only two-dimensional as in this Case Study the time dimension is treated through the αt
π para-

meter. The generically described feasible set in the SDOQ problem — Q, in this Case Study is
defined by means of auxiliary variables specific to the energy generation problem together with

many case-specific constraints. The constraints, which are specific to the operations of the peers

are part of their respectivemodels (5.3) - (5.8) and then transferred to the Operator’s/dispatcher’s

problem. What is more, some constraints defining Q, which are specific to the operations of
the complete system (i.e., DC-OPF constraints) are built directly into the Operator’s problem

(5.9). The demand for the SGI service (given as ∆i in SDOQ) is incorporated into the models

of energy consumers and FLECSPs and results from their physical needs for electricity.

We select to scalarise the problem proposed (5.9) using the Reference Point Method scalar-
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isation in the multi-criteria non-equitable formulation. This decision follows from the conclu-

sions drawn from the analysis from the Chapters 3 and 4. We decide not to use the equitable

formulation as, according to our findings summarised in Chapter 4, the solution time of this

formulation is much higher than the non-equitable one. At the same time, any possible loss in

performance of the functional indices is significantly lower than the gain in solution time. Here,

one should remember that the dispatcher needs to make quick and accurate decisions on how to

dispatch generating units.

Despite our decision to proceed with the non-equitable problem for this Case Study, in a

real-life situation the Decision Maker may want to implement the equitable version of SDOQ.

However, this should be a subject of a deep DM’s cost-benefit evaluation prior to implementing.

5.6 Case Study

The proposed multi-criteria energy dispatch framework with quality-based criteria has been

tested on the IEEE-30 standard 30-bus, 6-generator test system available [187]. The dispatch

of the generators considered has been calculated using the problem (5.9) in various configura-

tions. The one-line schematic is shown in Figure 5.2. Unfortunately, the test system does not

have any network flow limits imposed. Thus, we take them from Case 30 available in MAT-

POWER [188], which has been derived from the IEEE-30 system. Those network constraints

are imposed only in Sec. 5.6.3. We decide to perform the Case Study on the standard IEEE 30-

bus since it is a well-renowned standard system. For mathematical modelling of the approach,

we used Matlab with MATPOWER and CVX — a package for specifying and solving convex

programs [145, 146].

For all tests, we assume that the producer in node 5 is a photo-voltaic farm whose generation

profile outcomes from real-life solar radiation data are taken from Pescara, Italy. Historical solar

radiation data were obtained from SOLCAST [189]. We also assume that the producer in node

1 can produce a maximum of 100MW in each time instance (i.e., Pt = 100MW).
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Figure 5.2: IEEE 30-bus system. Graphics taken from [190].

In the Case Study, we assume certifications on qs of the generating units as given in Table 5.2.

We assumed that higher certified values of qs imply higher prices offered by generating units.

Table 5.2: Assumed values of qs.

Gen ID qs

1 0.2221

2 0.4565

5 0.9000

8 0.7981

11 0.8919

13 0.8303

Tests have been performed in a few different settings, depending on the types of actors

present and analysed. For the test, we assumed a day-ahead 15-min balancing horizon, implying

that the optimisation horizon is equal to 96 time periods— i.e.,H = 96. Demand changed from

one time period to another such that a random component was added to the load attached to the

bus as specified in the IEEE 30 test system available in MATPOWER.

First, we look at a simple market with producers and consumers only. Then, we also analyse

the impact of the multi-commodity offers and inclusion of network constraints to (5.9). Fur-

thermore, we also analyse the impact of introducing brokers and also FLECSP prosumers to the

discussed setup. In the last cases, for simplicity, generally, we present results obtained when

peers submitted single-commodity offers only. Operations on the multi-commodity mechanism

are limited to Section 5.6.2 only.
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Due to space limitations we do not cite the input data in this work. However, all data for all

experiments are available in the online storage under the link: https://bit.ly/3rPZATG.

5.6.1 Simple market — producers and consumers

In this Section, we analyse a simple market structure, where only producers g and consumers i

are present. We assume they are attached to buses as in Figure 5.2. We tested the approach over

three scenarios, differing by values of aspirations and reservations of peers.

In Scenario 1, none of the consumer peers care about q, all of them want to pay as little as

possible for their energy. On the other hand, all producers want to earn as much as possible.

This is expressed by their aspirations acosti and aincome
g , respectively. The interval between re-

servations (rqi ) and aspirations (a
q
i ) of consumers towards q is large enough to cover the entire

space of possible values q — to reflect consumers’ indifference towards this criterion.

In Scenario 2, consumer 9 wants to have a higher value of q associated with consumed en-

ergy, ideally equal to 0.9. This is expressed by its aspiration aq9 towards this criterion. However,

the peer would also accept q = 0.8 as its reservation towards this criterion, therefore rqq = 0.8.

At the same time, other consumers would still want to pay as little as possible and only consumer

9 agrees to pay more for energy with a higher value of q.

In Scenario 3, however, the situation slightly changes. Here, we consider not only Consumer

9 as aspiring for q = 0.9, but also the remaining consumers wish to have values of q within

interval [0.5; 0.6]. The assumed values of the reservations and aspirations for different scenarios

are summarised in Table 5.3.

Table 5.3: Assumed values of aspirations and reservations taken for different scenarios.

Scenario 1 Scenario 2 Scenario 3

aincome
g [$] 5.00× 105 5.00× 105 5.00× 105

acosti=1,2,..,21\{9} [$] 1.00× 102 1.00× 102 1.00× 102

acost9 [$] 1.00× 102 1× 102 1.00× 102

aqi=1,2,..,21\{9} 0.00 0.00 0.60

aq9 0.00 0.90 0.90

rincome
g [$] 5.00× 103 5.00× 103 5.00× 103

rcosti=1,2,..,21\{9} [$] 4.00× 104 4.00× 104 5.00× 104

rcost9 [$] 4.00× 104 6.00× 104 6.00× 104

rqi=1,2,..,21\{9} 1.00 0.00 0.50

rq9 1.00 0.80 0.80

In this test, only single-commodity offers were submitted. Unit prices were taken randomly,

under the assumption that, for a higher value of qs, the offering price is also higher.
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We compare the results obtained by solving the problem (5.9) in scalarised with the use of

RPM in the non-equitable form, with the following alternative approaches (5.10), (5.11) where

Q represents the feasible set of the problem considered and x — vector of decision variables.

The results obtained are shown in Tab. 5.4, where by (5.9) we mean the problem proposed

scalarised with RPM in the non-equitable formulation.

min
∑
i∈Ic

ci1

s.t. x ∈ Q
(5.10)

min v1
∑
i∈Ic

ci1 − v2
∑
g∈G

cg − v3
∑
i∈Ic

qi2

s.t. x ∈ Q
(5.11)

where: v1, v2, v3 — arbitrarily chosen positive weights.

In the comparisons, we look at the indices given in the points below. Due to space limita-

tions, we do not cite the indices in full in the table but only give their respective item number

(numbering as presented below). Similarly to the previous experiments, we assume that the

aspirations and reservations reflect accurately participants’ preferences, as they are submitted

by themselves personally. We also check the values of quality received by consumers 9 and 1.

We look at Consumer 9 since it is assumed to aspire for higher values of q in Scenarios 2 and

3. Consumer 3 is randomly taken for comparison. Numerical results of tests are presented in

Table 5.4. Having said the above, the indices considered are:

1. Number of criteria being at least as good as their reservations associated (max. 48);

2. Number of criteria being worse from their reservations by at least 10%;

3. Maximum percentage gap between the criterion value and its reservation, for both cost

and quality criteria jointly;

4. Mean value of the utility function;

5. Value of qi2 received by Consumer 9;

6. Value of cost paid by Consumer 9 [$];

7. Value of qi2 received by Consumer 3;

8. Value of cost paid by Consumer 3 [$].

The description and formulation of the indices are as given in Chapter 4. We omit here

the investigations of the optimiser’s solution time, as in the Case Study we focus more on the

functional attributes of the solutions obtained with respect to operating the energy market. What
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is more, the relation between the solution time and the problem formulation has already been

studied in Chapter 4.

Table 5.4: Results of numerical tests — simple market, Scenario 1

Results of numerical tests — simple market

Scenario 1

Index (5.9) (5.10)

(5.11)

v1 = 1,

v2 = 1,

v3 = 1

(5.11)

v1 = 0.8,

v2 = 15,

v3 = 1.2

(5.11)

v1 = 0.8,

v2 = 1.2,

v3 = 15

(5.11)

v1 = 15,

v2 = 1.2,

v3 = 0.8

(5.11)

v1 = 15,

v2 = 0.8,

v3 = 1.2

(5.11)

v1 = 1.2,

v2 = 0.8,

v3 = 15

(5.11)

v1 = 1.2,

v2 = 15,

v3 = 0.8

1 43.00 40.00 32.00 34.00 34.00 40.00 40.00 40.00 34.00

2 5.00 7.00 15.00 14.00 14.00 7.00 7.00 7.00 14.00

3 76.42% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00%

4 −112.52 −141.10 −532.46 −569.35 −569.31 −141.10 −141.10 −140.88 −569.35
5 0.54 0.40 0.89 0.85 0.85 0.40 0.40 0.90 0.85

6 2.27× 104 1.63× 104 4.46× 104 3.87× 104 3.87× 104 1.63× 104 1.63× 104 1.90× 104 3.87× 104

7 0.63 0.37 0.89 0.85 0.85 0.37 0.37 0.37 0.85

8 3.15× 104 1.90× 104 5.49× 104 4.72× 104 4.72× 104 1.90× 104 1.90× 104 1.63× 104 4.72× 104

One can note that even in Scenario 1 the multi-criteria approach using the RPM scalarisation

allowed to produce results, which outperformed all the alternative approaches in the overall

market indices studied, i.e., lowest maximum gap and the highest mean value of the utility and

the lowest number of criteria worse by at least 10% than their reservation, and in the number of

criteria being as good as their reservation. Thus, we may conclude that the proposed approach

allowed us to produce results more tailored to customers’ needs in Scenario 1.

Results obtained for Scenario 2 are shown in Tab 5.5. We see clearly from the results, that

once again the proposed approach managed to produce more tailored results to participants’

needs. This time it outperforms the alternative approaches in all the overall market indices

studied. What is more, it also gives the quality results as requested by Consumer 9 — close to

0.9 with its cost in the acceptable limits. Thus, the behaviour is just as expected.
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Table 5.5: Results of numerical tests — simple market, Scenario 2

Results of numerical tests — simple market

Scenario 2

Index (5.9) (5.10)

(5.11)

v1 = 1,

v2 = 1,

v3 = 1

(5.11)

v1 = 0.8,

v2 = 15,

v3 = 1.2

(5.11)

v1 = 0.8,

v2 = 1.2,

v3 = 15

(5.11)

v1 = 15,

v2 = 1.2,

v3 = 0.8

(5.11)

v1 = 15,

v2 = 0.8,

v3 = 1.2

(5.11)

v1 = 1.2,

v2 = 0.8,

v3 = 15

(5.11)

v1 = 1.2,

v2 = 15,

v3 = 0.8

1 43.00 39.00 33.00 34.00 34.00 39.00 39.00 39.00 34.00

2 5.00 8.00 14.00 14.00 14.00 8.00 8.00 8.00 14.00

3 76.42% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00%

4 −112.51 −223.66 −530.03 −569.35 −569.30 −223.66 −223.66 −223.45 −569.35
5 0.89 0.40 0.89 0.85 0.85 0.40 0.40 0.40 0.85

6 4.39× 104 1.63× 104 4.46× 104 3.87× 104 3.87× 104 1.63× 104 1.63× 104 1.90× 104 3.87× 104

7 0.53 0.37 0.89 0.85 0.85 0.37 0.37 0.37 0.85

8 2.68× 104 1.90× 104 5.49× 104 4.72× 104 4.72× 104 1.90× 104 1.90× 104 1.63× 104 4.72× 104

We now investigate the behaviour of the proposed problem over Scenario 3. The results

are shown in Tab. 5.6. It is immediately noticeable that, again, the proposed approach allowed

to produce results which are more tailored to participants’ needs. In that sense, it allowed to

yield results giving the majority of consumers the level of quality they demanded. The above

conclusion may be drawn by looking at all overall market indices. Similarly to Scenario 2, the

proposed approach outperformed all other alternative ones investigated.

It is worth noting that the problem proposed allowed us to both take into consideration the

criteria (together with linked preferences) of both producers and consumers and to clear the

market accordingly. It is an interesting quality, as it makes it possible to attract both the demand

and supply side market participants.

Table 5.6: Results of numerical tests — simple market, Scenario 3

Results of numerical tests — simple market

Scenario 3

Index (5.9) (5.10)

(5.11)

v1 = 1,

v2 = 1,

v3 = 1

(5.11)

v1 = 0.8,

v2 = 15,

v3 = 1.2

(5.11)

v1 = 0.8,

v2 = 1.2,

v3 = 15

(5.11)

v1 = 15,

v2 = 1.2,

v3 = 0.8

(5.11)

v1 = 15,

v2 = 0.8,

v3 = 1.2

(5.11)

v1 = 1.2,

v2 = 0.8,

v3 = 15

(5.11)

v1 = 1.2,

v2 = 15,

v3 = 0.8

1 42.00 20.00 34.00 35.00 35.00 20.00 20.00 20.00 35.00

2 6.00 28.00 13.00 11.00 11.00 28.00 28.00 28.00 11.00

3 71.80% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00%

4 −143.44 −653.98 −372.63 −405.97 −405.93 −653.98 −653.98 −650.05 −405.97
5 0.89 0.40 0.89 0.85 0.85 0.40 0.40 0.40 0.85

6 4.38× 104 1.63× 104 4.46× 104 3.87× 104 3.87× 104 1.63× 104 1.63× 104 1.63× 104 3.87× 104

7 0.60 0.37 0.89 0.85 0.85 0.37 0.37 0.37 0.85

8 2.99× 104 1.90× 104 5.49× 104 4.72× 104 4.72× 104 1.90× 104 1.90× 104 1.90× 104 4.72× 104

The tests performed revealed that by considering quality-based criteria in the dispatch of
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generating units in the simple market, allowed us to produce results which respond better to

participants’ needs. The level of responsiveness to these needs is reflected by the utility function

together with information on how the optimiser manages to allocate the dispatch so that the

reservations are met.

5.6.2 Introduction of the multi-commodity offers

In this Section, we present simulation results for the case when a multi-commodity mechanism

was introduced. To better outline why this specific mechanism may be of interest to peers, we

assume that the only peer which is able to submit the multi-commodity offers is the PV producer

located in node number 5.

We assume that the above producer submits both single and multi-commodity offers to all

consuming peers. Single-commodity offers have exactly the same unit price as in previous

experiments. However, the unit price for multi-commodity offers is lower due to the fact of a

larger volume of offerings. It is then up to the Operator to Pareto-optimally decide on offers

taken by solving (5.9). In our test, for simplicity, we assumed that the unit price in a multi-

commodity offer is equal to 85.58$ to all consumers. This makes 80% of the average unit price

offered through a single-commodity mechanism to all consumers.

For experiments, we take Scenario 3, as parameterised in Table 5.3. We specifically compare

calculated profiles of generation of the PV producer in node 5 between situations where only

single-commodity and both single and multi-commodity offers are submitted. Calculated PV

generation profiles are shown in Figures 5.3 and 5.4. Numerical results are shown in Table 5.7.

To keep consistency with previous experiments, we look at the same indices 1 to 8.
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Figure 5.3: PV generation profile when only single-commodity offers are submitted.
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Figure 5.4: PV generation profile when both single and multi-commodity offers are submitted.

Table 5.7: Numerical results while having single-commodity offers only and single + multi-

commodity.

Index
Single-commodity

offers only

Single

and multi-commodity offers

1 42.00 42.00

2 6.00 6.00

3 71.80% 71.80%

4 −143.45 −143.45
5 0.89 0.89

6 4.38× 104 4.40× 104

7 0.60 0.60

8 2.99× 104 2.92× 104

PV farm is a variable and dependent onweather energy source. The introduction of themulti-

commodity offering mechanism allowed for committing the PV producer for the best possible

generation profile over the whole time horizon rather than for a zigzagging output, as seen in

Figure 5.3. This gives the possibility of reducing startup costs, as well as mitigating weather

variation-related risks, without further restricting the feasible region of (5.9). When no special

restrictions or no multi-commodity offers are in place, in an extreme situation, a variable source

may be dispatched for one time period only. In case of a sudden weather change, the source

concerned will not have any possibility of reacting to the new situation and will only be charged

some penalties.

We can also see that the general overall market indices investigated (1 to 4) did not change,
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despite having the optimal solution changed— as can be seen by comparing the two production

profiles depicted in Fig. 5.3 and in Fig. 5.4 and by comparing indices 6 and 8.

In that sense, we may conclude that the introduction of the multi-criteria mechanism may be

successfully accomplished in the setup, where quality-based criteria are considered in addition

to the cost ones. Such an introduction may allow for generally improving the balancing results

(from an operational perspective) without compromising the fulfilment of peers’ preferences.

On the other hand, we have also shown that the energy balancing with the help of the SDOQ

problem can also work in the setup where multi-commodity offers are considered. However,

this is only given as a potential addition to the architecture and does not constitute the main body

of this study.

5.6.3 Addition of network constraints

Ensuring that the power flow resulting from computed dispatch is technically feasible is of great

importance to the Operator. Thus, we outline that it is possible to add to the problem (5.9) the

standard DC-OPF network constraints. Although not necessary, having them in might improve

the rate of network-feasibility of the optimised results.

In this Section, we present numerical results of the performed test, where we compared situ-

ations with and without the additional constraints under Scenario 3, with no multi-commodity

offers allowed. We choose Scenario 3 for tests, as it is the most demanding one. To identify

if a given dispatch is network-feasible or not, we solve the regular AC-OPF, as built in MAT-

POWER. We assume that the regular AC-OPF can change each unit’s dispatch by no more

than +/−3% of the output calculated by solving (5.9), for each time period. We permit these

small changes to, for example, allow for the compensation of transmission losses, which are not

estimated in the linear DC-OPF formulation. When under such a setup and such limitations,

the AC-OPF converge — the power flow in the given time period is concluded to be network-

feasible. Otherwise, it is concluded infeasible. Obtained results are presented in Table 5.8.
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Table 5.8: Results of numerical tests — network constraints.

Index
DC-OPF

not considered

DC-OPF

Considered

1 42.00 42.00

2 6.00 6.00

3 71.80% 71.80%

4 −143.45 −143.45
5 0.89 0.88

6 4.40× 104 4.33× 104

7 0.60 0.60

8 2.91× 104 3.00× 104

Number of

network-feasible

time periods

79.00 90.00

As we see from the results, the number of feasible time periods increased with the addition

of DC-OPF constraints under the Scenario investigated, yet still did not reach its maximum

number. The increase in feasibility did not change the market indices studied (1 to 4). This

shows, that the proposed approach can work also with the DC-OPF network constraints added,

to improve the feasibility of the network flow.

5.6.4 Market with a broker

In this Section, we present some test results for the case when a broker is introduced to act on the

market. In this case, balancing performance is tested under Scenario 3. We choose this Scenario

since it is the most restrictive and therefore may better outline the differences in performance

between cases with and without the broker.

For testing, we make some assumptions — as summarised in points below:

• one broker is introduced;

• the broker can buy from all producers, but can sell only to consumers in nodes 16, 18, 20,

23, and 29;

• since the broker represents many customers, it has special, lower prices negotiated -

namely always 35$ per unit;

• the broker adds 30% of markup on the price;
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• expected value of sold energy is equal to the total sum of demand of peers able to buy

from the broker;

• the broker cannot store energy and must resell it in the same time period as bought;

• consumers are free to buy energy either from the broker or from the producers directly.

In this test, we assume that the broker’s aspiration on profit — aprofitb = 5× 105$, with the

reservation rprofitb = 1× 103$. The broker’s aspiration and reservation on q (as a consumer)

are equal to 0.61 and 0.6, respectively. This having been said, numerical results are shown in

Table 5.9.

Table 5.9: Results of numerical tests — market with broker.

Index No Broker With Broker

1 (Broker’s not considered) 42.00 42.00

2 (Broker’s nor considered) 6.00 6.00

3 (Broker’s not considered 71.80% 71.80%

4 (Broker’s not considered) −143.45 −140.52
5 0.89 0.89

6 4.40× 104 4.35× 104

7 0.60 0.60

8 2.91× 104 3.12× 104

Broker’s profit [$] — 9.02× 103

Broker’s obtained

value of qb2
— 0.63

Total cost paid by

Broker’s customers [$]
5.71× 104 5.43× 104

As seen from the results, the proposed multi-criteria approach can work well also when a

broker is introduced to the market. Such a broker may represent smaller, less powerful con-

sumers by aggregating them. In that way, it may help in reducing the cost paid by its customers.

The method also allowed for the broker to make the requested profit.

5.6.5 Market with a broker and with a FLECSP

In this Section, we analyse the case with both a broker and a FLECSP introduced to the market.

We consider FLECSP to be a flexible prosumer equipped with a storage utility. It may produce

energy for its own needs, sell to others and buy from others either to use for its own needs or to
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resell to other consumers. Since FLECSP is equipped with energy storage, it does not have to

sell the energy right after buying/producing it but may shift time periods of delivery.

Similarly to a previous case with a broker only, for testing, we take the instance similar to

Scenario 3 with single-commodity offers only. We make the below assumptions on FLECSP:

• FLECSP is located at node 2 of the studied network;

• FLECSP substitutes the producer located at node 2 in previous experiments;

• FLECSP has a 6.2 MW PV plant with 48 MWh storage;

• FLECSP offers its processed energy to all consuming peers on the market at the uniform

price of 45$ per unit;

• Expected value of the energy processed by FLECSP is equal to node 2’s total demand;

• FLECSP certified value of qgf equals 0.9, which forw = 1 and the below stated reservation

gives qf = 0.7;

• FLECSP’s storage state-of-charge should be close to 0 at the end of the balancing horizon;

• FLECSP cannot act as a broker.

All assumptions on the broker’s behaviour are identical to the ones in Section 5.6.4, with

the exception of changed reservations towards quality as a consumer. This time aspiration on q

equals 0.6 and reservation 0.5— just as for other consumers.

Completely changed setup in the node 2 induced changing previously assumed pricing. What

is more, we have substituted the largest generating unit, capable of producing 140 MW in each

time instance. Therefore, comparing numerical results is of use only within this Section, and it

is not relevant when comparing with previously shown results.

Numerical results with FLECSP in place are shown in Table 5.10. They are compared with

the situation with no FLECSP installed. In this case, node 2 is a purely consuming node —

with no generating unit nor storage capabilities at all. As such, obviously, it cannot trade on the

market either. Assumed aspiration and reservation on the cost that node 2 needs to take are as

follows—acostflecsp = 1×102$ and rcostflecsp = 9.0×104$. However, values on q are 0.6 (aspiration)

and 0.5 (reservation).
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Table 5.10: Results of numerical tests—market with a broker and a FLECSP.

Index
No FLECSP

capabilities

With FLECSP

capabilities

1 43.00 44.00

2 5.00 5.00

3 71.94% 71.73%

4 −158.75 −156.74
5 0.84 0.85

6 3.54× 104 3.72× 104

7 0.81 0.84

8 4.00× 104 4.30× 104

Broker’s profit [$] 8.46× 103 7.68× 103

Broker’s obtained

value of qb2
0.58 0.54

Node 2’s cost [$] 1.06× 105 9.00× 104

Node 2’s obtained value of

qf2
0.74 0.59

As seen from the results, the introduction of FLECSP capabilities may improve the results

of the consumer in node two due to the additional flexibility it provides. We have also shown in

this Section that a more complicated way of modelling, where both a FLECSP and a broker are

introduced, can work well in the proposed multi-criteria approach. Thus, one may conclude that

the approach is general enough to accommodate multiple various types of peers, which may be

present on the energy market.

5.7 Conclusions

In this Chapter, we present a Case Study of the application of the proposed SDOQ problem to

handling electrical energy balancing with peer-to-peer offering.

We present the multi-criteria (mixed integer) linear program which is to be solved by the

market Operator (acting as the SGI dispatcher), considering the aspirations and reservations of

all peers present on the market towards their respective criteria. The idea behind the proposed

approach is that all peers submit values of their aspirations and reservations towards their cri-

teria to the Operator. Then, the Operator solves the proposed optimisation problem by finding

Pareto-optimal solutions that respect submitted reservations and aspiration levels. Therefore,

the resulting market positions reflect as much as possible the different preferences of the par-
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ticipating peers. Here, it should be noted that Pareto-optimality alone does not guarantee the

maximisation of the total economical wealth or fairness/equity of the solutions. Yet, as already

specified in the introduction to this Chapter, equitable optimisation is deliberately not considered

due to significantly longer computational time, with not as significant a benefit linked to chan-

ging the solution.

The proposed optimisation problem is fairly general, so it allows for including multi - com-

modity peer-to-peer offers, network constraints, etc. The former significantly improves offering

performance, especially for weather-dependent energy sources. In the Case Study, we observed

that when multi-commodity offers are introduced, a photovoltaic source is committed for the

complete capability profile during all time periods rather than for selected periods only. This

happens without further constraining the feasible set of the problem. The inclusion of network

constraints to the balancing problem restricts, however, the space of feasible solutions. How-

ever, we have shown that it may be helpful in obtaining technically feasible power flows in more

instances.

For the proposed approach, we have identified many possible actors to be present within the

discussed market setup. They include consumers, producers, brokers and flexible prosumers

with storage. We have shown that such actors may be well integrated and modelled in the

proposed approach, and each one of them may give some added value to the balancing.

In light of the two precedent paragraphs, we have showcased that the proposed approach,

when applied to the energy market, can integrate multiple various peers and extensions to the

problem. In that sense, it may work interestingly for real dispatching of the energy generating

units. We have also shown that not only do we consider the interests of customers in paying low

amounts, but also the interests of sellers in earning profits.

However, despite the fact that our tests were performed on the standard IEEE 30 test system,

we studied the cases limited to actors described in the previous paragraph. We have not analysed

other types of peers that may be envisaged. However, we believe that the set of peers reflects

quite well a variety of possible interests. The described approach is purely conceptual, validated

only in the Case Study given in Section 5.6 of the paper. Further simulation studies are desired,

and a real-live prototype of the multi-objective market could be built to validate the approach

under more realistic operating conditions.

This brings us smoothly to further research possibilities. As already stated, it might be in-

teresting to build a pilot microgrid where the proposed setup could be further developed and

tested. Second, the approach relies on multiple data exchanges between the peers and the Op-

erator. The sensitive data should be kept private at all times, and therefore secure protocols of

communication should be studied. Furthermore, the modelling of storage constraints of the flex-

ible prosumer peer (FLECSP) is accomplished with the help of binary variables. For markets

with many peers of this kind, the computational burden of the proposed mixed-integer linear
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program may be significantly increased. However, whenever found, the Pareto-optimality of

the solution is guaranteed. To reduce the computational burden, some dedicated optimisation

heuristics, or relaxation-based models, may be developed in future works.

It should also be noted that the proposed model considers directly the generation cost cri-

terion only. However, one may also study the impact of other costs, such as the costs of obtain-

ing formal certification of the quality attributes of the generating sources. Such a consideration

would yield another interesting decision-making problem for sellers, namely to infer whether

it is more beneficial to obtain higher certified values of q or not. However, this lies out of the

scope of this paper as it is linked more to capital cost (CAPEX) considerations. However, we

identify this problem as a topic of further research.

Despite the simplifications mentioned above, this Chapter shows both a framework and a

tool to integrate the proposed generic multi-criteria Services of General Interest dispatching

optimisation problem with quality-based criteria into the operations of energy markets. Such

an optimisation tool, if implemented on the energy market, would allow interested peers to

buy energy from sellers who are certified with higher values of the quality criterion so that it

would increase the demand for that quality service. As a result of higher demand, technology

shifts towards sources with higher quality (ecological, social, sustainability or others) may be

experienced. In this Case Study, we have also shown that considering quality-based criteria in

the dispatching of electrical energy generating units adds value to the dispatching and allows

for yielding more tailored results to customers’ needs.
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Chapter 6

Case Study II:

Emergency Medical Services

In this Chapter, we put our proposed generic multi-criteria Services of General Interest dispatch-

ing optimisation problem with quality-based criteria (SDOQ) to action on operating the system

of Emergency Medical Services (EMS) with Emergency Departments (EDs). The problem we

consider is the Pareto-optimal assignment of ambulances to patients and then assignment of pa-

tients who are already on board the ambulances to appropriate EDs. This is done by considering

both time-to-arrival and speciality (quality) of service criteria. We argue that the quality, fur-

ther referred to as speciality of responding units (EMS or EDs), should be assigned as per the

medical needs of the patients. In that way, their chances of survival in the emergency may be

improved.

Similarly to the Case Study I, this Chapter is fully based on our published paper [63]. The

majority of the text given in this Chapter is directly cited from this reference. It should be

noted that the parts of the text describing the medical aspects of various urgent conditions were

authored by the doctors of medicine: Mrs. Klaudia Kułak, MD and Mr. Grzegorz Honisz, MD,

PhD. The Sections authored by them are: Clinical Situation (KK, GH) — Sec. 6.1.1; part of

the Example (GH) — Sec. 6.2.4 and part of the Example of assigning aspirations/reservations

(GH)— Sec. 6.4.1 and assigning of aspirations/reservations for the patients under consideration

in the Case Study (GH). They also participated in the assessment of the results obtained (KK,

GH). We are greatly thankful for their valuable professional contributions to the original paper

[63].

This Chapter is structured as follows: first, we give an introduction to the decision situation,

with its medical background. Then, we analyse the literature. After this, our proposed approach

is described, specific optimisations problems are built, and a possible embedding framework

into the existing decision making process is proposed. Then, we give some examples of how

the proposed approach could be applied to the dispatching of EMS/ED services, which is then
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followed by a Case Study over three scenarios. We finish the Chapter by concluding and dis-

cussing the results.

As in the previous Case Study, the indexing of variables and parameters is specific only to

this Chapter. This is due to the complexity of the models presented.

6.1 Introduction

Dispatching of ambulances to patients and then patients to appropriate Emergency Departments

is a multi-stage decision process. Functional requirements of appropriate Decision Support Sys-

tem must take into account various specific medical and organisational characteristics. On one

hand, in an emergency situation, help must come as soon as possible. On the other hand, how-

ever, the service must be well-suited to the patient’s condition. Currently, many operational

EMS dispatching strategies are used: dispatching of the closest idle unit, maximisation of the

overall coverage, or maximisation of the preparedness of the EMS system [48, 14, 191]. The

strategy of dispatching the closest ambulance has been proven to be sub-optimal already by

Carter et al. [192] and confirmed further by other research works [193, 194].

What is more, it should be noted that in many EMS systems, ambulances differ as per the

levels of speciality they can offer to patients. One example is the Polish national emergency

medical system [195], where ambulances are differentiated basing on the speciality they provide

to the patients. Namely, the following types of EMS units exist:

• Basic— ambulance with at least 2 members of staff being paramedics or nurses;

• Specialist — ambulance with at least 3 members of staff, one of them being a system

doctor;

• HEMS — helicopter emergency medical service, with at least 3 members of staff, one of

them being a system doctor;

• Collaborating units—organisations which normally do not provide public EMS services,

yet might be dispatched if required (e.g., Order of Malta Ambulance Corps Poland).

In many European countries, the process of handling a medical emergency call is as follows:

first, a caller dials an emergency number. All over the European Union, they can dial 112 —

European general emergency number. If 112 is reached, the call would usually be taken by

a non-medical dispatcher, who serves as the first triager. When the non-medical dispatcher

decides that the call is medically valid, they would transfer the call to a dedicated professional

medical dispatcher. The medical dispatcher would then investigate the call further, triage it

appropriately and take care of assigning an appropriate EMS unit if deemed necessary. This

medical dispatcher would then also help the ambulance crew to find an appropriate destination
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hospital. For example, such a model is present in Austria and Germany. In this model, other

services (e.g., Fire Brigade) have their own dispatchers, whowould be handling the call requiring

their support. However, the decision problems faced by those dispatchers are out of the scope

of this Chapter.

In some countries, it is also possible to bypass the 112 number and contact the professional

EMS medical dispatcher directly via a dedicated number. Examples of those countries are:

Poland, Romania and France. There is also another operational model (much less common than

the two previous), where the call is completely handled by the non-medical 112 dispatcher. Such

a model is present in Finland [196].

When present in the process, the medical dispatcher must face a decision-making problem

by making a trade-off between the time requirement for the ambulance to arrive and the spe-

ciality the crew can offer to the patients. Often, this process can be facilitated by the use of

dedicated Medical Priority Dispatch Software, which is discussed further in the Chapter. The

software, however, helps in triaging and categorising the calls but does not optimise directly

for which exact unit (in terms of its callsign) is best to respond. Decisions made may impact

further treatment possibilities. For instance, dispatching an ambulance with no possibility to

teletransmit the electrocardiogram (ECG) to a regional specialist centre for consultations may

result in misdiagnosis of serious cardiac pathologies, including ST-Elevation Myocardial In-

farction (STEMI) [197]. Thus, in the optimal decisions of ambulance-to-patient dispatching, it

is required to take into account both time-to-arrival and the speciality of units.

Once the EMS unit is at the site, the team deepens the diagnosis of the patient’s condition.

Then, based on the results, further decisions must be made to select the appropriate Emergency

Department (ED) by taking into consideration both its speciality required for the patient and the

estimated time-to-arrival. In Poland, Emergency Departments are part of the national medical

emergency system [195]. Just like the ambulances, EDs also offer different levels of specialities

— local EDs, regional specialist centres and trauma centres. In this work, we will be referring

to the two last types as referential EDs and the local one as non-referential ED. Similarly to

assigning ambulances to patients, the problem of identifying the correct ED for a given patient is

a nontrivial decision making process that requires establishing a trade-off between the proximity

to the ED and the speciality needed in the patient’s condition. According to Polish regulations,

the establishment of the ED to which the patient is to be taken results from the joint collaboration

of the dispatcher with the chief of the emergency medical team caring for the patient.

Some acute conditions require highly specialised quick treatment in a referential unit within

a given time from symptom onset. Some examples of those are: aortic dissection (to be treated

as soon as possible), STEMI (most effective treatment within 90min. of first medical contact) or

massive pulmonary embolism (most effective treatment within 48 hours of onset) [49, 50, 51].

For treatment to be effective, the patient must be transferred to the referential hospital — either
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directly from the scene or via re-transferring from a non-referential unit. Yet, re-transferring

may add some important delays in the time-to-treatment, making further treatment difficult to

be effective. Therefore, it is necessary to find an optimal patient-to-hospital assignment strategy

taking into both speciality and time-to-treatment.

In this Chapter we apply our proposed generic multi-criteria Services of General Interest

dispatching optimisation problem with quality-based criteria to both ambulance-to-patient and

patient-to-hospital assignment problems, taking into consideration criteria such as time (cost

criteria) and speciality (quality criteria) of the offered emergency service. Time and speciality

requirements are not uniform across acute-state patients and depend greatly on their medical

condition. We take this fact into consideration in our optimisation problems by optimising for

both the time and speciality requirements of each patient individually (on a per-patient basis). In

that sense, we aim to design an ambulance-to-patient and patient-to-hospital optimal assignment

tool that would pinpoint the best currently possible dispatch decisions taking into consideration

the clinical conditions of the patients.

Dispatch in the Chapter is understood as establishing the best assignment of precise am-

bulances to precise patients and further precise EDs to these patients. It is done taking into

consideration the current operational state of the EMS/ED system (e.g., number of ambulances

available, number of hospital beds available, time-to-arrival of a given ambulance to the pa-

tient or time to arrive at a destination hospital). This is in contrast to understanding dispatch as

triage and categorisation of emergency calls, which is sometimes found in the literature. The

problems proposed in this work aim to help the medical dispatcher in assigning ambulances to

acute-condition patients and then the patients to emergency departments that can efficiently treat

patients’ conditions. The proposed problem also allows for the re-referral of patients between

a non-referential and referential hospital. What is more, in this Chapter, we also propose an

embedding framework of the problems proposed into the current dispatching decision-making

process.

The goal of this Chapter is to analyse the importance of considering not only a single cri-

terion (time) in the optimisation of ambulance-to-patient and patient-to-hospital assignments but

also the criteria related to the speciality a given unit offers in treating a given urgent medical

condition. The Chapter outlines that it is both technically possible and medically desirable to

incorporate the speciality criteria in the optimisation of assignment of resources. The outcomes

of our work can be used in combination with currently used call categorisation decision sup-

port software (e.g., Medical Priority Dispatch System — MPDS) and with currently existing

patient transport protocols. These can be used as input to the optimisation problems proposed,

enhancing the ability to assign the appropriate unit (considering both time and speciality).

To achieve this goal, we propose twomulti-criteria mixed integer linear programming (MIP)

optimisation problems for optimising EMS/ED assignment decisions. The first problem pro-
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posed yields a Pareto-optimal ambulance-to-patient dispatch, basing on patients’ requirements

on ambulances’ time-to-arrival and offered speciality. These requirements are established on a

per-patient basis with respect to their clinical condition. The second problem proposed yields a

Pareto-optimal patient-to-hospital assignment, which also takes into consideration all patients’

requirements on time-to-arrival and ED’s speciality, estimated based on their clinical condition.

6.1.1 Clinical situation

To reduce the morbidity and mortality that can result from the acute phase of an illness or injury,

it is essential that the ambulance response procedure is quickly ensured and that the patient is

transported to the correct hospital, depending on the patient’s needs and the current capacity of

the emergency medical services. To do this, the patient’s health condition and the maximum

possiblewaiting time required to provide qualifiedmedical first aidmust be estimated [198]. The

World’s leading causes of death include cardiovascular diseases, with more than four million

Europeans dying each year for that reason. According to the research conducted in 2016 —

2017 in Katowice, the most common causes for Emergency Medical Service interventions were

non-traumatic internal emergencies, which most often included: hypertension, atrial fibrillation,

myocardial infarction, pulmonary oedema, atrioventricular blocks, strokes, chronic obstructive

pulmonary disease (COPD) and a diagnosis of bronchial asthma [199]. In addition, the most

common medical emergencies include sudden cardiac arrest, which can be caused by hypoxia,

cardiac tamponade, poisoning, ionic disturbances and shock. Symptoms such as abdominal

pain, arm pain radiating to the jaw, unusual headache, severe bleeding, and confusion remain

worrisome [200].

As mentioned, cardiac arrhythmias and cardiovascular diseases are the most common reas-

ons for Emergency Medical Service interventions. Direct threats to life include acute coronary

syndromes, pulmonary embolism or abdominal aortic aneurysms, which, if untreated, can lead

to death in a short period of time. Cardiovascular diseases continue to be the world’s leading

causes of death, of which 50% are caused by ischaemic heart disease [201]. According to the

Institute for Health Metrics and Evaluations data from 2017, 1.6 million people in Poland de-

veloped ischaemic heart disease. On the other hand, the data made available by the National

Health Fund show that more than 85,000 acute coronary syndromes were recorded in Poland in

2021. Cases of acute coronary syndromes have also been reported, with nearly 67,000 myocar-

dial infarctions [202].

Acute coronary syndromes (ACS) are mainly caused by an imbalance between the myocar-

dial oxygen demand and its supply. The cause of the oxygen limitation is most often the presence

of atherosclerotic plaque in the coronary arteries, but there may also be the presence of cardiac

arrhythmias, and complications after hemorrhagic shock. ACS include ST-elevation myocardial

infarction (STEMI), non-ST-elevation myocardial infarction (NSTEMI) and unstable angina
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[203]. The main symptom with which patients visit the ED is sudden pain or chest tightness,

usually localised retrosternally with radiation to the shoulders, angle of the jaw and elbows

[204]. The diagnosis is based on the record of the received electrocardiogram, which should be

performed within 10 minutes of the first contact with the health care system and on the basis

of clinical symptoms. Currently, ambulances are equipped with an ECG recording machine,

which allows for a quick diagnosis. If there is an ST-segment elevation, we diagnose STEMI; if

there is a non-ST segment elevation, we should measure the level of troponins, elevated levels

of which may indicate myocardial infarction. Once ST-segment elevation is recognised, the

patient requires rapid reperfusion therapy according to the latest European guidelines or per-

cutaneous coronary intervention (PCI) [138]. Patients diagnosed with myocardial infarction

should be transported by the Emergency Medical Service to a PCI-capable facility as soon as

possible. Current recommendations say that the patient should be transported to the nearest

haemodynamics centre on 24-hour duty, and not to the nearest hospital. When a patient with

ST-segment elevation MI (STEMI) arrives at a non-ICU hospital, he or she should be immedi-

ately transported to an invasive cardiology unit [205]. A patient presenting to a hospital where

PCI can be performed should receive treatment within no more than 60 — 90 minutes if fib-

rinolytic treatment fails, however, the maximum delay from STEMI diagnosis to reperfusion

during PCI, according to the Polish cardiac society is 120 minutes if a primary PCI strategy is

chosen instead of fibrinolytic treatment. When immediate PCI is not possible, pharmacotherapy

with invasive treatment should be considered, where coronary angiography is performed within

24 hours [138].

Apart from the above, nearly 5% of patients arriving in the ED are those with neurological

symptoms. Sang-Beom et al. in their research distinguished a significant predominance of pa-

tients with stroke symptoms, epileptic seizures and status epilepticus among neurological emer-

gencies. Among strokes, 80-90% of cases are patients with ischaemic stroke due to embolism or

extra-cerebral vascular pathology, and underdiagnosis has been associated with increased mor-

tality rates [206]. Ischaemic stroke is the second most common cause of death and long-term

disability of adults worldwide, and the incidence of that disease increases with age. Fibrinolytic

therapy is an effective treatment for stroke patients, and the therapeutic window for intravenous

tissue-type plasminogen activator therapy is 3 — 4.5 hours from the onset of the first symp-

toms. However, only about 25% of patients on the ward receive thrombolytic treatment within

the indicated time window [207, 208]. Diagnosis and implementation of treatment of patients

with symptoms of acute central nervous system injury determine the effectiveness of planned

therapy, but often patients arrive at an intermediate hospital that does not have a stroke unit or

lacks diagnostic and therapeutic capabilities, which delays the timing of thrombolysis. In order

not to delay the therapeutic window, the emergency team should notify the stroke unit staff to

reduce the occurrence of in-hospital delays, while inexperienced and unequipped centres for
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neuroimaging in the treatment of stroke patients have an indication to use remote consultation

with reference centres [209]. As a result, only appropriate hospitals can provide treatment for

stroke patients.

The introduction of intravenous thrombolysis with recombinant tissue-type plasminogen ac-

tivator (rtPA, alteplase) to treat acute ischaemic stroke required a revolution in the organisation

of stroke care. Recognition that ”time is brain” drove effective public and prehospital aware-

ness campaigns, such as the ”Face, Arm, Speech, Time” (FAST) test [210] and rapid prehospital

triage to designated centres.

The organisation of stroke care depends upon local geography, but the implementation of

dedicated acute stroke pathways varies widely. Comprehensive stroke centres provide all as-

pects of acute stroke care. Triage of patients eligible for endovascular thrombectomy directly

to a comprehensive stroke centre (the ”mothership” model) may improve the likelihood of good

outcomes, even if other hospitals are closer. Primary stroke centres are usually smaller centres

that initiate intravenous thrombolysis and transfer patients eligible for endovascular thrombec-

tomy to a comprehensive stroke centre, the so-called ”drip-and-ship” model [211]. The key

aspect of any stroke service model is that patients can access specialist expertise, neuroimaging

and stroke unit care without delay [212].

Worldwide, there exist accepted guidelines and dedicated protocols for the treatment of pa-

tients in life-threatening conditions and their transfer to dedicated centres. The European Resus-

citation Council’s 2021 guidelines indicate that a patient suffering from a cardiac arrest should

be transported to a dedicated centre for treatment of reversible causes of cardiac arrest, basing

on local guidelines [213]. Local guidelines are then developed for many locations. For ex-

ample, in the US, state-wide local transport protocols have been developed. These are present,

for instance, in: Alabama [214] and Delaware [215]. They are briefly discussed in this Section.

In Delaware, guidelines for patients diagnosed with ST-segment elevation myocardial in-

farction are based on the same indications to transport the patient as soon as possible to a facility

capable of performing percutaneous coronary intervention PCI with concomitant pharmacolo-

gical treatment. For paediatric patients, the guidelines point to the notion of effective chest com-

pression followed by transporting the paediatric patient from the scene to an ECMO-equipped

facility as quickly as possible. Similarly, The state of Alabama has also adopted a protocol for

bypassing primary care hospitals for patients with acute coronary syndromes and myocardial

infarction with STEMI to hospitals with an accessible catheterisation (PCI) laboratory.

Let us now consider guidelines for stroke patients. Delaware recommends to immediately

transfer a stroke patient to the nearest specialised stroke centre certified by the state of Delaware.

To this end, criteria were adopted for VAN (Vision, aphasia, neglect) negative and LKW (last

known well) patients with a time when they were last seen without stroke symptoms of less

than 4.5 h, admission to the nearest specialised stroke centre should be considered. For VAN-
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positive and LKW patients of more than 4.5 h, transport of the patient directly to a certified

thrombectomy centre should be considered. Similarly, the same procedures are adopted for

stroke patients in Alabama.

Apart from cardiac and stroke cases, guidelines on bypassing the local facility also exist for

trauma and burn patients. Patients assessed with the GlasgowComa Score< 13 and low systolic

pressure and respiratory count < 13 should be transported first to a highly specialised centre.

It is also advised in Delaware that in case of an obvious injury, the patient is transported to the

highest-level trauma centre. A detailed list of obvious injuries can be found in [215]. Similar

guidelines on trauma handling are also found in the Alabama protocol. However, the protocol

requires that the patient is diverted to the closest ED in case of: loss of airway, haemodynamic

instability with no vascular access and external uncontrolled bleeding.

When it comes to burns, patients are required to be transported bypassing the nearest centre

to this specialised one based on the percentage of the burn area and respiratory burns to the burn

centre. Assessment of whether a given patient is to be transported to a burn centre can be made

using the rule of nines, also given in the protocols.

There are many emergency conditions that can lead to death. Hence, it is crucial to take

action in the pre-hospital setting when transporting the patient to the hospital. Many acute con-

ditions have a therapeutic window, i.e., a maximum time to implement therapy from the time

of the first worrying symptoms. Delaying appropriate medical care in a specialised unit in a

serious condition practically does not guarantee survival. If a patient is transported to a hospital

that has no specialised equipment and personnel, we delay the time to provide treatment at the

cost of transporting the patient to a specialised centre.

6.1.2 Literature review

Organising, operating and forecasting of Emergency Medical Services is a topic of extensive re-

search. Computer-based systems might help in making well-suited, timely decisions to support

operations of the whole EMS system, e.g., in assigning ambulances to calls, assigning ambu-

lances to EDs, ambulance routing, medical documentation handling or patient drop-off proced-

ures and in notifications of staff required to handle a given emergency [216, 217].

Within that field, a significant number of research works focusing on the use of operational

research (OR) methods for this purpose have been published. Authors of [218] identified that

researchers focus on applying OR in the following problems of EMS organisation: location of

ambulances with their further relocation, dispatching and routing of ambulances, the interplay

of EMS with the general health system as well as forecasting of calls and availability and crew

scheduling. They also note that an important research area is the development of simulation/val-

idation tools. These observations have been backed up by the authors of another review paper

[14], who also underlined the necessity of staff hiring and fleet operations optimisation and of
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[48], who reviewed the problems in EMS logistics.

Some interesting usages of OR models for emergency medical system planning are given in

[219, 220, 221, 222], some also investigating fairness measures [223]. A number of significant

papers have also been published in the field of forecasting [224] and in the management of

patients once in ED or hospital [225, 226, 227]. Those however are not directly linked to the

scope of this Chapter and thus are given only as a reference for an interested reader.

From a problem statement perspective, this Chapter builds on ambulance dispatch, allocation

and routing problems. These problems have been of significant research interest. Jangtenberg,

with co-authors, studied the dispatching of ambulances as applied to the Dutch practice [194,

228]. Not only did they propose a new dispatch strategy outperforming the closest idle, but

they further proposed a benchmark model for offline optimal dispatching of ambulances. EMS

dispatching, taking into consideration equity call prioritisation, was studied in [229, 113], where

Enayati et al. focused also on the simultaneous optimal location of ambulances. The notion of

simultaneous optimisation of dispatch and location of ambulances was also applied in [10].

Authors depicted in the example of EMS data from Portugal that using OR tools with more

advanced dispatch strategies can give better results than doing this by hand under closest idle

criterion. Relocation optimisation and dispatch policies were also studied by Siong Lim et al.

[230], who reviewed dynamic ambulance relocation models from the perspective of dispatch

policies. Their paper also presents a comparison of different EMS dispatch policies. Boutilier

et al. [231] however proposed to combine the optimisation of location and routing of ambulances

in the city of Dhaka, Bangladesh.

An interesting notion in dispatch optimisation is the integration of considering different types

(specialities) of ambulances [232, 233, 234], i.e., (ALS)—Advance Life Support and (BLS)—

Basic Life Support which are assigned to emergency calls basing on case severity. Knight et

al. [235] assess the severity with means of survival probability functions and operate the EMS

system in order to maximise their expected value. As shown by Stout et al. [236], the fact of

operating an all-ALS EMS system, it is possible to reduce the complexity of triaging of calls and

of defining what sort of unit should respond. What is more, in such systems, there is no possible

need for secondary triage on-scene (eg. calling a different ambulance type for support). This,

however comes at the cost of possible prolongation of time-to-arrival and of dilution of certain

paramedic skills. The latter is specifically important, since, according to Stout et al., in only

10% of calls, ALS skills are required.

To facilitate triage and categorisations of patients clinical decision support systems (CDSS)

may be used. Use of such a system in the triage of patients at a Canadian paediatric Emergency

Department was analysed byMichałowski et al. [237]. Specifically, when describing the current

state of the art in ambulance dispatching, we should mention the general Emergency Medical

Dispatch software, and specifically the Medical Priority Dispatch System (MPDS). It is a soft-
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ware system which aims to categorise emergency medical calls into numerical complaint-based

categories and to assign them a given handling priority. The system provides the dispatcher

with detailed questions, which are then asked to the caller. Basing on their answers, the system

categorises the call and assigns the handling priority. Then, the calls can have a sub-group and

a modifier assigned to help responders in knowing the details of the case they are to deal with.

The category, priority, sub-group and modifier together form the so-called MPDS determinant

[238]. The MPDS is widely used across the world and in Europe itself for triage and categorisa-

tion of the calls [239]. It has been proven that the use of MPDS system has high sensitivity but

moderate to low specificity in sending appropriate units to patients requiring ALS [240, 241].

Despite this problem, Dong et al. showed that the use of an optimised version of MPDS in

China led to an increased diagnosis consistency of the Acute Coronary Syndrome and reduced

the call-to-patient arrival time [242].

The classical version of the tool, however, stops at categorising the calls and not naming

(in terms of exact callsign) the best unit to respond [243]. Since optimisation methods look at

identifying the best possible decisions, combining them with MPDS may be a good idea. One

could first categorise the call using MPDS and then find the best exact ambulance which should

respond to the call via mathematical optimisation. A similar approach was proposed in [113],

where authors performmulti-criteria ambulance assignment (dispatch) optimisation considering

different levels of priority of the emergency calls received. Although they do not state that the

priorities are assigned usingMPDS, one can easily deduce that MPDS could be a good candidate

to perform this task.

After the EMS crew finishes stabilising the condition of the patient, the correct emergency

department is to be identified. These problems have been studied in literature as well, mostly

as ambulance routing or allocation problems. Talarico et al. [244] investigated the routing of

ambulances transporting patients with different levels of acuity, yet they have not distinguished

EDs basing on the speciality they can offer to patients. This has been included as an additional

criterion through weighted sum scalarisation in [245]. ED competence in ambulance allocation

optimisation considering possible ED overcrowding was also included by Acuna et al. [246].

The authors have considered the speciality through constraints in the optimisation problem. An

important contribution in the field of emergent cases assignment to EDs was given by Leo et

al. [247], where the authors included both speciality of units (as an additional criterion, with

weighted sum scalarisation) combined with the ED workload management.

From the medical point of view, many patient transport protocols have been developed.

These documents give guidelines to the responding teams on where to transport a given patient.

Some examples of those are given for Alabama [214] and for Delaware, [215]. They give in-

formation on where and how to transport a given patient basing on certain clinical criteria. For

example, in Alabama it is recommended that the ambulance crew considers transporting a pa-
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tient with STEMI to a hospital with a catheterisation lab available. Yet, if the ambulance crew

is unsure of the appropriate destination hospital, Online Medical Directors (OLMD) should be

contacted for support. Similarly, in Delaware, such a patient should be transported when prac-

tical to a PCI-capable facility, bypassing the closest hospital. A little bit more strict are the

Polish Emergency Medical System plans established for each of the 16 Polish voivodeships.

As an example — in the Świętokrzyskie voivodeship, the exact addresses of hospitals capable

of performing a given emergency medical procedure are named. The plan leaves choosing the

most appropriate unit for a given patient X to the joint discretion of the medical dispatcher and

of the chief of the medical team [248].

Unfortunately, not for all conditions such protocols exist, and not everywhere they were es-

tablished. The authors of [249] outlined that 78% of US states had implemented EMS triage

and destination plans for trauma, around 33% for burns, stroke, and STEMI, while only 10% for

cardiac arrest. This is in line with further findings of Authors of [250], who identified only 16

states with specific transport protocols for patients with stroke caused by large vessel occlusion

(LVO). What is more, even if protocols are well adopted with dedicated nationwide patient-care

networks established, misdirection of patients can also happen. This is reported for European

countries when referring to STEMI patients, for whom quick intervention in a PCI-capable hos-

pital is crucial to reduce mortality [251, 252]. What is more, the protocols themselves provide

guidelines on when to bypass the closest ED and transport the patient directly to a referential

unit. They do not assign a given ED (in terms of its exact address) to a given, precise patient

X. Neither do they take into consideration the current operational state of the EMS system, e.g.,

in terms of the current availability of hospital beds. That is why these protocols should be con-

sidered as input to optimisation procedures, which take care of assigning a very precise hospital

to a given patient in urgency.

Our literature review outlined that there exist some currently used interesting dispatch sys-

tems (MPDS) and EMS transport protocols. Dispatch systems, however, focus mostly on per-

forming the triage of calls and assigning a given priority to them. They do not perform the

dispatch as understood by the OR community, i.e., do not give exact information on which unit

(identified through its callsign) is best to respond to a given emergency. When it comes to

EMS transport protocols, they give guidelines on with what sort of emergency should the am-

bulance crew consider taking the patient to a specialised ED. The protocols do not tell exactly

that a given patient X is to be taken to hospital Y, considering the current operational state of

the complete EMS system. These systems and protocols can integrate well with optimisation

techniques. They can act as input guidelines — by either estimating the priority of the call or by

setting standards on what speciality should the destination hospital offer to a patient suffering

from a specific medical condition. Then, taking this medical input, operational research (OR)

techniques can be applied to determine and assign the currently best unit to respond to an emer-
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gency (either an ambulance or an ED). Our Chapter intends to fill this gap by combining OR

methods which allow for assigning exact units to exact patients in a Pareto-optimal way. This

is done considering the clinical condition of the patients and the current operational state of the

EMS system.

Despite the fact that OR in EMS organisation is a topic of extensive research, the majority

of papers mostly consider the time criterion in the ambulance-to-patient and patient-to-hospital

dispatch. There exist, however, some notable research works that also include the speciality

levels of ambulances or EDs. From what we have found, it is mostly included in the optim-

isation problems as constraints or criterion with weighted sum scalarisation. We believe that

the inclusion of speciality in the form of constraints might greatly restrict the feasible set of the

problem and, in some situations, even make the dispatch infeasible. When it comes to weighted

sum scalarisation, however, we believe that the assignment of appropriate weights to criteria

might be a nontrivial task, especially for a medical dispatcher who is not an expert in OR. Thus,

this scalarisation might not be the easiest to be applied. What is more, to the best of our know-

ledge, we have not identified any paper that considered possible re-referrals of patients between

a unit with a lower speciality and the one with its higher level. In that sense, our Chapter intends

to fill the gap identified, as well as it applies the Reference Point Method scalarisation, which

we believe is well-suited for applications in Services of General Interest.

6.2 Proposed approach

Assessing acute-condition patient’s emergency treatment needs vary depending on the stage of

emergency medical services dispatching stage. First, the patient’s condition is assessed by the

medical dispatcher basing on the symptoms observed by the caller and further medical interview

performed by the dispatcher. This activity is usually facilitated by using the MPDS, which

provides the dispatcher with a structured questionnaire which depends on the complaint given by

the caller. Based on the information collected, the dispatcher sends an ambulance basing on the

estimate of the patient’s condition. Then, EmergencyMedical Service (EMS) crew is dispatched

to the site. Once arrived, the medics deepen the diagnostics and are able to professionally assess

the patient’s condition. Therefore, the dispatcher’s understanding of the patient’s condition

varies depending on the stage of the dispatching process.

Having the changing nature of information on patient’s condition in mind, we propose to

divide the overall dispatching problem of allocating both EMS units to patients and patients to

Emergency Departments (EDs) into two distinct multi-criteria optimisation problems, i.e.,

• EMS Dispatching Problem (P1) — problem of assigning adequate ambulances (EMS) to

patients by taking into account initial patients’ conditions given by the caller;

132



• ED Dispatching Problem (P2) — problem of assigning patients to adequate emergency

departments by taking into account more actual patients’ conditions assessed on site by

the EMS crew.

In this work, we focus on acute cardiac conditions. Thus, in the remainder of the Chapter,

whenever we refer to the level speciality, it means specifically cardiological speciality. Yet, the

approach and following formulations are general enough to be used directly whenever referring

to any other possible medical emergency and speciality in treating any other condition.

In the proposed approach, we specifically consider the speciality of both EMSes and EDs.

For modelling purposes, let us assume that the level of speciality is given by a real number

s ∈ [0; 1], (6.1)

where s = 0 means no cardiological speciality offered at all, and s = 1 means the best car-

diological unit in the area. While taking the example of EMS dispatching, those two extreme

values could mean, for example, a taxi (s = 0) and a mobile intensive care unit (s = 1) [253].

Similarly, in the ED dispatching problem s = 0 could mean a general practice nurse office and

s = 1 super specialised cardiology hospital. It is worth mentioning that we deliberately decide

to model the level of speciality as a real number in the interval given in (6.1), rather than by a

set of discrete choices as in Polish legislation (e.g., ambulances P, S, HEMS). This is to better

model varieties in speciality, taking into consideration for instance, different equipment onboard

the ambulances or differences in the crew’s experience in treating cardiac conditions.

By representing the speciality as a vector, one could also consider specialities towards treat-

ing multiple medical conditions simultaneously,

e.g., s = [s1, s2, . . . , sn], where s1 — level of cardiological speciality, s2 — level of neuro-

logical speciality, s3 — level of orthopaedic speciality and so on. Yet, such a setup is out of the

scope of this Chapter.

6.2.1 EMS Dispatching Problem (P1)

In this Section we propose a multi-criteria mixed-integer linear programme (MIP) optimisa-

tion model for assigning ambulances to patients, taking into account both speciality of the unit

dispatched and time-to-arrival. The model of the EMS Dispatching Problem is given in (6.2).
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max [s11,−t11, ..., s1p,−t1p] p = |P|

s.t. s1p =
∑
a∈A

sa y
a
p ∀p ∈ P ,

t1p =
∑
a∈A

tap y
a
p ∀p ∈ P ,∑

a∈A

yap = 1 ∀p ∈ P ,

yap ∈ {0; 1} ∀p ∈ P ,∀a ∈ A

(6.2)

where:

• s1p — speciality received by patient p through EMS dispatch (variable);

• t1p — time it takes for dispatched ambulance to reach patient p (variable);

• sa — speciality level of ambulance a, sa ∈ [0, 1] (parameter);

• tap — time needed to reach patient p by ambulance a;

• A— set of available ambulances (parameter);

• P — set of patients needing support;

• yap — binary variable describing assignment of ambulance a to patient p; takes 1 when a

is assigned to p and 0 otherwise.

The problem by design is to make the dispatcher’s decisions easier on choosing the assign-

ment of available ambulances to patients after receiving the emergency calls. Therefore, we

assume that the patients are known a priori and that the number of calls is lower than the num-

ber of available ambulances. In the case when a new emergency call appears when no ambulance

is available, it should be handled later on, after some ambulances become idle. However, it is

possible to extend the decision model by including queuing theory constraints, as proposed in

[113]. This is deliberately omitted in this work, since our goal is to outline the importance and

performance of the multi-criteria strategy, as opposed to standard strategies.

6.2.2 ED Dispatching Problem (P2)

This Section gives the multi-criteria MIP formulation of the ED Dispatching Problem in (6.3).

It is to be solved in the second step, after solving EMS Dispatching Problem, once the initial

assessment made through the medical interview has been adjusted or confirmed by the emer-

gency crew at the site. ED Dispatching allows us to determine the dispatch of ambulances (with

patients) to emergency departments. The problem gives the possibility to re-refer patients from
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a less specialised department to a more specialised one. The formulation takes into considera-

tion the fact that admitting the patient first to a non-referential hospital and then to a referential

one may boost the level of speciality received by the patient. This is due to the fact that some

pre-treatment might be given to the patient in the non-referential unit. The factor by which the

pre-treatment participates in total treatment is given by the arbitrary parameter η1.

max [s21,−t21, ..., s2p,−t2p] p = |P|

s.t. s2p = s2p1 + s2p2 + s2p3 + s2p4 ∀p ∈ P ,

s2p1 = η1 (
∑

h1∈Hnot

sh1 y
h1
p ) ∀p ∈ P ,

s2p2 = (1− η1) (
∑

h1∈Hnot

wh1
p sh1) ∀p ∈ P ,

s2p3 =
∑

h2∈Href

sh2 b
h2
p ∀p ∈ P ,

s2p4 =
∑

h2∈Href

sh2 u
h2
p,h1 ∀p ∈ P ,

t2p = t2p1 + t2p2 + t2p3 ∀p ∈ P , (6.3)

t2p1 =
∑

h1∈Hnot

th1p yh1p ∀p ∈ P ,

t2p2 =
∑

h2∈Href

th2p bh2p ∀p ∈ P ,

t2p3 =
∑

h1∈Hnot

∑
h2∈Href

gh2h1,p u
h2
h1,p ∀p ∈ P ,

wh1
p ≤ yh1p ∀p ∈ P , ∀h1 ∈ Hnot,

wh1
p ≤ 1−

∑
h2∈Href

uh2
p,h1 ∀p ∈ P , ∀h1 ∈ Hnot,

wh1
p ≥ yh1p + (1−

∑
h2∈Href

uh2
p,h1)− 1 ∀p ∈ P , ∀h1 ∈ Hnot,∑

p∈P

yh1p ≤ Hh1 ∀h1 ∈ Hnot,∑
p∈P

bh2p +
∑
p∈P

∑
h1∈Hnot

uh2
h1,p ≤ Hh2 ∀h2 ∈ Href,

uh2
h1,p − yh1p ≤ 0 ∀p ∈ P ,∀h1 ∈ Hnot,∀h2 ∈ Href ,∑

h2∈Href

uh2
h1,p ≤ 1 ∀p ∈ P ,∀h1 ∈ Hnot,∑

h1∈Hnot

yh1p +
∑

h2∈Href

bh2p = 1 ∀p ∈ P ,

yh1p ∈ {0; 1} ∀p ∈ P ,∀h1 ∈ Hnot,
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bh2p ∈ {0; 1} ∀p ∈ P , ∀h2 ∈ Href,

uh2
h1,p ∈ {0; 1} ∀p ∈ P ,∀h1 ∈ Hnot,∀h2 ∈ Href

where:

• s2p —speciality received by patient p through ED dispatch. Is the sum of four components,

namely s2p1, s
2
p2, s

2
p3, s

2
p4 (variables);

• t2p — time it takes for patient p to reach final ED destination. Is the sum of three compon-

ents, namely t2p1, t
2
p2, t

2
p3 (variable);

• sh1/h2 — speciality offered by ED h1 ∈ Hnot or by h2 ∈ Href (parameter);

• Href , Hnot — sets of available emergency departments - referential and non-referential

respectively;

• η1 — factor by which patient is treated by the first emergency department, η1 ∈ [0; 1]

(parameter);

• t
h1/h2
p — time needed to drive patient p to ED h1 ∈ Hnot or to h2 ∈ Href (parameter);

• gh2h1,p — time needed to re-refer patient p from non-referential ED h1 ∈ Hnot to referential

ED h2 ∈ Href (parameter);

• Hh1/h2 —maximum available capacity of emergency ED h1 ∈ Hnot or by h2 ∈ Href at

dispatch time (parameter);

• yh1p — binary variable describing assignment of non-referential hospital h1 ∈ Hnot to

ambulance transporting patient p;

• bh2p — binary variable describing assignment of referential hospital h2 ∈ Href to ambu-

lance transporting patient p, direct transport to the referential hospital;

• uh2
h1,p — binary variable describing re-referral of patient p from ED h1 ∈ Hnot to ED

h2 ∈ Href ;

• wh1
p — linearisation variable of binary product: yh1p (1−

∑
h2∈Href

uh2
p,h1) (variable).

Derivations of speciality and time-to-treatment delivered to the patient p are given in con-

straints on s2p and on t2p. Constraints on wh1
p ensure the linearisation of the binary product of

wh1
p = yh1p (1 −

∑
h2∈Href

uh2
p,h1), which is derived in order to get delivered speciality equal to

sh1 , h1 ∈ Hnot if p is not re-referred to h2 ∈ Href . If the re-referral happens, the calculated spe-

ciality delivered will be equal to η1sh1 + sh2 , h1 ∈ Hnot, h2 ∈ Href . Constraints with Hh1/h2

assure that the current capacities of EDs are not violated. Constraint uh2
h1,p − yh1p ≤ 0 assures
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that it is only possible to re-refer p from h1 ∈ Hnot to h2 ∈ Href , if p was first transported

directly to h1. Formulations
∑

h2∈Href
uh2
h1,p ≤ 1 assures that pmust be taken directly to exactly

one of hospitals h1 ∈ Hnot or h2 ∈ Href and
∑

h1∈Hnot
yh1p +

∑
h2∈Href

bh2p = 1 that p can be

re-referred to maximum one h2 ∈ Href , yet this is not mandatory.

6.2.3 Embedding into current decision process

It is possible to embed the optimisation models given in Sec. 6.2.1 and in Sec. 6.2.2 into the

standard decision process of the dispatcher, rather than completely re-organising it. Since both

optimisation problems are multi-criteria, to solve them, DM’s preferences towards all criteria

should first be estimated [104]. In the proposed approach, criteria are associated with each

patient’s medical condition and the dispatcher takes the role of the DM. Having the above in

mind, we propose that preferences are given through estimation of reservations and aspirations

towards all criteria. In that way, it is possible to reflect preferences as a direct function of

the patient’s condition, rather than through hard to understand and to explain weights. For the

reasoning behind it please consult the findings presented in Chapter 3.

The integration schematic framework is shown in Fig. 6.1. The additions proposed in this

Chapter are shown as green rectangles. Standard process elements are shown as blue rectangles

and orange ellipses are used for starting and ending events.

Medical interview 
by dispatcher
using MPDS

Calculation of 
asp/res for P1

Optimisation P1 
- dispatch

Calculation of 
asp/res for P2

EMS on site –
testing and 
diagnosis

Optimisation P2 
- ED selection

Patient
in ED

Call 
received

Feedback to 
the dispatch

centre

Figure 6.1: Proposed embedding framework in current decision process

The starting point of the decision making problem is the receipt of an emergency call by the

dispatcher. We propose to take advantage of the medical interview supported by MPDS. After

some adjustments, the MPDS (or similar system) could be leveraged to calculate aspirations/re-
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servations for EMS Dispatching problems basing on the symptoms given by the caller. Once

they are known, the optimisation takes place and a Pareto-optimal EMS crew is dispatched.

After that, we propose that after EMS’ arrival and additional diagnostics, the emergency

team use their portable tablets/computers, such as the ones currently being part of the State

Command Support System for the State Emergency Medical System — SWD PRM [254]. In

this process, the existing patient transport protocols can be embedded in the SWD PRM system

to calculate aspirations and reservations basing diagnostics performed by the crew. Taking into

consideration the aspiration and reservation values calculated, optimisation takes place in the

dispatch centre in order to identify a Pareto-optimal emergency department for the patient’s

condition. The process stops when the patient arrives at the ED.

6.2.4 Example

Let us now demonstrate an example of how the proposed decision process can work in the prac-

tice of EMS/ED dispatch. Note that to better show the decision making process of our proposed

solution in the example we calculate aspirations/reservations in a truly simplified way. In a real-

life situation, the dispatcher should ask many more detailed questions, possibly following the

recommendations of the MPDS. This would result in a much more granular way of calculating

the values. The goal of this Section is only to give the reader the feeling of how the proposed

solution could be put into action, hence the example is very simple and straightforward. Let us

consider the following situation:

1. Medical dispatcher receives an emergency call. The caller gives the following patient’s

symptoms in the course of the medical interview: acute chest pain radiating to the left arm,

conscious, and breathing. Since symptoms can be significant for an acute myocardial

infarction, this call is treated as urgent and as requiring specialist EMS care. Therefore,

the interactive questionnaire (or modifiedMPDS) estimates the aspiration for EMS arrival

at the site (atEMS
) to 7 min. and the reservation for EMS arrival at the site (rtEMS

) to 14

min. Since possible teletransmission of ECG to the specialist centre might be required,

aspiration towards EMS speciality (asEMS
) is estimated to 0.9 and reservation (rsEMS

) to

0.7. Therefore, for this particular patient, we require an ambulance that would arrive in a

time shorter than 14 minutes and ideally in 7 mins, offering a speciality greater than 0.7

and ideally 0.9.

2. EMS is dispatched according to the preferences described in pt. 1 and arrives within

10 mins. Once the crew arrives at the scene they confirm the symptoms given by the

caller. ECG with teletransmission to the on-duty cardiologist is performed which reveals

significant ST segment changes. Basing on them, a pre-hospital diagnosis of ST-elevation

myocardial infarction is made. STEMI is a condition that should be optimally treated in
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a highly specialised cardiologist centre within 120 mins. Thus, the following aspirations

and reservations towards time-to-arrival and speciality of the ED are calculated using the

EMS crew’s portable computer are: atED
= 20, rtED

= 120, asED
= 0.9, rsED

= 0.8.

Thus, it is required that this patient arrives at an ED with a speciality greater than 0.8,

ideally 0.9 and in a time shorter than 120 mins, ideally in 20 mins. Please note that

aspiration/reservation towards the time criterion was estimated such that they include the

total time-to-arrival/time-to-treatment. These values are then fed back to the dispatch

centre for Pareto-optimal assignment of the Emergency Department. Once established,

the EMS crew take the patient to the ED chosen.

The points above illustrate the idea of how the process could be seen within a realistic ex-

ample. Once the values of aspirations and reservations are calculated, the optimisation happens

taking them as the decisionmodel. Calculation of aspiration/reservation values for other patients

is analogous to the case presented. More information on how this can happen is given in

Please note also that sometimes it may be possible to assign units by giving better final values

of criteria than the value of the aspiration levels for some of the patients, and not worsening the

results for the others. Such a dispatch will be selected by the optimiser.

6.3 Relation with SGI dispatch optimisation problem

Both problems proposed in this Case Study are specific implementations of the SDOQ problem

(3.1). In the problems proposed, we consider only patients’ criteria. This is due to the fact

that assigning of ambulances to patients, and then patients to EDs does not happen on any free

market (as we aim to save lives). In both problems (P1 and P2) we consider two criteria per each

patient — one cost (t
1/2
p ) and one quality criterion (s

1/2
p ). They are the specific formulations of

the generic functions f 1(x) and f 2(x) from the SDOQ problem. The cost criterion in this work

is understood as the time it takes for a patient to get appropriate medical aid, and the quality one

as the speciality a given ambulance/ED offers in treating the emergency. The general vector

x in Problem 1 is composed of the assignment variables yap and in the Problem 2 of variables

yh1p , bh2p , uh2
h1,p. Since both problems are related to assignment, the demand for the service ∆i

from SDOQ equals 1. In P1 no specific constraints or variables are considered for theQ set, as

all constraints appear in the SDOQ problem already. For the P2 however, the setQ is described

bymultiple additional constraints and the linearisation variablewh1
p . Those criteria and variables

model the re-referral process of the patient from a non-referential hospital to a referential one.

Contrarily to Case Study I, this time we deal with an assignment problem, and not a balan-

cing one. This is why all the assignment variables are binary and not continuous as previously.

However, similarly to the previous case we choose to scalarise the problems using the Refer-

ence Point Method scalarisation in the non-equitable form. As before, we decide to use the
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non-equitable form as our previous experiments in Sec. 4 outlined that the solution time of the

equitable one is of orders of magnitude higher than the one of the non-equitable one and the

possible loss of performance is much less significant.

Despite our decision to proceed with the non-equitable problem, for a real-life situation,

a conscious DM’s decision should be made on with which formulation to go. As some of the

computational issues could potentially be addressed through themeans of some cloud computing

resources. Unfortunately, these are not available for this work.

6.4 Case Study

We test the proposed approach in simulations. To make them more viable we take the real-life

activations of the American EMS, from the 2020 National Emergency Medical Services In-

formation System (NEMSIS) Public-Release Research Data Set [255]. In this data set extensive

information on the situation of the system at the moment of the call and on the health condition

of the urgent patient is given. This includes both symptoms given by the caller to the dispatcher

and the diagnosis made by the EMS crew once arrived at the scene.

For our analysis, we take data on 41 patients with cardiac conditions coming from the data

set. For this, we take the values of the following attributes for each patient from the set of 41

considered:

• primary symptom;

• provider’s primary impression;

• complaint reported by Dispatch to EMS (understood as symptoms given by the caller);

• flag if cardiac arrest happened;

• cardiac arrest aetiology;

• first monitored arrest rhythm of the patient;

• reason why the cardio-pulmonary resuscitation (CPR) was stopped;

• end of EMS cardiac arrest event;

• age;

• possible injury;

• systolic blood pressure (BP);

• Peripheral oxygen saturation (SpO2);
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• respiratory rate;

• heart rate;

• End-tidal carbon dioxide (EtCO2);

• pain scale score;

• ECG type;

• level of responsiveness (AVPU scale);

• stroke scale score;

• Glasgow coma scale;

• cardiac rhythm (coming from ECG).

Detailed information on the attributes available in the NEMSIS data set can be found in the

NEMSIS Data Dictionary [256].

For all 41 patients considered we arbitrarily assigned aspiration and reservation values to-

wards both time and speciality for both problems considered (P1 and P2). This was done basing

on an expert knowledge assessment of the cases by Dr. G. Honisz, basing on attribute values

given in the data set.

The optimisation problems considered were coded in Matlab using CVX, a package for

specifying and solving convex programs [145, 146] and solved using Gurobi.

6.4.1 Example of assigning aspirations/reservations

This Section describes an example of assigning values of aspirations and reservations for the two

problems considered (P1 and P2). For this we give the rationale for assigning those values to two

cases of acute condition patients — Patient A and Patient B. Values of selected attributes from

the list are given in Tab. 6.1. Due to text length limitations, in this Chapter, we deliberately show

only selected attributes in this example, since not all of them are directly relevant in assigning the

values of aspirations/reservations for these particular patients. One should remember that this

activity is very case-specific and depending on the condition itself different vital parameters will

be taken into account. What is more, all information regarding cardiac arrest is dropped since it

did not occur in the discussed patients. However, the complete data on the patients considered

is available in the online repository https://bit.ly/3rPZATG.
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Table 6.1: Example patients’ attributes

Parameter Patient A Patient B

Primary symptom Chest Pain, Unspecified Chest Pain, Unspecified

Complaint Reported

by Dispatch to EMS
Transfer/Interfacility/Palliative Care Heart Problems

Age 67 years 47 years

Possible injury No No

Systolic BP 109 110

Heart rate 81 64

Respiratory rate 18 12

SpO2 96 100

ECG type 12 Lead-Left Sided 4 Lead

Level of Responsiveness (AVPU) Alert Alert

Glasgow Coma Score 15 15

Cardiac rhythm STEMI Anterior Ischaemia STEMI Inferior Ischaemia

The estimated aspiration and reservation values for both problems (EMS Dispatching and

ED Dispatching) for patients A and B are given in Tab. 6.2.

Table 6.2: Aspiration and reservation values of the exemplary patients

Patient A and Patient B

atEMS
[min.] 7

rtEMS
[min.] 14

asEMS
0.90

rsEMS
0.70

atED
[min.] 20

rtED
[min.] 120

asED
0.90

rsED
0.80

The primary symptom shown in both patients is chest pain, not related to any trauma. What

is more, In Patient B the problem was assessed by the dispatcher as related to the heart. Patient

A, however, was being transferred between facilities. Given the nature of the primary symptom,

plus information in the complaint strict values for P1 speciality and time-to-arrival aspiration

and reservation values were assigned. Since the Case Study presented is only an example of the

performance of the multi-criteria method as opposed to other benchmarks with the same patients

considered, we assigned the values of aspirations/reservations basing on the primary complaint.

This was also done in that way due to the fact that not all important data are available in the
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NEMSIS data set for the patients studied. In a real-life situation, the dispatcher should take into

considerationmore aspects before assigning the aspiration/reservations. This limitation does not

impact the conclusions made, since we take the very same patients for all techniques considered.

As assessed by the EMS on site, both patients considered suffer from ST-segment eleva-

tion myocardial infarction (STEMI). The significance of total ischaemic time in the context of

STEMI is very important. Prolonged total ischaemic time is a problem not specific to a cer-

tain geography or population, it exists across the world with varying degrees of intensity. Total

ischaemic time strongly correlates as an independent predictor of major adverse cardiovascu-

lar events (MACE). Shorter (< 3h) total ischaemic time is associated with a reduced risk of

mortality.

One of the underlying mechanisms of increased mortality with prolongation of ischaemic

time is that infarct size significantly affects myocardial tissue and keeps on damaging with every

passing second of ischaemic time. Prolonged total ischaemic time associates with higher mor-

tality of STEMI patients in whom the recommended door-to-balloon is achieved. Hence, even

with optimal reperfusion (primary PCI), prolonged ischaemic time may cause higher mortal-

ity and less myocardial salvage. A decrease in door-to-balloon time is unlikely to render the

ultimate desired reduction in mortality after primary coronary angioplasty.

As given, the treatment is based on primary PCI. This can however be only delivered by a

cardiologist in a highly specialised invasive cardiology hospital unit. Taking into consideration

the above reasoning, strict aspiration/reservation values for P2 speciality and time-to-treatment

values were assigned.

6.4.2 Numerical results: EMS Dispatching Problem (P1)

The approach proposed in this Chapter is tested in simulations. For the test setup, we took

41 real-life acute-state cardiac patients from the NEMSIS data set. This Section presents the

simulation results applied to Problem 1, i.e., EMS Dispatching Problem. For testing purposes,

we assumed that 45 ambulances are available to respond to the calls since queuing models are

not considered in the scope of current work. Time-to-arrival for each ambulance to each patient

was chosen randomly from the uniform distribution tap ∈ [6; 200]min. and speciality of the same

from uniform distribution sa ∈ [0; 1]. Aspirations and reservations atEMS
, rtEMS

, asEMS
, rtEMS

were assessed using expert knowledge by Dr. G. Honisz, taking into account patient’s condition

as described in the NEMSIS data set.

The optimisation results obtained through solving Problem 1 are compared with results of

two other goal functions - minimisation of total time-to-arrival and weighted sum aggregation,

where two criteria are considered, i.e., minimisation of total time-to-arrival and maximisation

of total speciality delivered. Those are given in (6.4) and (6.5)
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min
∑
p∈P

t1p

s.t. x ∈ Q
(6.4)

min v1
∑
p∈P

t1p − v2
∑
p∈P

s1p

s.t. x ∈ Q
(6.5)

where: v1 and v2 — arbitrarily chosen weights for the weighted sum aggregation, Q —

feasible set of the problem P1 and x—- vector of decision variables.

Results obtained by solving the EMS Dispatching Problem are shown in Tab. 6.3. Similarly

to all previous experiments, we analyse the results on the following metrics:

1. Number of criteria being at least as good as their reservations associated (max. 82);

2. Number of criteria being worse from their reservations by at least 10%;

3. Maximum percentage gap between the criterion value and its reservation, for both cost

and quality criteria jointly;

4. Mean value of patients’ utility functions;

5. Value of s1p received by Patient 9 (asEMS
= 0.60, rsEMS

= 0.40);

6. Value of t1p received by Patient 9 (atEMS
= 15, rtEMS

= 50);

7. Value of s1p received by Patient 3 (asEMS
= 0.40, rsEMS

= 0.20);

8. Value of t1p received by Patient 3 (atEMS
= 30, rtEMS

= 120).
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Table 6.3: EMS Dispatching Problem results

EMS Dispatching Problem (P1)

Index (6.2) (6.4)

(6.5)

v1 = 1,

v2 = 1

(6.5)

v1 = 0.8,

v2 = 15

(6.5)

v1 = 15,

v2 = 0.8,

1 73.00 57.00 57.00 61.00 57.00

2 4.00 17.00 17.00 14.00 17.00

3 41.45% 99.65% 99.65% 99.65% 99.65%

4 −43.85 −377.24 −377.24 −269.41 −377.24
5 0.60 0.22 0.22 0.22 0.22

6 32.38 16.04 16.04 16.04 16.04

7 0.21 0.50 0.50 0.50 0.50

8 46.51 6.03 6.03 6.03 6.03

As can be seen from the results, only when the proposed approach is applied (P1: EMS

Dispatching Problem) all overall indices studied (no. 1 to 4) perform better than in other ap-

proaches. Especially the average value of the utility function is importantly higher than in the

other approaches.

Aspirations and reservations are assigned individually for a given clinical condition, basing

onmedical knowledge. These values vary between clinical conditions. Taking aspirations/reser-

vations into consideration in ambulance dispatch optimisation allows for assigning ambulances

in a way that they are met. As a result, the problem developed focuses on ambulance dispatch

basing on patients’ condition and not simply treating all patients alike, as is done in the alternat-

ive approaches studied. In that regard, some ambulances might be chosen that are further away

from the calls (yet still within an acceptable distance), but offer better speciality. In that sense,

the assignment result is more fit-for-purpose given the current operational state of the EMS sys-

tem. We can thus conclude that the proposed generic multi-criteria Services of General Interest

dispatching optimisation problem with quality-based criteria managed to yield results, which

are more tailored to patients’ needs in the presented EMS dispatching Case Study.

6.4.3 Numerical results: ED Dispatching Problem (P2)

In this Section, we present the numerical results of the proposed EDDispatching Problem (P2) as

obtained by optimising the test case. For this reason, we take the very same patient cases as in the

Case Study for P1, yet this time by taking into optimisation the values of atED
, rtED

, asED
, rtED

.

They were estimated using expert knowledge by Dr. G. Honisz, taking into consideration pa-

tients’ condition as assessed by the EMS crew on scene and reported in the NEMSIS data set.
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Similarly to the P1 Case Study, we compare the hospital dispatch obtained through solving the

proposed problem with two other objective functions approaches, i.e.,

min
∑
p∈P

t2p

s.t. x ∈ Q
(6.6)

min v12
∑
p∈P

t2p − v22
∑
p∈P

s2p

s.t. x ∈ Q
(6.7)

where: v12 and v22 — arbitrarily chosen weights for the weighted sum aggregation, Q —

feasible set of the problem P2 and x—- vector of decision variable.

We look at thte same indices as in Case Study I with the addition of two-case specific ones

— namely no. 9 and 10:

1. Number of criteria being at least as good as their reservations associated (max. 82),

2. Number of criteria being worse from their reservations by at least 10%;

3. Maximum percentage gap between the criterion value and its reservation, for both cost

and quality criteria jointly;

4. Mean value of patients’ utility functions;

5. Value of s2p received by Patient 9 (asED
= 0.70, rsED

= 0.55);

6. Value of t2p received by Patient 9 (atED
= 50, rtED

= 120);

7. Value of s2p received by Patient 3 (asED
= 0.50, rsED

= 0.35);

8. Value of t2p received by Patient 3 (atED
= 90, rtED

= 120);

9. Number of direct transports to the referential hospital;

10. Number of re-referrals to the referential hospital.

The ED Dispatching Problem proposed allows for the differentiation of referential and non-

referential hospitals. By design, it helps the dispatcher to decide whether to dispatch the patient

directly to a non-referential or referential unit, as well as to whether first dispatch them to a non-

referential hospital and then to re-refer them to a referential unit. Of course, such a re-referral

comes at an increased time for the patient to reach their final ED destination.

To test the behaviour of the EDDispatching Problem proposed under different decision situ-

ations (operating conditions) in terms of re-referrals, we test the approach under three scenarios,

namely:
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• Scenario 1 (S1) — both re-referrals and direct transport to referential hospitals are pos-

sible under normal operating conditions, where it is time-consuming to re-refer patients

from a non-referential to a referential hospital;

• Scenario 2 (S2)— direct transports of patients to referential hospitals are not possible;

• Scenario 3 (S3) — both re-referrals and direct transport to referential hospitals are pos-

sible, yet the time of re-referral is assumed very little.

In the test case, we assume the existence of four hospitals in the considered EMS operat-

ing region - three non-referential (H1, H2, H3) and one referential (H4). Assumed speciality

values on treating cardiovascular diseases of those hospitals are given in Tab. 6.4. The current

capacities of EDs are assumed to be 20 patients for non-referential hospitals and 10 patients

for the referential one. Queuing in ED is not considered since it is deemed out of the scope of

this work. All time values, i.e., time-to-treatment of a given patient and times of re-referrals

between hospitals were chosen randomly. Due to space limitations we do not cite the test values

in the Chapter, yet all data used are available in the online storage https://bit.ly/3rPZATG.

For all testing cases we assumed η1 = 0.2. This parameter is an arbitrary value, which says

what percentage of non-referential hospital’s treatment capabilities is added for a patient, who

is transferred further to a referential unit. It is only taken into consideration if the optimiser de-

cides that a re-transfer between hospitals is needed, if not then it does not impact the speciality.

If the value of the parameter is close to 1, the total speciality received by a re-transferred patient

will be close to the sum of specialities offered by the non-referential and the referential units.

Yielding specialities generally higher than required. This however will be coming at a large

cost for time for re-transferring and not meeting the time reservation. By analogy, if it is close

to 0 the speciality received will be close to the speciality offered by the referential facility and

direct transfers will be preferred. This is because the non-referential unit would have very little

impact on the overall treatment and re-transfer would worsen the time criterion. Having said

the above, there is no clear linear relation between the number of re-transferred patients and the

value of η1. As a good practice and to reflect the clinical reality of re-transfers, we propose to

keep it between 0.1 and 0.3, as always some sort of treatment will be applied (better stabilisation

of condition or deepening of diagnostics).

Table 6.4: Assumed speciality of hospitals

Speciality

H1 0.18

H2 0.35

H3 0.56

H4 0.88
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6.4.4 Scenario 1

In this Section, we give numerical results obtained by optimising the proposed ED Dispatch-

ing Problem under Scenario 1. These results are then compared with the optimisation of goal

functions (6.6) and (6.7). Those are shown in Tab. 6.5.

Table 6.5: ED Dispatching Problem results (S1)

ED Dispatching Problem (P2)

Scenario 1 (S1)

Index (6.3) (6.6)

(6.7)

v1 = 1,

v2 = 1

(6.7)

v1 = 0.8,

v2 = 15

(6.7)

v1 = 15,

v2 = 0.8,

1 74.00 58.00 58.00 62.00 58.00

2 8.00 24.00 24.00 20.00 24.00

3 36.36% 77.50% 77.50% 77.50% 77.50%

4 −83.77 −470.23 −470.23 −404.35 −470.23
5 0.95 0.56 0.56 0.56 0.56

6 32.54 17.64 17.64 17.64 17.64

7 0.35 0.18 0.18 0.18 0.18

8 36.96 28.99 28.99 28.99 28.99

9 5.00 10.00 10.00 10.00 10.00

10 4.00 0.00 0.00 0.00 0.00

Similarly to the EMS Dispatching Problem (P1), the ED Dispatching Problem gave results,

which outperformed the other approaches considered, in the overall indices (no. 1 to 4). Espe-

cially improvement was seen for the mean value of the utility function (index no. 6). In that

sense we have observed that our approach allowed to produce results, which are more tailored

to patients’ needs. One may also notice, that the re-referral happens only when our approach is

applied. This is due to the fact, that this activity is costly in terms of arrival time and as such is

not favoured by the approaches, where the cost (time) criterion is of more importance.

The weights that we applied for solving the multi-criteria weighted sum aggregation (6.7)

produced very similar results as opposed to each other. This is not an extensive list of weights

and one should note that choosing different ones might produce different results. Yet, the as-

signment of weights is a difficult task and is of little applicability in the optimisation of dispatch

of the EMS/ED services, where decisions must be made quickly and reliably.
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6.4.5 Scenario 2

This Section gives numerical results of the test applied to Scenario 2, where direct transport to

referential hospitals is not possible. In that sense, patients requiring specialised treatment will

need to be first admitted to a non-referential ED and only then re-referred to a referential unit.

This is a special scenario developed to analyse the impact of re-referrals applied instead of direct

transport to referential hospitals. Results obtained are shown in Tab. 6.6.

Table 6.6: ED Dispatching Problem results (S2)

ED Dispatching Problem (P2)

Scenario 2 (S2)

Index (6.3) (6.6)

(6.7)

v1 = 1,

v2 = 1

(6.7)

v1 = 0.8,

v2 = 15

(6.7)

v1 = 15,

v2 = 0.8,

1 70.00 54.00 54.00 60.00 54.00

2 12.00 28.00 28.00 22.00 28.00

3 48.57% 77.50% 77.50% 77.50% 77.50%

4 −132.61 −566.35 −566.35 −494.71 −566.35
5 0.56 0.56 0.56 0.56 0.56

6 17.64 17.64 17.64 17.64 17.64

7 0.35 0.18 0.18 0.18 0.18

8 36.96 28.99 28.99 28.99 28.99

9 0.00 0.00 0.00 0.00 0.00

10 7.00 0.00 0.00 4.00 0.00

As can be seen, forbidding direct transfers to referential units worsened the overall indices

(no. 1 to 4) for all of the approaches shown. This is mostly due to the fact that re-referral is

often costly in terms of time, and therefore the optimiser would opt for sacrificing the speciality

in order to meet patients’ time requirements.

Thus, it is valid to conclude that re-referring is often not the best strategy, and therefore, the

dispatcher should always consider patients’ condition in the ED dispatching process to correctly

direct the ambulance at the very moment of starting to transport the patient. Direct transports of

patients to referential hospitals may greatly improve the performance of the EMS/ED services.

6.4.6 Scenario 3

Scenario 3 is a case in which re-referral is much less time-consuming than in normal operating

conditions (S1); namely, it is one-fourth of the re-referral time from S1. The purpose of testing
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under this scenario is to check if the proposed approach might be interesting to the dispatcher if

re-referrals were not problematic from a time perspective.

The results are shown in Tab. 6.7. As can be noted, from solving the proposed P2: ED Dis-

patching Problem, many more re-referrals were obtained, which improved the overall results.

However, changing the re-referral times did not change the results of other approaches con-

sidered. One may then conclude that the P2 approach adapts itself better to changing decision

environments from the approaches considered while still being viable.

Table 6.7: ED Dispatching Problem results (S3)

ED Dispatching Problem (P2)

Scenario 3 (S3)

Index (6.3) (6.6)

(6.7)

v1 = 1,

v2 = 1

(6.7)

v1 = 0.8,

v2 = 15

(6.7)

v1 = 15,

v2 = 0.8,

1 78.00 58.00 58.00 62.00 58.00

2 3.00 24.00 24.00 20.00 24.00

3 42.94% 77.50% 77.50% 77.50% 77.50%

4 −30.03 −470.23 −470.23 −404.35 −470.23
5 0.56 0.56 0.56 0.56 0.56

6 17.64 17.64 17.64 17.64 17.64

7 0.35 0.18 0.18 0.18 0.18

8 36.96 28.99 28.99 28.99 28.99

9 2.00 10.00 10.00 10.00 10.00

10 8.00 0.00 0.00 0.00 0.00

6.5 Summary

The main goal of any system of Emergency Medical Service is to provide timely and accurate

medical support to patients in acute (often even life-threatening) conditions. It is the task of the

emergency medical dispatcher (together with the chief of the emergency crew) to correctly dis-

patch EMS crews (ambulances) to patients and patients onboard the ambulances to Emergency

Departments in hospitals. This task is currently facilitated by the use of call triage and categor-

isations systems (e.g., MPDS) and by means of patient transport protocols. The condition of

the patients varies greatly amongst them (basing on their clinical condition), and so varies the

speciality in treating given kinds of diseases between emergency system components. This is

why treating all patients alike in the dispatch process, regardless of their clinical condition, is

150



not a desired assignment strategy. In some cases providing medical aid with the wrong level of

speciality might make the treatment less effective or even impossible.

In this Chapter, we applied our proposed generic multi-criteria Services of General Interest

dispatching optimisation problem with quality-based criteria to operating the system of Emer-

gency Medical Services (EMS) with Emergency Departments (EDs). By doing so, we aimed to

develop a decision-support tool to be used by an emergency medical dispatcher in the dispatch

process. The problems proposed consider patients’ requirements towards both time of getting

medical support and the speciality level of this support, which is a realisation of the quality

criterion proposed in the generic problem. The requirements towards the criteria are expressed

by means of aspiration and reservation values and assessed basing on patients’ health condi-

tions. We propose that this assessment is performed by properly trained medical personnel with

the help of the currently used MPDS system, and by integrating current transport protocols.

Time and speciality requirements are not uniform across acute-state patients and depend greatly

on their medical condition. We take this fact into consideration in our optimisation problems

by optimising for both time and speciality requirements of each patient individually (on a per-

patient basis), where aspirations/reservations calculated depend on their clinical condition. In

that sense, we can conclude, that the results obtained by applying our method are more tailored

to patients needs and always consider the current operational state of the EMS system.

The proposed ED dispatching problem allows for optimising the decisions on whether to

transport a given patient to a non-referential facility or directly to a referential one or to re-

transfer them from a non-referential to a referential one. The decision is proposed by the optim-

iser, taking into consideration all patients’ clinical conditions and the current operational state

of the whole EMS system (availability of ambulances and hospital beds, speciality offered by

available units, as well as time to reach the patient/ED). Thanks to optimising decisions consid-

ering this level of flexibility, one can suspect that wide adoption of the proposed system could

possibly reduce offload delays in all types of hospitals. This is because patients will be trans-

ferred to destination hospitals basing on their clinical needs. Therefore, it is likely that patients

not requiring specialist care will be directed to non-referential units and those requiring it to the

referential ones. Re-transferring will be done only when critically required. All of the above

take into consideration the current hospital capabilities and delays.

In this work, we also proposed an integration framework of the proposed decision support

tools into the current EMS/ED dispatching decision process, which outlines integration with

already existing dispatch tools. It was depicted schematically in the flow diagram The use of our

method can potentially improve the performance of currently used techniques. Once the calls are

categorised and triaged (the job of MPDS), the method allows for identifying and assigning the

most appropriate unit to work with a given patient, considering the current operational state of

the system as a whole. Similarly, the method can improve the use of current transport protocols
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by applying their guidelines in optimising for the best ED (in terms of its address) to admit a

given patient (in terms of exact hospital location), also considering current hospital capabilities.

The approach is tested in simulations using real-life emergency cases stored in the NEMSIS data

set over different decision environment scenarios.

In all scenarios tested, the proposed approachmanaged to find a dispatch that is more tailored

to the patients’ needs than the other approaches shown. This is measured by the number of

criteria being at least as good as their reservations associated, the number of criteria being worse

from their reservations by at least 10%, themaximum percentage gap between the criterion value

and its reservation, as well as the mean value of the utility function of the patients.

This research also has some limitations. First, we focused mostly on cardiological diseases

for testing purposes. Yet, the problems proposed are generic enough that the type of disease

could easily be changed to any other. What is more, the problems could also be extended to

introduce other speciality measures towards other types of EMS service. These are, however,

considered out of the scope of this Chapter.

As already stated, the method proposed is built on a per-patient basis and not on a per-

incident basis. A question may then arise on how to handle the EMS assignment for incidents

with multiple patients. Our method is also capable of handling multiple patients in one event.

When dealing with an accident with multiple patients, each one of them should be identified

as needing help. And for each one of them, we would have the time and speciality criterion

assigned, with aspirations/reservations to each of them. In that sense, the dispatch of resources

would be still in-line with the tailored-for-needs approach.

In case a mass event is present, it could simply not be possible to assign appropriate aspira-

tions or reservations for the EMS speciality needed for each of the patients. In such a case we

suggest to set the value of aspiration for speciality to 0.5 (middle of the range). Then, to assign

reservation for the same to 0 (lower bound). However, we require that EMS arrive quickly and

thus aspiration and reservation for time-to-arrival should be strict, e.g., reservation: 12 min,

aspiration: 7 min. (depending on the current operational state of the system, and on medical

protocols). In that way, the optimiser would aim to assign a unit, that can arrive at the scene as

soon as possible, with a slight preference towards more specialised ones.

Secondly, as in our approach the dispatching is not based solely on the time criterion, EMS

quality assurance key performance indicators should possibly be adjusted. Considering a certain

percentage of calls to be served within a nationally defined time threshold might no longer be

appropriate. We propose to measure the EMS performance by the percentage of all criteria

(time/speciality) which are at least as good as their reservation and compare it with a derived

threshold. This however is to be applied at a legislative level.

In the optimisation problems, we do not consider queuing, assuming that always at least as

many EMS/ED units are available as the number of patients they should serve. This assumption
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does reflect the reality of some EMS systems. According to the Warsaw Office of Statistics

(Urzad Statystyczny w Warszawie), in 2021 on average, only around 24% of available EMS

units were busy per hour in the whole of Mazowieckie voivodeship, Poland [114]. This number

is similar for other years too. However, acknowledging the fact that queuing models may add

value to the problems developed in this study, we envisage considering them in future research.

Another research possibility is to apply the approach proposed to real-life emergency medical

system dispatching.

Despite the limitations, the application of the developed generic multi-criteria Services of

General Interest dispatching optimisation problem with quality-based criteria proves to be an

interesting dispatch strategy also for EMS/ED dispatch. The addition of quality-based criteria

enables better differentiation of patients basing on their medical condition. This allows to better

distribute the limited EMS/ED resources in order to better suit patients’ needs. What is more,

the proposed approach allows for consideration of both direct transports of patients to referen-

tial hospitals and re-referrals from non-referential units. In that sense, the approach gives more

flexibility and allows for broader optimisation of dispatch decisions, as well as allows for get-

ting dispatch results which are more tailored to patients’ needs. All things considered, such an

approach might possibly enhance patients’ survival rate in emergencies.
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Chapter 7

Conclusions and discussion

This Chapter presents general conclusions drawn from this study. Specific conclusion Sections

to other parts of this studywere already given in the previous Chapters. We organise this Chapter

as follows: first, we summarise the validation of the main research thesis. Then, we present the

discussion on the limitations of this study and outline some future research possibilities.

7.1 Research outcomes

Services of General Interest are an important pillar of the social model and of the social market

economy of the EuropeanUnion. These services are focused on guaranteeing theminimumwell-

being standards for the Europeans so to make their lives better and less dependent on external

factors. They may be constituted of service with either dispatchable or non-dispatchable units.

In this work, we aimed to contribute to the general research on Decision Support Systems

(DSSs) for the dispatchers of the dispatchable SGIs. We considered only the SGIs, whose units

may be differentiated based on the quality (or speciality) of the service offered. We wanted

to verify the main research thesis as whether adding quality-based criteria to the SGI dispatch

optimisation problem adds value to the dispatching, allowing to yield more tailored results to

customers’ needs. For this, we specifically developed the generic multi-criteria SGI dispatch

optimisation problem with quality-based criteria (SDOQ), where not only does the optimiser

focus on minimising the overall cost/time of the dispatch, but also simultaneously on assigning

the appropriate service unit as required by the dispatch participants. Our ambition was to allow

for producing research results which could improve the dispatch strategies considered currently

in the DSSs for SGI dispatching, so that they suggest the most appropriate unit for a given

customer. Here, we understand the appropriateness as how well the service dispatched responds

to the requirements of the customers, which were established with domain-specific expertise and

knowledge.

We verified the main research thesis, together with the performance of the proposed SDOQ
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problem in multiple steps. Firstly, we reviewed theoretically the characteristics of the problem

and identified the Reference Point Method as the best suited aggregation method (Chapter 3).

Once established, we tested it statistically on 6,000 artificial instances with randomly gener-

ated parameters (Chapter 4). It is worth mentioning here, that we performed the tests on the

non-equitable and equitable (fair) formulations of a specific realisation of the SDOQ problem.

Then, to make the investigations more realistic, we applied the problem SDOQ to two Case

Studies from highly distinct fields. The first one was related to the dispatch of electrical en-

ergy generating units and the second one to the dispatch of Emergency Medical Services with

Emergency Departments (Chapters 5 and 6). In both Case Studies we developed comprehensive

mathematical models of the specific decision situations and performed some numerical experi-

ments.

In all of the above-mentioned numerical tests we compared the performance of the SDOQ,

as opposed to the standard single-criterion dispatch cost minimisation approaches. For that we

looked at a number of different performance measures (indices), namely:

1. Number of criteria being at least as good as their reservations associated;

2. Number of criteria not meeting their reservations by at least 10%;

3. Maximum strictly positive percentage gap between the criterion value and its reservation,

for both cost and quality criteria jointly;

4. Mean value of the utility function;

5. Optimiser’s solution time (not investigated in the Case Studies);

6. Obtained values for cost and quality criteria by two selected consumers — no. 3 and no.

9 (only in the Case Studies).

All of our tests outlined that the overall appropriateness indices (no. 1 to 4) were always bet-

ter when the multi-criteria approach with quality-based criteria was applied, both for the tests

from Chapter 4 and the domain-specific Case Studies. It is especially worth noting that the

mean value of the utility function over all participants was always significantly higher when the

quality-based approach was applied. It is interesting, as this index represents the level of satis-

faction of an average participant on the dispatch results. The indices considered measure, from

multiple points of view, how appropriately the dispatcher is able to dispatch the SGI resources

to their customers. It is specifically important as generally the SGI resources are limited and

shall only be assigned in a way that they are able to serve appropriately as many customers as

possible.

The improvement of the appropriateness indices came however, at the cost of significantly

worsening the Optimiser’s solution time with the increase of the problem size/complexity. The
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increase was especially visible while solving the equitable formulation of the SDOQ—making

it difficult to be solved in reasonable time for SGI dispatching on our test laptop. However, this

increase was less important when the non-equitable formulation was applied. In such case it

was possible to solve the SDOQ problem in the time acceptable for the dispatching process of

many real-life SGIs.

The Case Studies, which were based on our published papers [13, 63] have outlined that the

SDOQ problem can be well applied to the dispatch of various SGI services, from very distinct

fields. In each of those applications, the use of SDOQ allowed for yielding dispatch results,

which were more tailored to customers’ needs. It was of specific interest, as both EMS/ED and

energy generation systems can be considered critical. Hence, a more appropriate dispatch of

their limited resources is vital to the health and well-being of the Europeans.

All things considered, we have shown that the proposed SDOQ problem can work and bring

value tomultiple various and distinct applications of the Services of General Interest. Despite the

fact that it solves in longer time, we can conclude that adding quality-based criteria to the generic

Services of General Interest dispatch optimisation problem does add value to the dispatching,

allowing to yield more tailored results to the customers’ needs. As such, we conclude that the

main research thesis has been confirmed in the course of the study presented.

7.2 Limitations of the study and research possibilities

This study was limited by the fact that it was conducted only in simulations. Although we based

the Case Studies either on standard, widely known test cases, or on real-life data, we did not

apply the results to real-life decision situations. What is more, the study was also limited by

the fact of using artificially generated data sets in Chapter 4. It is recommended to perform

further studies of the method proposed in real-life environments before applying it widely to the

dispatching of various Services of General Interest. For instance, one may envisage conducting

double-blind, randomised clinical trials for the dispatching of EMS services to patients in a real

EMS system. A similar approach could be applied to other SGI dispatch optimisation problems

— e.g., by creating a dedicated pilot of the proposed electrical energy market.

Secondly, we envisage the possibility of analysing different Case Studies — the list of pos-

sible candidates for applications is given in Sec. 1.1.5. Similar investigations as in Chapters 5

and 6 can be performed by proposing dedicated optimisation problems and testing them in ap-

propriate simulations. Once successful, one can proceed to applying the results into real-life

SGI dispatching situations.

Thirdly, in all problems, we have assumed that the number/amount of dispatchable units

is at least as large as the number/amount of demand. In other words, we have not considered

queuing. This was done on purpose — not to blur the answer to the main research question
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addressed in this study. Especially as this assumption is generally valid for the Case Studies we

performed. What is more, the models developed in the course of this study were deterministic

only. However, real-life situations are prone to uncertainties. Thus, another research possibility

might include extending the models to more robust (or stochastic) formulations.

In the course of our analyses we were always happy with the first Pareto-optimal solution

produced, as long as it responded to the customers’ needs and requirements. We were motivated

by the fact that in real-life situations SGI dispatcher’s decisionsmust bemade quickly, efficiently

and correctly. Hence, we assumed that the first solution is valid, provided that it responds well

to the requirements. However, detailed study on how many solutions should be presented to the

dispatcher may be identified as a future research possibility.
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Appendix A

Binary relations

In multi-criteria analysis, relations play a vital role. In this Section, we give some definitions

related to them, which will be later referred to. This is cited after [108].

Definition A.0.1 (Binary relation). Let S be a set. A binary relation on S is a subsetR of S×S ,
where S × S = {(s1, s2) | s1, s2 ∈ S}. If (s1, s2) ∈ R, we write s1Rs2.

Important qualities of binary relations, which are used in this work, are given below. Other

qualities, which are not directly referred to in the remainder of the text of this work, are omitted,

despite them being important for the theory of multi-criteria optimisation. However, to get more

grasp of those, a reader is encouraged to consult [108] for more information.

A binary relation R is called:

1. Reflexive, if sRs ∀s ∈ S

2. Transitive, if s1Rs2 and s2Rs3 =⇒ s1Rs3 ∀s1, s2, s3 ∈ S
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Appendix B

Formulations for numerical experiments

The formulation (B.1) presents one of the optimisation problems used for the numerical experi-

ments from the Chapter 4. It aggregates the multi-criteria problem in a way that it minimises the

total sum of all cost criteria, summed over all customers. The quality criteria are not subjected

to optimisation in the formulation. Therefore, we understand it as the cost-minimal approach.

It represents the most classical dispatching policy, where the least expensive units are always

deployed. In the case of ambulance dispatch, it recommends sending always the closest idle unit

and in the case of generation of the electrical energy — currently only cheapest units/technolo-

gies. We refer to it in Chapter 4 as the single-criterion problem.

min

|Pk|∑
i=1

|I|∑
k=1

ci,k

s.t. qi,n = f 1
i,n(x) ∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

ci,k = f 2
i,k(x) ∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

f 1
i,n(x) =

|Ps|∑
j=1

yji d
j
i,n ∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

f 2
i,k(x) =

|Ps|∑
j=1

yji t
j
i,k ∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

|Ps|∑
j=1

yji = 1 ∀i = 1, . . . , |Pk|,

yji ∈ {0, 1} ∀i = 1, . . . , |Pk| ∀j = 1, . . . , |Ps|

(B.1)

The problem (B.2) is the direct formulation of the Reference Point Method scalarisation of

the test formulation (4.1) from the Chapter 4. It optimises for both quality and cost criteria

considering participants’ preferences/requirements. Those are given in the form of aspirations

and reservations a, r towards all criteria. Each participant has its aspiration and reservation on

each of their associated criteria. This problem does not ensure the equity of the result, but only
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its Pareto-optimality. It is referred to in Chapter 4 as the multi-criteria non-equitable problem.

max v + ρ

|Pk|∑
i=1

|I|∑
n=1

|K|∑
k=1

(zqi,n + zci,k)

s.t. qi,n = f 1
i,n(x) ∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

ci,k = f 2
i,k(x) ∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

f 1
i,n(x) =

|Ps|∑
j=1

yji d
j
i,n ∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

f 2
i,k(x) =

|Ps|∑
j=1

yji t
j
i,k ∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

|Ps|∑
j=1

yji = 1 ∀i = 1, . . . , |Pk|,

yji ∈ {0, 1} ∀i = 1, . . . , |Pk| ∀j = 1, . . . , |Ps|,

v ≤ zw ∀w = 1, . . . , |Pk|+ |I|+ |K|,

zqi,n ≤ γ
qi,n − rqi,n
aqi,n − rqi,n

∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

zqi,n ≤
qi,n − rqi,n
aqi,n − rqi,n

∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

zqi,n ≤ β
qi,n − aqi,n
aqi,n − rqi,n

+ 1 ∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

zci,k ≤ γ
ci,k − rci,k
aci,k − rci,k

∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

zci,k ≤
ci,k − rci,k
aci,k − rci,k

∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

zci,k ≤ β
ci,k − aci,k
aci,k − rci,k

+ 1 ∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|

(B.2)

The problem (B.3) is an RPM scalarisation of (4.1) considering both equity and Pareto-

optimality of the result. It optimises all criteria considering participants’ preferences using the

implementable version of the Nucleolar RPM, as given in (3.9). It is referred to in Chapter 4 as
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the multi-criteria equitable problem.

max v + ρ

|Pk|+|I|+|K|∑
o=1

go

s.t. qi,n = f 1
i,n(x) ∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

ci,k = f 2
i,k(x) ∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

f 1
i,n(x) =

|Ps|∑
j=1

yji d
j
i,n ∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

f 2
i,k(x) =

|Ps|∑
j=1

yji t
j
i,k ∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

|Ps|∑
j=1

yji = 1 ∀i = 1, . . . , |Pk|,

yji ∈ {0, 1} ∀i = 1, . . . , |Pk| ∀j = 1, . . . , |Ps|,

zqi,n ≤ γ
qi,n − rqi,n
aqi,n − rqi,n

∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

zqi,n ≤
qi,n − rqi,n
aqi,n − rqi,n

∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

zqi,n ≤ β
qi,n − aqi,n
aqi,n − rqi,n

+ 1 ∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

zci,k ≤ γ
ci,k − rci,k
aci,k − rci,k

∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

zci,k ≤
ci,k − rci,k
aci,k − rci,k

∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

zci,k ≤ β
ci,k − aci,k
aci,k − rci,k

+ 1 ∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|,

v ≤ go ∀o = 1, . . . , |Pk|+ |I|+ |K|,

go = opo −
|Pk|+|I|∑

s=1

ls,o ∀o = 1, . . . , |Pk|+ |I|+ |K|,

po1 − ls,o1 ≤ zqi,n ∀s, o1 = 1, . . . , |Pk|+ |I| ∀i = 1, . . . , |Pk| ∀n = 1, . . . , |I|,

po2 − ls,o2 ≤ zci,k ∀s, o2 = 1, . . . , |Pk|+ |K| ∀i = 1, . . . , |Pk| ∀k = 1, . . . , |K|

(B.3)
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