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Abstract

Holographic projection is an imaging technique in which the light beam is modulated in such

a way that not just its intensity, but also its phase can be controlled. As a result, the cre-

ated wavefronts correspond to those that would be reflected by real objects. With the use of

modern spatial light modulators, it is possible to create high-resolution colored holographic im-

ages in real time. One of the most promising out of those devices are liquid crystal on silicon

modulators, due to the simplicity of their use, high diffraction efficiency and continuous phase

modulation.

This thesis investigates the relation between the structure of the liquid crystal pixel array of

the modulators and the image duplicates observed in the reconstructions of Fourier holograms.

The analysis proves their relation to the shape and the regular structure of said pixels. Two

solutions to the aforementioned imperfections of the holographic technology are proposed.

The primarily researched solution is the application of apodizing masks: amplitude, phase,

or of mixed nature, in order to suppress the image duplicates. Amplitude masks with a Gaussian

profile of the effective pixel were designed and fabricated. To verify the numerical results, an

experimental-set-up was created, in which a desired change in intensity distribution of Fourier

hologram reconstructions was observed. To increase the efficiency of the apodizing masks,

phase masks were considered at the next step. Simple phase masks were proposed, which

can redirect the intensity of the reconstruction beam into the area of a main image in off-axis

projection. Both binary and kinoform masks were tested in the simulations, the first of which

were tested in the experiment. Fabrication of the binary mask was attempted as well. The

potential effects of combining the amplitude and phase masks were evaluated numerically.

The possibility of decreasing the regularity of modulator pixels is discussed as well, re-

searched in both simulations and experiment, and suppression of image duplicates is achieved

at the cost of increased noise. Magneto-optic garnets are also suggested as a possible alternative

medium for hologram recording.

The obtained results prove the thesis that it is possible to achieve suppression of image dupli-

cates in Fourier hologram reconstructions from liquid crystal on silicon spatial light modulators,

either by randomization of the pixel structure, or by applying subpixel apodizing masks.

Keywords: holographic projection, Fourier hologram, liquid crystal on silicon spatial light mod-

ulator, image duplicates
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Streszczenie

Projekcja holograficzna to technika obrazowania, w której wiązka modulowana jest tak, aby

kontrolowane było nie tylko natężenie, ale przede wszystkim faza fali. Pozwala to uzyskać

fronty falowe odpowiadające odbitym od obiektów rzeczywistych. Nowoczesne przestrzenne

modulatory światła umożliwiają tworzenie w czasie rzeczywistym kolorowych obrazów holo-

graficznych o dużych rozdzielczościach. Najbardziej obiecującymi z nich, ze względu na pros-

totę użycia, wysoką wydajność dyfrakcyjną i wielostopniową modulację fazy, są modulatory

ciekłokrystaliczne na podłożu krzemowym.

W pracy dowiedziony został związek struktury macierzy ciekłokrystalicznych modulatorów

światła z powieleniami obrazów w rekonstrukcjach hologramów Fouriera. Analiza wykazała

ich związek z kształtem oraz regularnym ułożeniem pikseli modulatora. Zaproponowane zostały

dwa rozwiązania przedstawionych niedoskonałości technologii holograficznej.

Wiodącym w pracy rozwiązaniem jest zastosowanie apodyzacyjnych masek amplitudowych,

fazowych bądź mieszanych w celu wygaszenia powieleń obrazów. Zaprojektowano i wykonano

maski amplitudowe o gaussowskim profilu przekroju efektywnego piksela modulatora światła.

W celu weryfikacji wyników numerycznych zbudowano układ doświadczalny, w którym za-

obserwowano oczekiwaną zmianę rozkładu natężenia w odtworzeniach hologramów Fouriera.

Dla zwiększenia skuteczności masek apodyzacyjnych, w kolejnym kroku rozważono maski

fazowe. Zaproponowano proste maski fazowe mające na celu skierowanie natężenia wiązki

rekonstruującej hologram do obszaru wybranego obrazu w projekcji pozaosiowej. W symu-

lacjach sprawdzono maski binarne i kinoformowe, po czym działanie tych pierwszych zostało

sprawdzone eksperymentalnie. Podjęto próbę wytworzenia masek fazowych. Zbadano także

numerycznie skuteczność łączenia apodyzacyjnych masek fazowych i amplitudowych.

Rozważono też redukcję regularności ułożenia pikseli, sprawdzoną w symulacjach oraz

w eksperymencie. Uzyskano wygaszenie powieleń obrazów kosztem zwiększenia szumu. Za-

proponowano czynne magneto-optycznie granaty jako alternatywny ośrodek zapisu hologramów.

Uzyskane wyniki dowodzą, że możliwa jest redukcja powieleń obrazów w rekonstrukc-

jach hologramów Fouriera na ciekłokrystalicznych przestrzennych modulatorach światła przez

ulosowienie struktury pikseli lub zastosowanie subpikselowych masek apodyzacyjnych.

Słowa kluczowe: projekcja holograficzna, hologram Fouriera, ciekłokrystaliczny przestrzenny

modulator światła, powielenia obrazów
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Chapter 1

Introduction

The concept of capturing images of the real life has always been one of the most valued achieve-

ments. At first, only the artistic skill allowed for capturing the likeness of humans or landscapes.

The invention of a camera obscura [1] introduced a groundbreaking shift to the notion of imag-

ing. Following that, the technology developed relatively quickly: cameras, analogue and digital,

begun recording static images, then dynamic ones as well. Nowadays, we can capture as many

as 120 frames per second using cinematic digital cameras [2, 3], and the resolutions of those

images have significantly improved as well. Image post-processing [4, 5] enables fine control

over the recorded frames, and these captured images, as well as computer-generated ones, can

be displayed for the viewers on a computer screen or projected at a distance.

Various technologies of image displaying are available, most of which are based on geo-

metric optics. In contrast to those, holography utilizes not just the intensity, but also – maybe

more importantly – the phase of the wavefront. In this method, the light reaching an observer is

an approximation of what a wave reflected from a real object would look like. It has an impor-

tant application in 3D displays where it eliminates the vergence-accommodation conflict [6],

and due to the flexibility of hologram encoding, the images can be formed at almost any given

distance. Another important advantage of holography is its efficiency at two-dimensional pro-

jection. While typically in projectors light must be shielded and absorbed to achieve dark areas,

in holographic projection the light is redirected to the bright areas of the image instead [7].

The high energy efficiency is an important factor for the developing display technologies and

a potential key advantage of the holographic technologies as well.

The devices that make dynamic holographic imaging possible are called spatial light mod-
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ulators. Out of those, the most commonly used are digital micro-mirror devices (DMDs) and

liquid-crystal-on-silicon (LCoS) spatial light modulators (SLMs). DMDs are based on micro-

electro-mechanical systems (MEMS) and enable intensity modulation of the wavefront [8]. As

such, they are mostly used to reconstruct binary holograms. The devices of the other type,

LCoS SLMs, currently play the biggest role on the market, due to their significant diffraction

efficiency, high resolutions of modern devices and the ease of their use [9, 10]. The simplest

set-up for holographic projection consists of only a light source and an SLM with its driver [11].

The unique simplicity of the holographic set-up is curbed by the presence of image dupli-

cates in the reconstructions of holograms displayed on an LCoS spatial light modulator. Those

additional images are repeated in a regular pattern and are exact copies of the desired image,

differing only by the intensity within their area. State of the art solutions for removal of those

additional images employ methods such as bulky spatial filtering [12, 13], susceptible to noise

correlation systems [14], and advanced calculations [15], which all impact the complexity of

hologram projection and the necessary set-up. Miniaturization of the holographic projectors

requires a neater, more compact solution. An additional limitation of this kind of SLM devices

is the undiffracted light that introduces noise to the central area of hologram reconstruction,

caused by the inactive areas between SLM pixels and the minute inaccuracies of the build of

the modulator.

The research conducted by the author of this thesis focused on finding low-volume, high-

efficiency solutions to the presence of image duplicates and central noise in reconstructions of

computer-generated holograms. In particular, the author considered the source of the additional

images and proposed two methods: pixel apodization masks providing subpixel modulation to

the pixel array, and pixel randomization. First of those solutions can not only be realized with

just a single layer within the set-up, but also be implemented as an inbuilt layer of a spatial light

modulator.

As such, the defended thesis can be stated as:

The reduction of visibility of image duplicates in the reconstructions of Fourier holo-

grams displayed on liquid-crystal-on-silicon spatial light modulators is achievable by the

means of altering the pixel structure of the device: by applying subpixel apodizing masks

or by randomization of pixel positions.

The thesis consists of six parts, including this Introduction. Chapter 2 presents the theoret-

ical background necessary for the thorough understanding of the thesis, as well as introduces
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the notations used in the rest of this work. Chapter 3 focuses on the source of image duplicates

in hologram reconstructions and names two possible solutions, further described in Chapters

4 and 5. First of these two sections describes subpixel apodization masks of amplitude and

phase natures. It covers both simulation and experimental results. Chapter 5 is devoted to pixel

randomization as a disruption of regular structure of an SLM. Research on a novel phase mod-

ulating material is also presented. Chapter 6 is a summary of obtained results, as well as an

analysis of the proposed methods and the potential of further research.

The research discussed in this thesis has been positively peer-reviewed and published in

international journals [16–18], including one publication currently under review [19], as well

as presented on international conferences [20–26].
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Chapter 2

Theoretical introduction

For proper understanding of the thesis and presented research, some fundamental theoretical

knowledge is necessary, including mathematical tools and the basic understanding of holo-

graphic principles. In this chapter, relevant notations are introduced as well.

2.1 Mathematical tools and functions

To encode information in a phase-only hologram, the use of complex calculations is necessary.

There are multiple means of calculating the phase distribution of the hologram. However, to

understand this thesis, the knowledge of selected functions, convolutions and Fourier transform

is sufficient. Within this thesis, only the basics of those topics relevant to the research are

discussed. The detailed description can be found in the referenced sources.

2.1.1 Special functions

Dirac delta function d (x), also known as the unit function, is a distribution included among

special functions [27]. It does not have a physical representation but is a useful concept helpful

in the analytic approach to signals and functions. It can be defined as a special function that

equals zero for all non-zero rational numbers, and whose integral is a unit area:

d (x) =

8><>:0 x 6= 0

¥ x = 0
(2.1)

Z
¥

�¥

d (x)dx = 1 (2.2)
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A sifting property of the special function d (x) can be described as:Z
¥

�¥

g(x)d (x�a)dx = g(a) (2.3)

It can be interpreted as obtaining the value of g(x) at the point a, as long as g(x) is continuous

at that point [28].

From there, the product of a function with the Dirac delta function can be derived as:

g(x)d (x�a) = g(a)d (x�a) (2.4)

Dirac delta function can be used in electronics to describe infinitesimally short impulses of

infinite amplitude [29], or in optics to describe point light sources and point-like objects [27].

A comb(x) function is another example of a special function [28]. It is a distribution con-

sisting of an infinite series of evenly spaced Dirac delta functions:

comb(x) =
¥

å
k=�¥

d (x� k) (2.5)

where k 2 Z. In physics, it can be used for sampling the signals or, as in this thesis, to describe

a regular infinite array of point objects.

Third special function relevant to the presented research is a rectangular function rect(x)

[28], in this thesis defined as:

rect(x) =

8><>:0 jxj> 1
2

1 jxj � 1
2

(2.6)

Another special function, strongly related to the rectangular function, as will be shown in

Chapter 2.1.4, is a normalized sinc(x) function [28], defined as:

sinc(x) =

8><>:
sin(px)

px x 6= 0

1 x = 0
(2.7)

All described special functions are presented in Figure 2.1 for better visualization of those

mathematical tools.

2.1.2 Gaussian function

Gaussian is a widely used mathematical function, known for the characteristic bell curve of its

graph (Fig. 2.2) [27]. It can be described with a parametric equation:

f (x) = ae�
(x�b)2

2c2 (2.8)
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Figure 2.1: Special functions: a) Dirac delta function d (x); b) comb(x) function; c) rectangular

function rect(x); d) sinc(x) function.

where a is the peak value of the curve, b is the abscissa that corresponds to the peak, and c is the

standard deviation of the function to which the width of the bell curve is related. The applica-

tions of the Gaussian functions are wide and varied, starting from the description of the normal

distribution [30], through Gaussian beams in optics [31], to the uses that consider its mathemat-

ically interesting features, such as Gaussian filters or Gaussian blurs in signal processing [32].

Figure 2.2: Gaussian function for a = 1, b = 0 and different values of parameter c: greater (left)

and lower (right).
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2.1.3 Convolution

Convolution is a mathematical operation in which two functions, f and g, form a third function

h which describes the modification of one function by the other [27]. It can be defined as:

h(x) =
Z

¥

�¥

f (x0)g(x� x0)dx0 (2.9)

Convolution can be written down using a simplified notation:

h(x) = f (x)
g(x) (2.10)

This operation is widely used in many different fields, including statistics, spectroscopy, and

image processing. In optics it has found its application in description of light wave propagation,

e.g. it can be used in the notation of Fresnel diffraction [33]. One of the interesting properties of

this operation is that a convolution with any function other than the Dirac delta function changes

the input function.

A convolution of the special function d (x�a) with a function g(x) can be written as:

g(x)
d (x�a) = g(x�a) (2.11)

This means that the convolution of any function g(x) with the Dirac delta function is the same

function, shifted by the parameter a [34].

2.1.4 Fourier transform

Fourier analysis of signals is based on the principle that a function can be expanded into and

presented as a sum of an infinite number of trigonometric functions, i.e. sine and cosine func-

tions, or exponential functions [35]. This relationship can be expressed in the following way

for a two-dimensional case:

F(nx;ny) =
ZZ

¥

�¥

f (x;y)e�2pi(xnx+yny)dxdy (2.12)

f (x;y) =
ZZ

¥

�¥

F(nx;ny)e2pi(xnx+yny)dnxdny (2.13)

where nx and ny are coordinates of the Fourier plane. The function F(nx;ny) is a Fourier trans-

form of f (x;y), and can be written down using a simplified notation:

F(nx;ny) = Ff f (x;y)g (2.14)
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From the mathematical point of view, Fourier transform can only be applied if the function

satisfies the following criteria [36]:

- is an absolutely integrable function over the whole domain:
RR

¥

�¥
j f (x;y)jdxdy < ¥ ;

- has a finite number of minima, maxima and discontinuities in each finite interval of its

domain;

- its discontinuities are finite.

However, for most real physical signals, those conditions are fulfilled, and as such, Fourier

transform can be applied as an analytic tool for the detected signals and distributions.

If two functions have a Fourier transform, the convolution theorem [28] can be applied to

the operations carried out on them:

Ff f (x)
g(x)g= Ff f (x)g �Ffg(x)g (2.15)

Ff f (x) �g(x)g= Ff f (x)g
Ffg(x)g (2.16)

For those functions, their convolution in the Fourier domain can be realized by a multiplication

of their Fourier transforms in the frequency domain, and their multiplication – by a convolution.

While most signals analyzed in the field of optics are two-dimensional, an overview of

the Fourier transforms of one-dimensional functions is valuable for later extension of those into

more dimensions. Table 2.1 and Figure 2.3. present the results for Gaussian and selected special

functions described in the previous subsections of this thesis.

Table 2.1: Selected functions and their Fourier transforms.

Input function Fourier transform

d (x) 1

comb( x
a) jajcomb(nxa)

rect( x
a) jajsinc(nxa)

sinc( x
a) jajrect(nxa)

ae�
x2

2c2 ac
p

2pe�n2
x p22c2

The Gaussian is one of the unique functions whose Fourier transform is another function of

the same type. It is worth noting that the width of the two Gaussians is related by a constant

c: the lower its value, the narrower the input function and the wider its Fourier transform.
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Figure 2.3: Selected functions (left) and their Fourier transform (right).

This means that a short impulse, or alternatively, a narrow object in the analyzed field, leads to

a broader spectrum of spatial frequencies in the Fourier domain.

In optics, the expansion of a function into a series of exponential functions Aeikx corresponds

to a decomposition of a wavefront into a number of plane waves propagating at different angles

through the medium [28]. Each of the angles is related to a separate spatial frequency nx = k
2p

of the transformed function.

According to geometrical optics, a plane wave propagating through a lens is focused at

a single point [37]. If each wavefront can be represented by a series of plane waves at different

angles, a lens focuses each of them in its focal plane at a different point, creating a specific

amplitude distribution related to the input light field. The next chapter will prove that the image

created at the focal plane of a lens is an approximation of a Fourier transform of the incident

wavefront.
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2.2 Scalar diffraction theory

If light passes through an obstacle, made of either a transparent or an opaque medium, and the

direction of its propagation changes from the straight-line beam described by the geometrical

optics, diffraction occurs [27]. One of the examples of such a phenomenon can be diffraction

on an aperture in an otherwise flat screen (Fig. 2.4). For the distance of observation r much

greater than the wavelength l of the incident wavefront U(u;v), the propagation of the wave

can be described by the Rayleight-Sommerfeld diffraction formula [28]:

U(P) =
1
il

ZZ
S
U(u;v)

eikr

r
cos(~n;~r)dS (2.17)

where P = (x;y) is the point of observation, S is the area of the aperture, k = 2p

l
is the length

of a wave vector, and ~n is the normal vector to the aperture. This means that the field U(P)

can be interpreted as a superposition of spherical waves eikr

r whose amplitude depends on the

direction from the aperture (through the factor cos(~n;~r)). Formula (2.17) is applicable for any

linear, isotropic, and uniform medium.

Figure 2.4: Diffraction on an aperture in a flat screen. U(u;v) – incident wavefront, S – area of

the aperture, ~n – normal to the aperture, ~r – vector connecting the point of the aperture to the

observation point P(x;y).

Provided that the distance of observation measured along the optical axis z is much greater

than the size of both the aperture and the considered area of observation, the direction angles

are small and can be omitted (cos(~n;~r)� 1). Combined with an approximation of the distance

r, it leads to the Fresnel paraxial diffraction formula [28]:

U(x;y) =
eikz

il z

ZZ
S
U(u;v)e

ik
2z [(x�u)2+(y�v)2]dudv (2.18)
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This paraxial approximation can be and is used in the presented research due to the nature of

Fourier hologram reconstructions, further explained in Chapter 2.7.

Equation (2.18) can be rewritten as:

U(x;y) =
eikz

il z
e

ik
2z(x2+y2)

ZZ
S
U(u;v)e

ik
2z(u2+v2)e�

ik
2z (xu+yv)dudv (2.19)

For sufficiently far distances and the paraxial observation area, we reach the so called Fraun-

hofer far field where the following approximation is applicable:

k
2z

�
u2 + v2�� 1 () e

ik
2z(u2+v2) � 1 (2.20)

And as such the integral can be written as:

U(x;y) =
eikz

il z
e

ik
2z(x2+y2)

ZZ
S
U(u;v)e�i2p( x

l z u+ y
l z v)dudv (2.21)

It is worth noting that, up to a constant and a phase factor, this formula is the Fourier

transform of U(u;v) limited by the aperture S for the frequency coordinates (nx = x
l z ;ny = y

l z).

Let us now consider a thin converging lens of a focal length f . From literature [28], we know

that, within the limits of the Fresnel paraxial approximation, the phase transmittance tl(u;v) of

such a lens can be described as:

tl(u;v) = e�
ik
2 f (u2+v2) (2.22)

Assuming an incident wave Ui(u;v) and a sufficiently wide aperture of the lens (Fig. 2.5a),

larger than the imaged field, we can use the Fresnel formula (2.18) to obtain, for z = f :

U(x;y) =
eik f

il f
e

ik
2 f (x2+y2)

ZZ
S
Ui(u;v) � e�

ik
2 f (u2+v2) � e

ik
2 f (u2+v2)e�

ik
2 f (xu+yv)dudv (2.23)

The factors introduced by the lens seem to cancel in the formula, leading to:

U(x;y) =
eik f

il f
e

ik
2 f (x2+y2)

ZZ
S
Ui(u;v) � e�

ik
2 f (xu+yv)dudv (2.24)

Knowing that the wave vector k = 2p

l
, we can compare this equation to Eq. (2.21). For z = f ,

they are identical. This leads to a conclusion that, in the Fresnel diffraction zone, a converging

lens creates in its focal plane a Fraunhofer diffractive image of the incident wave Ui(u;v).

Another similar case can be considered. Let us assume an object placed within a converging

wavefront introducing to the field a change Ui(u;v) (Fig. 2.5b). A converging spherical wave

of a curvature radius R can be represented by an equation:

Usph(u;v) =
eikR

ilR
e�

ik
2R(u2+v2) (2.25)
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Figure 2.5: Optical implementation of Fourier transform: a) lens illuminated by a wavefront

Ui(u;v); b) transmittance Ui(u;v) illuminated by a spherical convergent beam.

not unsimilar to the transmittance tl(u;v) of a thin lens given by (2.22), which then leads to an

equation analogous to Eq. (2.24) of imaging with a thin lens. Notably, such Fourier transform

depends on the distance from the plane of convergence R. Thus, the spatial size of the obtained

field can be additionally controlled by shifting the distance of the object from the point of

convergence of the beam.

2.3 Diffractive structures

Objects designed to affect the propagating light in a diffractive manner are called diffractive

structures. They can be of two natures: amplitude, when the material is non-transparent to the

applied wavelength, or phase, when the propagating light encounters a local variance of medium

thickness or a change in the refractive index nre f , and therefore the optical path length lOPL is

affected:

lOPL = nre f � s (2.26)

where s is the distance travelled by the wave in the medium.

Diffraction gratings are one of such elements: they are usually one-dimensional periodic

structures of a period d. In the simplest configuration, they can be a series of evenly spaced
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slits or channels. The incident beam propagates through the alternating areas of two different

characteristics, and component waves interfere with each other creating a diffraction pattern

(Fig. 2.6).

Figure 2.6: Transmission amplitude diffraction grating (left) and the resulting diffraction pattern

(right).

If we assume the aperture of the whole one-dimensional grating as A(u) and the transmit-

tance function of a single elementary cell of the grating as t(u), we can describe the structure

with the following equation [28]:

T (u) = A(u)

�
t(u)
å

n
d (u�nd)

�
=

1
d

A(u)
h
t(u)
 comb

�u
d

�i
(2.27)

Then, applying the Fraunhofer formula (2.21), for one direction, we obtain a diffractive image

in the far field:

U(x) =
eikz

il z
e

ik
2z x2

FfT (u)g

�����
nx= x

l z

(2.28)

where, according to (2.15), (2.16), and (2.27), the Fourier transform of T (u) can be further

rewritten as:

FfT (u)g= FfA(u)g
 [Fft(u)g � comb(nxd)] = FA(nx)
 [Ft(nx) � comb(nxd)] (2.29)

where FA(nx) is a Fourier transform of the aperture function A(u), and Ft(nx) is a Fourier trans-

form of transmittance t(u).

In general, the image created by a one-dimensional grating along the nx axis is a series of

periodically spaced bright spots, due to the presence of comb(nxd). The shape of each spot

is determined by the Fourier transform of the aperture A(u), while the amplitude envelope is

modulated by the Fourier transform of t(u) dependent on the elementary cell of the grating

(Fig. 2.7).
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Figure 2.7: Light field created by a diffraction grating: signal envelope Ft (top left); comb(nxd)

(top right); function FA (bottom left); full Fourier transform of T (u) (bottom right).

The amplitude U in each diffraction order, that is at nx = n
d , where n 2 Z, can be calculated

from the Fourier transform of t(u): FT (nx). The intensity I(x;y) of a wave is, up to a constant,

equal the squared absolute value of its amplitude U(x;y) [27]:

I(x;y)� jU(x;y)j2 (2.30)

Diffraction efficiency can be defined as the ratio of intensity within a nth diffraction order In

to total intensity Itot [38]:

hn =
In

Itot
(2.31)

Formula (2.29) shows that the spread of diffraction spots depends on the period d of a grat-

ing. Alternatively, that spacing can be presented as the diffraction equation [27]:

dsin(a) = nl (2.32)

where a is the angle of diffraction, n is a diffraction order and l is the incident wavelength.

While the intensity peaks in the diffractive pattern are spaced according to Eq. (2.29), the

intensity in each of the diffraction orders changes with the depth of phase modulation and the

shape of the grating.

The elementary cells of a diffraction grating can have various natures. They can introduce

any periodic amplitude or phase factor to the wavefront. Let us consider two specific kinds of

phase gratings as an example: binary and blazed (Fig. 2.8).
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Figure 2.8: Phase diffraction gratings: binary (top) and blazed (bottom).

First, let us assume a simple phase binary grating in one dimension whose elementary cell

is of a rectangular shape and a phase factor f in half of its period:

t(u) =

8><>:1 u 2 h�d
2 ;0)

eif u 2 h0; d
2 )

(2.33)

An ideal phase binary grating, independent of its depth of phase modulation, will suppress

non-zeroth even orders of diffraction.

Another type of a phase grating is a blazed structure of transmittance for a period d:

t(u) = eif u
d rect

�u
d

�
(2.34)

For such a grating the maxima of modulation are shifted by a value dependent on the depth

of phase modulation.

2.4 Principles of holography

Most imaging techniques capture and produce only the intensity at the plane of their detection

and display, respectively. While the resolution of the images can be impressively high with the

modern advancements in imaging devices [39], the recorded information is still limited: phase

information of the wavefront is completely disregarded. Among its various consequences, the

flattening of the wavefront to a two-dimensional image ought to be mentioned. In response

to that, various methods for the creation of three-dimensional images have been developed

[40–44]. However, the side effect of most commonly used 3D imaging methods is a vergence-

accommodation conflict [6]. The gap between the distances of image reconstruction and of

eye focus of the observer results in the discomfort that a portion of the population experiences

as users of three-dimensional technologies, such as 3D cinema. Solving this challenge, while

possible, e.g. by forming images at a set of chosen distances of observation [45–47], requires

additional elements in the setup and is still highly limited.
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Holography, in contrast to those techniques, utilizes both intensity and phase information.

However, all devices and materials used for image recording react only to the intensity of the

wavefront. The idea for overcoming this issue, developed independently by Dennis Gabor

[48] and Mieczysław Wolfke [49] for different wavelength ranges, exploits the phenomenon

of wave interference. Two coherent waves of the same frequency can interfere negatively or

constructively, that is: create bright and dark areas where they overlap, which depend on the

phase difference between the waves. Gabor proposed that the interference pattern resulting

from two wavefronts: a reference beam and a so called object beam, can be therefore used to

record the phase information about the beam of interest. This idea has been acknowledged by

the Nobel Committee in 1971 when Gabor received his Nobel Prize in Physics ‘for his invention

and development of the holographic method’ [50].

A simple example of a holographic recording can be an interference of a plane reference

beam R and an object beam that consists of a single plane wave, O (Fig. 2.9). In reality, most

object waves are much more complex. However, this simple case serves as a good elementary

example. As the crest of the reference beam reaches the holographic plate on which the holo-

gram is recorded, the crests of beam O propagating at an angle q reach the plate in points A, B,

C. In those points, high intensity is recorded. Half-way between points A, B, C, the troughs of

the object beam meet with the crest of the reference beam R. In those areas, the waves interfere

destructively, and intensity lows are recorded. As long as the waves remain coherent, the phase

difference between the waves in all those points remains constant throughout the recording pe-

riod. The resultant pattern is therefore a static interference pattern of beams O and R in a form

of a diffraction grating.

To obtain an exact image reconstruction from a hologram, the holographic plate should be

illuminated with a beam identical with the reference beam. In the considered case, an incident

plane wave encounters a simple diffraction grating. A part of the wavefront is diffracted at the

angles according to the grating equation (2.32) of the pattern, and the remaining part of the

incident wave remains undiffracted. It is worth noting that the information about the object

beam is recorded on the whole area of the hologram. This means that the image can be recon-

structed from a partially damaged or shattered hologram, even if the resultant image resolution

and viewing angles might be reduced.

If all wavefronts can be described as a series of plane waves (see: Chapter 2.1.4), then the

interference pattern of all object beams is a series of superimposed diffraction gratings, and
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Figure 2.9: Classic hologram. Recording (left) and reconstruction (right) of a hologram of

a simple object consisting of a single plane wave. R – reference beam; O – object beam; O’ and

O” – reconstructed beams; R’ – undiffracted light; q – angle of propagation of the object beam.

thus, a hologram can be interpreted as a complex set of diffraction gratings.

Hologram recording and reconstruction can also be written down using an exact mathemat-

ical description. Let us consider a point object (Fig. 2.10). The recorded transmittance t of

a hologram is related to the intensity I on its surface [51], which can be written down as the

following equation:

t � I =

����U eikR

R
+ A
����2 =

jU j2

R2 + jAj2 +U
eikR

R
A�+U�

e�ikR

R
A (2.35)

where U eikR

R is the spherical wave of amplitude U emitted by the point object at a distance R,

A is the amplitude of the reference plane wave, and � marks a complex conjugate. Hologram

reconstruction with a wave equal to the reference plane wave can be then calculated as a product

of the amplitude A of the reconstruction beam and the transmittance of the hologram:

Ureconstr � A
�
jU j2

R2 + jAj2
�

+U
eikR

R
jAj2 +U�

e�ikR

R
jAj2 (2.36)

where the first term corresponds to the holographic noise, the second term is the recorded wave-

front reconstructed with the accuracy of a certain constant, and the last term is a converging

wavefront that forms the real image of the object (Fig. 2.10).

The media in which the holograms are recorded are limited by the lowest possible to pre-

serve period of a diffraction grating. For classical holographic plates, the photoresist medium

can be e.g. polymeric or an emulsion with silver particles, which change their refractive index in

response to light exposure. The density of lines that can be recorded in the silver-based medium
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Figure 2.10: Hologram of a point object. Recording (left) and reconstruction (right) of a holo-

gram. Object beam is marked in red; reconstructed wavefronts are marked in green (virtual

image at P) and blue (real image at P’).

is as high as thousands of lines per millimeter [52,53]. This enables very high maximum angles

of diffraction and potentially big angular sizes of reconstructed images, which are notably the

strengths of classic holography.

One of its drawbacks is the fact that the diffraction efficiency of such holograms is low: ca.

6% for an amplitude recording, and ca. 30% for a bleached, phase-only hologram [54]. Another

one is the necessity of a real object present in the physical set-up during the recording process.

Both of these disadvantages were overcame with the introduction of computer-generated holog-

raphy.

2.5 Computer-generated holography

Even in the early days of the holography field researchers were interested in creating holograms

of objects that could not be placed within a recording set-up. Among those are people, for whom

the stability of the set-up cannot be ensured, and objects too big to be properly illuminated,

such as buildings – though naturally many more could be named. While the theory could be

described early after the birth of holography, the computation speeds were a strict limitation of

the development of computer-generated holography (CGH).

The first computer-generation method suggested in 1966 was a Lohmann hologram [55].

This kind of a hologram is amplitude-coded and consists of a series of slits within an otherwise

opaque medium. The size of the single slit corresponds to the amplitude, and its position intro-

duces small phase shifts to the wavefront. While it was a groundbreaking technique, the first one
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to enable recording of synthetic holograms, the quality and resolution of the obtained images

were understandably low. Since then, many more computing algorithms have been created, and

various encoding technologies have been developed.

An ideal hologram contains phase and amplitude factors. However, combining both of them

in CGH structures is a challenge. Most diffractive patterns are either amplitude, like Lohmann

hologram, or phase in nature. Phase holograms, while more difficult to achieve, have the advan-

tage of a much improved transmissivity of the structure. Additionally, as opposed to amplitude

encoding, it is possible to design and create structures of multi-level, non-binary modulation.

Increasing the number of levels in phase values reduces the impact of signal digitisation and

improves the diffractive efficiency of structures, which can reach practically 100% [56]. How-

ever, for more than 32 phase levels the further change is almost negligible and the patterns can

be treated as smooth representations of the designs.

Phase structures can replace bulky refractive elements by accurate phase modulation in thin

phase layers called kinoforms [57]. For example, a refractive lens is a bulky optical element

whose each part along z-axis introduces phase modulation of 2kp + j(z), where k 2 Z, and

0 < j(z) < 2p . In a kinoform lens, the fact that a shift of 2kp doesn’t change the effective

phase of the wave is used, and the modulation j(z) is applied instead (Fig. 2.11). This allows

for not only reduction of the volume of elements, but also for design of phase holograms.

Figure 2.11: A refractive lens (left) and a kinoform lens (right).

Once a hologram pattern is calculated, it needs to be recorded in a certain medium. Various

methods have been employed for this purpose, such as exposing a photographic film, as used in

the first Lohmann holograms. To ensure correct hologram recording those methods need to be
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precise and have high fidelity. Among those techniques, a few are relevant to mention due to

their use in this thesis in applications for phase holograms.

In laser-beam lithography (LBL), the pattern is recorded point-by-point by a laser beam

focused on a photosensitive medium [58]. The exposed layer is then developed and only the

designed thickness of the photoresist is fixed on the substrate. It is one of the technologies that

requires relatively simple opto-mechanical elements. However, its precision is limited by the

size of the focus of the beam.

The principle of electron-beam lithography (EBL) is similar to LBL. However, the patterns

are etched in the medium not by a laser beam but by a beam of electrons [59]. A thin conductive

layer needs to be present between the resist and the substrate, and linked to the ground to prevent

charging of the medium [58]. Similarly to the LBL method, the pattern is then developed and

only the selected areas are fixed. While it is possible to create greyscale thickness distributions

with both LBL and EBL, binary phase patterns have higher thickness fidelity. A resolution of

less than 10 nm can be achieved with EBL [60].

The modern developments have enabled 3-D printing of small phase structures as well.

NanoScribe technology uses two-photon absorption to harden the liquid medium [61]. Patterns

of submicron details are possible to achieve. However, the thickness levels are limited by the

voxel size of the printer, and the smallest detail possible to achieve is an order of magnitude

larger than in EBL.

With many fabrication methods developed, recording computer-generated holograms be-

came a possibility. Objects that are not present in an optical set-up can now be imaged. At

the same time, those fabricated holograms are still only static images. There are solutions to

that limitation, such as multi-exposure holograms which can present more images from the

same pattern [62], or employing mediums in which it is possible to erase and re-record a holo-

gram [63]. Obtaining flexible dynamic images is possible with the use of specialistic devices

that encode phase or amplitude modulation in real time.

2.6 Dynamic holographic images

With the use of computer-generated holography it is possible to display dynamic holographic

images. Instead of a static material such as a photoresistive emulsion, computer-controlled

elements can be used. The maximum density of displayed patterns is limited, however, by the
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minimal size of the required mechanical parts or electrical connections.

The devices that enable such fine control over the displayed diffraction patterns are called

spatial light modulators (SLMs). There are various types of SLMs available; out of them, two

kinds are most commonly used. Modulators based on digital micro-mirror devices (DMDs)

employ micro-electro-mechanical systems (MEMS) in order to redirect light, but for those,

only intensity modulation is feasible [8]. They are used in set-ups where binary holograms are

sufficient [64,65], though it is possible to achieve greyscale holograms thanks to the high frame

rate of DMDs [66].

Another type of SLMs are those based on liquid-crystal-on-silicon (LCoS) technology.

These phase-only modulators have high diffraction efficiencies, rapidly growing resolutions of

the pixel arrays, and are extremely easy to control, as the technology is similar to miniaturized

LCD displays [9, 10]. All those factors are important advantages on the market.

The main layer of an LCoS SLM consists of liquid crystal cells controlled by an array of

small electrodes. Liquid crystals are materials of rod-like molecules that have a tendency to

orient themselves along the common axis without a lattice present in the solid state of matter

[67]. It is important to note that liquid crystals are birefringent, that is, the refractive index

observed by the light propagating through the medium depends on the polarization of the beam.

Only the light of a matched polarization can be modulated by the LCoS SLM, in the case of

a nematic crystal: parallel to the initial orientation of the molecules.

For a typical device of this kind, the liquid crystal is in a nematic phase (Fig. 2.12) [67,68].

When voltage is applied to a single pixel, the orientation of the molecules shifts, and with it

the refractive index of that area. When the incident beam passes through pixels of non-equal

refractive index, a phase difference is observed between light propagating through those pixels

(Fig. 2.13). For reflective SLMs, that difference is twice the shift of a single pass:

Dj = 2(lOPL2� lOPL1) = 2s(n2�n1) (2.37)

where lOPL are the optical path lengths (see: Eq. (2.26)), s is the thickness of the liquid crystal

layer, n1 and n2 are the refractive indexes of two different pixels.

Because of dispersion, that is the variance of the refractive index for varying frequencies of

the propagating waves, different wavelengths require different voltages to be applied to achieve

the same phase modulation. Multiple solutions to this issue have been suggested. State of

the art methods include time-domain multiplexing in which the frame rate of the display is
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Figure 2.12: Nematic liquid crystal cell: without applied voltage (left) and with applied voltage

(right).

Figure 2.13: Phase difference caused by the change of the refractive index in the areas of SLM

pixels on a single pass.

lowered in order to modulate colours one by one [69, 70], spatial multiplexing in which the

area of the modulator is divided into parts that colour components are displayed on [71], and

designing the hologram so that the diffraction angles for different wavelengths are matched in

the reconstructed image [72].

The simplest set-up for holographic projection consists of a light source and an SLM with

its driver [11]. In some configurations, an additional lens might be necessary for imaging of the

resultant wavefront at a desired distance (see: Chapter 2.7), but its phase modulation can also

be encoded on the hologram.

The simplicity of the described set-up is an important advantage of the holographic projec-

tion. In comparison, for typical projectors available on the market, a colour filtering system and

a bulky refractive lens have to be present in the set-up [73]. Additionally, the light source in

such a device emits a broad range of wavelengths, and to display only the desired RGB com-

ponent, most of the light needs to be filtered out and absorbed. Similarly, when a darker area

of an image is to be displayed, the light has to be shielded. Holographic technologies use laser

sources of specific wavelengths, and the light is redirected from dark to bright areas of the im-

age, instead, which is another strength of this kind of a solution [7]. High energy efficiency of

holography means also that no complex cooling system needs to be applied, further reducing
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the volume of a projector, and avoiding the consequent noise. Finally, the traditional projectors

are susceptible to defects, such as dead pixels and dust deposition: those imperfections are then

imaged on the screen. In holographic displays, the information is encoded on the full area of

the modulator, so local defects do not impact the overall image reconstruction.

The LCoS SLM model used in this research is a HOLOEYE PLUTO device (Fig. 2.14).

Its reflective active area consists of 1920 x 1080 pixels of 8 �m size, is addressed with 256

greyscale levels, and has the frame rate of 60 Hz. Its fill factor is equal 93%. This means

that 7% of each pixel area cannot be addressed. The phase modulation value in those inactive

areas is influenced by the neighboring pixels, which can also impact the phase modulation

near the borders of the active areas. The influence of adjacent pixels on each other is called

crosstalk [74]. It leads to the presence of light that does not carry holographic information.

Instead, it creates noise in the image reconstruction, mostly on-axis, as a peak of undiffracted

light.

Figure 2.14: HOLOEYE PLUTO spatial light modulator.

2.7 Fourier holograms

In a Fourier configuration, the information contained in the hologram is the phase component

of the Fourier transform of the intended reconstructed beam. In that case, the desired image is

formed in the far field (Eq. (2.21)) – or, alternatively, can be imaged at a closer distance with

the use of a lens (Eq. (2.24)), e.g. human eye lens or an objective lens of a camera, or by

illumination with a converging spherical wave (Eq. (2.25)).

Another way to converge the wavefront at a desired distance and observe the image on a

screen is to add a phase kinoform lens to the hologram (see: Chapter 2.5). For phase-only CGH

holograms displayed on LCoS SLMs, the modulation is realized not by the thickness of the

medium, but by the change of the refractive index of the medium. The phase of a lens can be
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coded as a greyscale image (Fig. 2.15).

Figure 2.15: A phase-only kinoform lens coded as a greyscale image.

Other advantages of the Fourier holograms, next to the simplicity of image reconstructions,

are relatively low spatial frequencies that need to be encoded [75], and the efficient computation

algorithms for this kind of holograms [76], such as iterative algorithms.

2.8 Iterative Fourier Transform Algorithm

A hologram displayed on an LCoS spatial light modulator is only an approximation of the ideal

information that would reconstruct the ideal image. Not only is the surface of the modulator an

array of pixels, which means the data distribution is discretized, the efficiency of it is less than

100%, but it is also a phase-only device, and the amplitude part of the information is omitted.

As the result, the quality of image reconstructions decreases, due to effects such as, but not

limited to, the speckle noise (Fig. 2.16).

However, because the human eye detects intensity, and not the phase of the wavefront, it is

possible to make certain adjustments to the phase-only hologram and achieve images of higher

quality. The ideal goal of hologram generation is to obtain phase-only information that will

form the desired image from a reconstruction beam of a uniform intensity within the aperture

of the SLM. The algorithms for hologram calculations that assume uniform entry phase do not

lead to the best reconstruction quality (Fig. 2.16). It is more beneficial to run the calculations

for random input phase instead, which corresponds to the uniform illumination of the object

through a diffuser in a physical classic holography set-up. Gerchberg-Saxton algorithm [77]
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Figure 2.16: An ideal image (left), reconstruction of a phase-only hologram calculated with

a single Fourier transform and uniform entry phase (center), and a reconstruction of a phase-

only hologram calculated with the IFTA algorithm with visible remnant speckle noise. Un-

diffracted light is visible as noise in the center of hologram reconstructions.

is an example of a method that fulfills those expectations, and the Iterative Fourier Transform

Algorithm (IFTA) is a numerical method for its realization (Fig. 2.17) [78].

Figure 2.17: A block diagram of IFTA algorithm.

At the beginning of the algorithm, amplitude of the desired image is paired with a random

input phase distribution, and the first processing loop begins. In the first step, the Fourier

transform of the wavefront is calculated. Next, the condition of breaking the loop is checked:

e.g. one based on a numerical evaluation of the uniformity of intensity, or a certain number

of executed repetitions. If the loop continues, the intensity is equalized in the whole area of

the hologram and the inverse Fourier transform is performed. The amplitude is then set to the

desired image while the phase is preserved, and the loop is executed again.

To obtain an image reconstruction from a sampled phase distribution, the Fourier transform
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has to be performed. In image processing, the signal is described not by the original function,

but by its discrete, sampled representation. As such, numeric methods for calculating its discrete

Fourier transform need to be applied. One of the most common algorithms is called Fast Fourier

Transform (FFT) [79]. It is used for its notable high computing speeds, however one of its

limitations is the number of samples that needs to be equal a power of 2 (N = 2k, where k is an

integer). Despite that, FFT was sufficient for the purposes of this research.

IFTA algorithm can only be applied to 2D images, which is, however, sufficient for holo-

graphic projection. There is a different class of algorithms as well, targeting the specific sources

of speckle noise [80], but the advantage of the iterative method is that it is universally applica-

ble, and the process does not depend on the input image.
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Chapter 3

Research problem

The research problem of this thesis focuses on image duplicates present in reconstructions of

sampled Fourier holograms. The nature of this phenomenon is discussed in this chapter, its roots

in the SLM architecture are analysed, and the currently applied solutions are cited. After con-

sidering their strengths and shortcomings, the methods of image duplicate reduction proposed

by the author are shortly introduced.

3.1 Intensity distribution in hologram reconstructions

Dynamic computer-generated holography has many advantages, as presented in previous chap-

ters. However, the limited density of patterns displayed on the LCoS modulators leads to the

appearance of additional ghost images.

For conventional holography, the density of recorded lines is in thousands of pairs per mil-

limeter [52]. The maximum angular sizes of images obtained from such holograms (as per

Eq. (2.32)) are in tens of degrees, and usually encompass the full angle, and no additional im-

ages form in the field of view.

However, computer-generated holography using the LCoS spatial light modulators achieves

much lover diffraction angles. For example, for the model used in this research, HOLOEYE

PLUTO, the maximum angular size of the image is 4.3°, and the higher orders of diffraction

are visible in the reconstructions of such holograms (Fig. 3.1). A hologram displayed on the

SLM pixel array is not an ideal function, but a sampled one. According to the Whittaker-

Shannon sampling theorem [28], its Fourier spectrum consists of multiple transforms of the

ideal function, whose spacing depends on the distance between the samples, that is, in this
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case, the pixel pitch of the SLM. As the result, as much as tens of percent of the incident beam

intensity are directed to image duplicates [17, 81], with the exact loss value depending on the

displayed phase distribution.

Figure 3.1: Reconstruction of an on-axis Fourier hologram observed on a screen. Undiffracted

light is visible as noise in the center of the hologram reconstruction.

Off-axis projection (Fig. 3.2) is used in order to separate the main image from the peak of

undiffracted light [82]. To display an image in such a manner, a diffraction grating is added to

the phase information on the SLM. The maximum separation is achieved for a binary grating of

j = p phase depth of modulation and of the smallest possible period, that is spanning only two

pixels of the modulator. In that case, two twin images of the same intensity are observed in the

hologram reconstruction.

The undesired image duplicates present in all projection configurations cause the leakage of

intensity. They would also distract the audience of any holographic projection, especially when

dynamically changing images were displayed, i.e. animations and movies, unless the replicas

were removed within the setup.

There is a range of methods available for limiting the CGH reconstruction to a single image.

The simplest of them is occlusion of all parts of the wavefront other than the desired image, i.e.

by opaque elements. Similar and likely the most common solution is the spatial filtration once

the wavefront propagates onto the frequency plane [83, 84]. In this solution, a bulky 4f system

with an opaque mask is often applied. Among other proposed methods there are also complex

filtering or correlation systems, which can remove the predicted noise, but are at the same time

easily disrupted by noise [14]. The listed approaches are admittedly successful at obtaining only
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